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In this report I calculate the effect of multiple Coulomb scattering on
the slope and intercept of a track of a charged particle in a 2-plane spark
chambef system. The result is not greatly different from an estimate based
on the cumulative effect evaluated midway between the planes. This is important
because a precise calculation for a systém'involVing 3 or'moré planes is
lengthy .

The following calculations aré made Tor the multiple scattéring projected
onto a plane. The z axis is in the'direction'of'thé ineidént particle.

The cumnlative angle and displacement of the particle ié the result of
many successive scablerings. For a particle incident at =0, the cumulative

angle, 0, and transverse displacement, x, at position z are given by
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b'e =‘2 {2z - Zi) dBi s (1)
i

where a scattering of angle dBi oceurs at position Zg - The dGi are randomly

distributed so that the expectation values of 0 and x obey
<8> = 0 <y> = 0 .

Howvever, & and x have non-zero mean sguare deviations of
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For a single material, the number of scatters per unit length is essentially



constant for laboratory size lengths. Thus,

2
<62> = Kz and <x2> = %;—<62> .

The constant K is usually estimated by the Rossi formula:
" :(F.l_z)""wlﬂ
e LRAD

P = momentum in MeV/c.

1t

B velocity.

LRAD = radiation length.

For the case of several materials, or one material so long the momentum
variation must be taken into account, it is easy to numerically integrate
Equations (2) using a step size small enough that the Rossi formula holds for

that step.

The quantities x and 0 are correlated. From Equations (l),

<0x> = z<82> - <Ezid9§> . ‘ | (3)
i

For a single materisal this reduges to
<fx> = % z<62> .

In a spark chamber system, x is observed for several z. The multiple
scattering introduces d correlation between the various observations. Suppose

xl and x2 are observed at zl and 22. Then

x2 = xl + (22 - zl) 61 + § (22 - zj) dej )

wvhere the range of J obeys 7 < Zj < %o
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Hence
x x> = <xo> 4+ {z, =z ) <6 x> (h)
12 1 2 1 171 ’ ’
Also
o 2 > 2 2, >
x> = <xp> (22 ykzl) <07> + 2(22 - 51) <B,%) > +,<z dej (22 - Zj) > . (5)
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The best estimates as to the particle trajéctory's slope and intercept
are made using a least squares fit of the observed displacements, The usual
error estimates from a least squares Tit presume the various observations going
into the fit have uncorrelated errors. This is not true for multiple scattering
as demonstrated above. The inclusion of the correlations makes the errors
estimates rather lengthy if more than 2 spark chamber planes are involved.

For the case of only 2 planes, the least squares fit is exact giving
the slope, M, and intercept, b: |

X, - X X. 2, = X .4Z
M=2_1 b= A
Zg T 2 : 2 1

The mean square deviations of M and b can now be calculated with the help of

Equations (4) and (5).

o _ .2 1 2 - 2 6
<M>—<Bl>+m <§ del (,Z2 Zj)> ()

<61X > . ' (7)

<b2> = <xi> + z§<M2> -~ 2z 1
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These may be further evaluated using Equations (2) and (3).
To understand the second term in the expression for <M2> consider the
Tollowing twoe cases:

1. ‘The material between the spark chambers_is uniformly distributed.

Let 912 be the multiple scattering caused by the particle moving from'zl to
2

% Then from Equation (2), the second term in (6) is %,<812> .

o

2, The wmaterial between the chambers is concentrated in the chamber walls,

Now all of the scattering between 1 and 2 occurs at 1, so the second term in
(6) is simply <B§2> .
2 2 1 .2 2 2
Thus <M > can vary from <61> + 3 <612> to <61> + <812> . A good

estimate is then

<M2> = <e§> + l <El2 > ) (8)

which is the cumulative multiple scattering midway between planes 1‘énd 2.
Equations (7) ard (8) can thus be applied with good accuracy to a system of
any number of planes {assuming 2 labels the last plane).

These results have been derived assuwning the unscattered trajectory would
have zero slope. The results hold with minor modifications for the case of
arbitrary angle, o, with respect to the v-axis. Ior <62> of Equations (2);

the path length is z/cosa instead of z. Also
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X2 T osta <E dei (cosa ) -2

vhere again the extra path length mist be considered.



