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In a muon accelerator complex, a target is bombarded by a multi-MW proton beam to produce
pions that decay into muons, which are thereafter bunched, cooled, and accelerated. The Front
End of the complex captures and manipulates the phase space of those pions, and that of the
muons into which they decay, in a solenoidal magnetic channel to maximize the number of muons
within the acceptance of the downstream acceleration system. For a channel of a given radius,
more particles are captured by a higher solenoid field, with higher-transverse-momentum particles
captured if the magnetic field at the target is higher than that in the subsequent channel. This
improvement in the capture efficiency is associated with an increase in the longitudinal phase space
of the captured particles, which can be disadvantagous for transport through RF cavities in the
complex. Simulations are presented which show that a relatively rapid decrease (taper) from high
to low field along the Front End channel optimizes its performance.

PACS numbers: 41.75.-i, 41.75.Ak, 41.75.Cn, 41.85.-p, 41.85.Ja, 41.85.Ct

I. INTRODUCTION

The realization that the concept of ionization cooling
[1] is best applied to muons [2] led to proposals for muon
accelerators, the Muon Collider and the Neutrino Fac-
tory, that use intense muon beams to study the physics
of elementary particles at both the intensity and energy
frontiers. At a Muon Collider, bunches of µ+ and µ−

collide at energies as high as several TeV [3–12]. At a
Neutrino Factory, intense neutrino beams derive the de-
cay of muons which have been accelerated to energies of
order 10 GeV [12–20].

Muons for a muon-accelerator complex are from the
decay of pions produced by bombarding a target with a
high-power proton beam. These muons are to be deliv-
ered into a specified (normalized) acceptance (also called
admittance [21]) for the muon accelerator, taken here to
be 150 mm = 0.053 eV-s (per bunch for a train of ≈ 20
bunches of each sign) for the longitudinal acceptance and
30 mm for the transverse acceptance.

A. Emittance Conventions

Interactions between the particles are ignored in this
study, such that it suffices to describe them as populating
a six-dimensional phase space. The phase-space variables
used here are x, px, y, py, E and t, with z as the inde-
pendent variable in a Hamiltonian description, following
Appendix B of [22]. Here, p is the canonical momentum
P− qA/c where P = γmv is the kinetic momentum of a
particle of (rest) mass m, velocity v and electric charge
q, A is the (azimuthally symmetric) vector potential (in

the Coulomb gauge), γ = 1/
√

1− v2/c2, E is the total
energy, and c is the speed of light in vacuum. The extent
of the muons in phase space is characterized by normal-
ized, rms (root mean square) emittance [23–28], and the
acceptance of a device is the largest particle emittance

that it can accommodate. The longitudinal normalized
emittance is ε‖ = [ΣttΣEE−Σ2

tE ]1/2/(mc), and the trans-

verse normalized emittance is ε⊥ = [det(ΣT )]1/4/(mc),
where ΣT is the 4× 4 sub-block of the covariance matrix
Σ in the kinetic variables x, Px, y, and Py. The covari-
ance matrix Σ of the phase space variables ξi has matrix
elements

Σξi,ξj = 〈ξiξj〉 − 〈ξi〉〈ξj〉. (1)

B. Transverse Distributions in a Solenoid Channel

Both positively and negatively charged secondary par-
ticles from the target are captured in a solenoid-magnet
channel of radius R and axial field B, and move on helical
trajectories with radius r = cP⊥/qB, where c is the speed
of light, P⊥ is the particle transverse momentum, and q is
the magnitude of the charge of the particle. For a target
with transverse extent small compared to the channel ra-
dius R, particles (of charge q equal in magnitude to that
of an electron) produced with transverse momentum up
to P⊥,max ≈ qBR/2c such that particles with r < R/2,
would be captured independent of their longitudinal mo-
mentum. If P⊥,max � 〈P⊥〉 ((B � 2c 〈P⊥〉 /qR)) then
σP⊥ ≈ 〈P⊥〉, and a typical helical trajectory extends to
maximum distance d ≈ 2c 〈P⊥〉 /qB from the axis if the
solenoid channel.

Although the secondary particles are created in a vol-
ume with small radial extent, and hence nominally small
transverse emittance, their spread in energy and axial
point of origin is substantial. As they propagate on
helical trajectories in the solenoid channel their trans-
verse spatial distribution effectively fills the entire area
of radius d such that σr ≈ d, and the transverse emit-
tance rises with distance along the solenoid channel to



2

an asymptotic value, given in cm for captured muons by

ε⊥ ≈
σrσP⊥

mµc
≈ 2 〈P⊥〉2

eBmµ
, (2)

where −e is the charge of an electron. The argument
leading to eq. (2) assumed that B � 2c 〈P⊥〉 /eR, for
which P⊥,max � 〈P⊥〉 .

The asymptotic rms emittance in a solenoid channel
can also be understood by considering the evolution of
the distribution in transverse phase phase in a rotating
(Larmor) frame where the Poincaré maps for particles
with different energy and different transverse amplitude
rotate (and distort) over the transverse phase space at
different rates, resulting in a “swept-out” rms emittance
given by eq. (2) with 〈P⊥〉 replaced by σP⊥ . Related
effects in injection systems with quadrupole transport are
discussed in [29].

The secondary-pion spectrum peaks at low longitu-
dinal momentum (≈ 100 MeV/c), while the average
transverse-momentum is ≈ 250 MeV/c independent of
the pion energy. If the solenoid channel had 1.5-T
field and 30-cm radius at the target, the maximum cap-
tured transverse momentum would be only P⊥,max =
67.5 MeV/c, which is small compared to the average
transverse momentum of the secondary particles, result-
ing in low capture yield. To improve the fraction of sec-
ondary particles that are captured, a stronger magnetic
field is applied on the target.

C. Adiabatic Field Taper

If the axial magnetic field varies slowly with axial po-
sition, the magnetic flux through the helical trajectory
of a charged particle (as well as the magnetic moment
of its orbital motion) is an adiabatic invariant [30–32];
Br2 = c2P 2

⊥/B ≈ constant. If, say, the solenoid field on
the target were Bi = 20 T (near the limit of technical fea-
sibility) and the field in the subsequent channel (called
the Decay Channel in the following) were Bf = 1.5 T,
then the average transverse momentum, 250 MeV/c, of
pions at the target would be adiabatically transformed to
68.5 MeV/c in the Decay Channel and the latter would
accept a substantial fraction of all pions produced at the
target. Such considerations led to the specification of a
high magnet field on the target [10, 33], followed by a
“taper” of the field down to the lower value Bf in the
Decay Channel, and simulations of the yield of muons
at the end of such a channel [34] indicated that a field
of Bi ≈ 20 T on the target is optimal (according to the
criteria of that study). The taper length in these studies
was only ≈ 3 m, while taper lengths of 18 m were con-
sidered beginning in [17], in part because the growth of
transverse emittance due to the decay of pions to muons
is less if the decays occur in higher magnetic fields.

FIG. 1. Layout of the Front End (prior to net acceleration
of muons) of a muon accelerator, indicating schematically the
target, magnetic-field taper, Decay Channel, Buncher, Phase
Rotator and (ionization) Cooler. The transformation of the
initial macrobunch with large energy spread produced at the
target into a train of microbunches with common central en-
ergies is sketched in the lower part of the figure.

D. Manipulation of Longitudinal Phase Space

While the solenoid channel transports charged parti-
cles of any longitudinal momentum P‖ if P⊥ < P⊥,max,
acceleration of these particles in rf cavities requires them
to have a limited spread of P‖. The particles within the
transverse acceptance of the Decay Channel are formed
by the Front End [35] into bunches for later accelera-
tion in four steps, illustrated in Fig. 1: a single bunch of
secondary particles with large energy spread is produced
at the target by protons with a narrow time spread; as
this bunch drifts (and the pions and Kaons decay) in the
Decay Channel those particles with smaller βz = vz/c
fall behind to produce an energy-time correlation; a se-
ries of rf cavities called the Buncher decomposes the
macrobunch into a train of microbunches whose central
particles retain the energy-time correlation; a second se-
ries of rf cavities are phased such that lower energy mi-
crobunches are accelerated while higher energy bunches
are decelerated resulting in a final train of bunches with a
common central energy. The fourth step is called phase-
energy rotation [36, 37] (which bunch manipulation is a
variant of that performed at p sources [38]), and the set
of rf cavities that perform this action is called the Phase
Rotator.

While the energy of secondary particles is unaffected
by the variation of the magnetic field in the taper re-
gion, their longitudinal momenta and axial velocites in-
crease, and the longitudinal emittance increases, which
has a subtle effect on the number of muons transmitted
through the Buncher and Phase Rotator. This effect is
the main topic of this paper.

The transverse emittance decreases while the longitu-
dinal emittance increases during transport through the
tapered magnetic field. Such an emittance exchange is
not possible in systems that can be described by a “lin-
ear” canonical transformation [39], but the beam trans-
port in the Front End is “nonlinear” (nonsymplectic).

Studies such as [34, 40, 41] did not consider the lon-
gitudinal acceptance of the Front End when optimizing
the Target System. First evidence was given in [42] that
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FIG. 2. Neutrino Factory/Muon Collider Target System.

a relatively rapid, nonadiabatic taper is preferred when
the longitudinal acceptance is considered. The system-
atic studies presented here confirm that a rapid taper to
a larger final axial field than 1.5 T in the Decay Chan-
nel, Buncher and Phase Rotator improves the yield of
“useful” muons for the subsequent muon accelerator.

II. THE FRONT END

The Front End of a muon accelerator considered here
is a slight variant of that described in [13, 20, 35].

A. Target System

A 4-MW proton beam (about 3× 1015 8-GeV kinetic-
energy protons/s) intersects the free mercury jet of ve-
locity 20 m/s, which presents a fresh target to the beam
every pulse at 15-Hz repetition rate. The proton beam
and mercury jet are tilted with respect to the magnetic
axis, as shown in Fig. 2, to minimize reabsorption of low-
energy pions as they spiral in the magnetic field Bi on
the target. The nominal axial field peaks at Bi = 20 T
at the target and then tapers down to Bf = 1.5 T over
15 m, as illustrated in Fig. 3. The 20-T field on the tar-
get is produced by a 15-T superconducting-coil outsert
and a 5-T resistive-coil insert [43].

In the present study the initial and final magnetic
fields, Bi and Bf , and the axial length Lt of the taper
were varied using an analytic model for the axial field,
from which the off-axis field (consistent with Maxwell’s
equations) was deduced as described in Appendix A. Fig-
ure 4 shows some of these field profiles.
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FIG. 3. Target System solenoid coils, and axial magnetic field
(divided by 10) for the nominal configuration.

B. Decay Channel

The Decay Channel follows the taper region of the Tar-
get System, and is taken here to be a straight solenoid
channel of radius R = 30 cm and magnetic field Bf (the
chicane described in [35] was not considered). In addi-
tion to being the region in which most pions and Kaons
decay into muons, the drift of the low-energy particles
in the Decay Channel provides the correlation between
their energies and times used in the downstream phase
rotation [37].

The distance from the target to the end of the Decay
Channel was held fixed at 79.6 m in this study. In future
studies, where the parameters of the Buncher and Phase
Rotator are varied, this distance will be reoptimized.

The field from the the discrete set of solenoids in the
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with Bi = 20 T, Bf = 1.5 T, and taper lengths between 5
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Decay Channel introduces stop-bands and nonlinearities
that reduce transmission by about 2% compared to a
constant solenoid field [44].

C. Buncher

The Buncher [35, 45] considered here has a series of
37 rf cavities with frequencies decreasing from 320 to
232 MHz over a distance of 33 m. The rf gradients in-
crease adiabatically from 3.4 to 8 MV/m as the initial
macrobunch of particles is transformed into a sequence
of ≈ 40 bunches (≈ 20 of each sign, interleaved with off-
sets of π in rf phase) which occupy ≈ 60 m along the
beamline. The rf frequencies decrease with distance to
keep the rf buckets centered on the bunches as the time
between bunches increases due to their differing energies.

D. Phase Rotator

The Buncher is followed by a 42-m-long Phase Rotator
[35, 45] that transforms the bunches, which have differ-
ent central energies, into a set with nearly equal energies.
It contains 56 rf cavities which have frequencies decreas-
ing from 230 MHz to 202 MHz, all with field gradient of
13 MV/m. The rf-cavity phases are set such that the en-
ergies of all the bunches gradually become identical. The
rf frequencies decrease so as to maintain these phases as
the time between bunches increases due to their energy
differences, and that decrease slows as the range of bunch
energies is reduced. This doesn’t make sense, as the en-
ergy differences decrease with increasing z.

The result is that muons with an initial momentum
range of 80-500 MeV/c are captured into a train of 201-
MHz bunches with an average momentum of 232 MeV/c
and a momentum spread of 10%.

E. Cooling Channel

In the Neutrino-Factory scenario, the Phase Rotator is
followed by a transverse ionization Cooling Channel (the
Cooler in Fig. 1). This is a sequence of n =??? identi-
cal 75-cm-long cells that focus with alternating solenoids
producing a maximum field magnitude on axis of 2.8 T.
A 6-m-long section (of what????) is required to match
between the constant solenoid field in the Phase Rotator
and this alternating field. The cells contains LiH ab-
sorbers for ionization cooling and RF cavities that pro-
vide longitudinal focusing and restore the energy lost
in the absorbers. The RF cavities have a frequency of
201 MHz and an accelerating gradient of 16 MV/m. The
above scenario differs slightly from that in [45]. Do we
have a reference for the above?

III. EFFECT OF THE SOLENOID FIELD
PROFILE ON PARTICLE CAPTURE

EFFICIENCY

The effect of the solenoid field profile in the taper re-
gion just downstream of the target on the performance
of the Front End was first studied for the beam just af-
ter the target (sec. IIIA), then at the end of the Decay
Channel (sec. IIIB), and at the end of the Front End
(sec. IIIC). Next, effect of the final solenoid field Bf was
studied (sec. IIID). We then examined how the beam
distribution and capture at the end of the decay channel
is affected by the taper length. Next, we studied how
the complete field profile affected the performance of the
full system, including the buncher, phase rotation, and
ionization cooling. We then describe how the final field
affects the capture performance. In these studies the pro-
ton bunch length incident on the target was taken to be
zero; the effect of that length on the performance of the
Front End is considered in sec. IV.

Particle production at the target was simulated us-
ing the MARS15(2010) code [46, 47]. Secondary parti-
cles were tracked through the subsequent Decay Channel,
Buncher, Phase Rotator and Cooling Channel, using the
ICOOL code [48].

A. Target Field and Capture

The rms transverse emittance of particles produced in
a radially thin target in axial magnetic field B was es-
timated to grow with propagation in the axial direction
to the value given in eq. (2), for a channel of a fixed
radius. Much of this emittance growth occurs by the
end of the target. The simulation of Fig. 5 shows that
the distributions of charged pions, Kaons, and muons in
transverse phase space (with radial aperture of 30 cm)
at the end if the target is more elongated, with larger
rms area, for lower fields. Figure 6 shows the rms trans-
verse emittance for the distribution of Fig. 5 as a func-
tion of the magnetic field B at the target, with the emit-
tance varying roughly as 1/B as predicted by eq. (2) for
B � 2c 〈P⊥〉 /eR ≈ 6 T with 〈P⊥〉 = 250 MeV/c and
R = 30 cm. The falloff near 10 T indicates that at these
fields the rms emittance growth with distance had not
reached its asymptotic value by the end of the target.

Figure 6 also shows that for a given radial aperture
more particles are captured by higher fields, at which
the helical trajectories of higher transverse-momentum
particles lie within the acceptance. Essentially all sec-
ondary particles would be captured by a 50-T field and
a 30-cm-radius aperture.

B. Muon Yield at the End of the Decay Channel

The capture of pions/muons from the target by the
Front End is improved if the field Bi on the target is
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FIG. 5. Distributions of pions, Kaons, and muons at the end of the mercury target in the transverse phase space x-px, where
px is the canonical momentum, for solenoid target fields Bi varying from 5 to 50 T.
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much larger than the field Bf in the bulk of the Front
End, as discussed in sec. I. Nominal values of Bi = 20 T
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and Bf = 1.5 T existed at the start of this study. It
seemed natural to adoprt a slow decrease (taper) with
position from field strength Bi to Bf so as to maintain
an adiabatic invariance for the particle trajectories. Such
adiabaticiy holds when the length scale over which the
magnetic field changes is large compared to the period
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(betatron wavelength) of the helical trajectory of a par-
ticle, i.e.,

2πcPz
qB2

dB

dz
� 1. (3)

To study the effect of the taper length on the capture
efficiency of useful pions/muons, defined to have with
a kinetic energy between 80 and 140 MeV, secondary
particles from the target (according to a MARS simula-
tion) were tracked (in an ICOOL simulation) 80 m down-
stream from the target, to a plane near the end of the
Decay Channel. Fields Bi = 15 and 20 T at the target,
and taper lengths varying from 5 to 40 m down to field
Bf = 1.5 T were considered, with results shown in Fig. 7.
A longer, more adiabatic taper increases the number of
useful muons at the end of the Decay Channel, while
the number of pions and muons at the end of the Decay
Channel was decreased by about 8% when the target field
from Bi = 20 to to 15 T.

However, it may be that advantage of a slow taper
in improving the yield of useful muon at the end of the
Decay Channel results in an increase in the longitudi-
nal emittance, such that the transmission through the
Buncher and Phase Rotator is reduced. In this case a
shorter taper may be preferred.

C. Taper Length and Longitudinal Phase Space

Particle production and transport to the end of the
Decay Channel were simulated for taper lengths of 4 and
40 m with Bi = 20 T and Bf = 1.5 T, resulting in
the longitudinal-phase-space distributions at z = 20, 40
and 80 m shown in Figs. 8 and 9. A notable feature is
that the bunch length at a given energy E is shorter,
and the density of particles in longitudinal phase space
is higher, for the shorter taper, which can lead to bet-
ter beam transport through the subsequent Buncher and
Phase Rotator.

The time spread of the muon beam at the end of the
Decay Channel as a function of taper length was com-
puted as the weighted average of the rms with in time
for 250 bins in total energy E from mµc

2 to 1 GeV (with
weighting by the number of muons in each bin). Results
for taper lengths from 8 to 40 m are shown in Fig. 10. The
bunch length increases by a factor of two over this range,
approximately linearly with the taper length. The cor-
responding increase in rms longitudinal emittance with
increasing taper length is shown in Fig. 11. These longi-
tudinal emittances are all large compared to the accep-
tance of 0.053 eV-s of the muon accelerator downstream,
so the beam at the end the Decay Channel is decomposed
into bunches of appropriate emittance in the Buncher.

The original purpose of the taper was to reduce the
transverse momentum (and hence the transverse veloc-
ity) of the particles in an adiabatic transition from high
to low axial magnetic fields. The time spread of particles
of a given energy depends on the spread of their axial

velocities, which is larger when their transverse velocites
are larger in the higher magnetic field at the beginning of
the taper. Hence, longer tapers (in which particles spend
more time in higher fields) lead to a larger time spread
in the beam at the end of the Decay Channel.

The transit time of a particle with transverse momen-
tum P⊥ � P can be approximated as

t =

∫ z

0

dz′

vz
≈ E

c2P

∫ z

0

dz′
(

1 +
P 2
⊥

2P 2

)
, (4)

such than for an adiabatic field taper where
P 2
⊥(z)/Bz(z) = P 2

⊥i/Bi, the difference ∆t between
the arrival time at a position z of a particle with
a nonzero transverse momentum and one with zero
transverse momentum but the same total momentum P
and total energy E is

∆t ≈ P 2
⊥iE

2c2P 3

∫ z

0

Bz(z
′)

Bi
dz′, (5)

For a given initial field Bi = Bz(0) and final field Bf ,
∆t is a linear function of the taper length. The rms time
spread for a bunch of particles (launched at the same
time at z = 0) follows from eq. (5) on computing the
standard deviation of the factor in front of the integral
over the beam distribution at z = 0.

As the taper becomes shorter and therefore less adia-
batic, we expect some growth in transverse emittance to
accompany the reduction in longitudinal emittance, as
indicated in Fig. 11. This explains the reduced transmis-
sion at shorter taper lengths seen in Fig. 7. The relative
increase in the square of the rms transverse emittance
with a shorter taper is less than the decrease in longitu-
dinal emittance, such that the six-dimensionsal rms emt-
tance is lower for shorter taper lengths.

D. Performance with Buncher, Phase Rotator and
Cooling Channel

Only a subset of the muons at the end of the Decay
Channel will be captured by the Buncher and Phase Ro-
tation, be subsequently cooled, and finally be within the
acceptance of the acceleration system. The ultimate per-
formance of the Front End is therefore defined as the ratio
of the number of muons delivered within the acceptance
of the muon accelerator to the number of protons on tar-
get. To compute the number of accepted muons it is
convenient to transform to normalized (Floquet) coordi-
nates (i.e., action-angle variables) [49–51]. In particular,
the transverse and longitudinal amplitudes AT and AL
(defined in secs. 3.3 and 3.3 of [28]; see also [52]) must
obey AT < 30 mm and AL < 150 mm for the muons to
be accepted.

Optimization of the phases and frequencies of the RF
cavities in the Buncher and Phase Rotator, and of the
matching section to the Cooling Channel, was essential to
optimize the performance of the Front End increasing the
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FIG. 8. Longitudinal phase space of pions/muons at z = 20, 40 and 80 m for a 4-m-long tapered solenoid.
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FIG. 9. Longitudinal phase space of pions/muons at z = 20, 40 and 80 m for a 40-m-long tapered solenoid.

end field [53], particularly for cases with higher final field
Bf . Because the length of the Cooling Channel consid-
ered here was not optimized prior to the present study, it
was necessary to determine that location along the Cool-
ing Channel that maximized the number of muons within
the above acceptance cuts.

Figure 12 shows, for 4- and 40-m taper lengths,
longitudinal-phase-space distributions for both the full
muon beam at the end of the Decay Channel and the
subset of those particles that meet the acceptance crite-
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of Decay Channel as a function of the solenoid taper length.
ICOOL simulations are shown with squares, and model results
based on eq. (5) are shown by the curve.
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beam at the end of Decay Channel as a function of the
solenoid taper length, for the same simulation as in Fig. 10.

ria. The region of longitudinal phase space where parti-
cles are accepted occupies a greater fraction of the total
when the taper is shorter.

Fig. 13 shows the performance of the Front End as a
function of taper length for target fields Bi = 15 and
20 T, and for final fields Bf = 1.5, 2.0, and 2.5 T. For
all cases, the performance falls rapidly for taper lengths
shorter than 4 m, as then the taper is no longer suf-
ficiently adiabatic. The best performance is obtained
with taper length of 5-6 m, beyond which the increase
in longitudinal phase volume is larger than the reduction
in transverse phase volume and the number of accepted
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muons drops.
Higher fields Bi at the target improve the performance,

as shown in Fig. 13, since particles of higher transverse
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FIG. 14. Accepted positive muons per 8 GeV proton on target
as a function of the final field Bf . The target field is Bi = 15
or 20 T, and the taper length is 5 m.

momenta are then captured (for a fixed radial aperture
in the Decay Channel).

The strength Bf of the final field determines the maxi-
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mum captured transverse momentum, and hence the the
number of captured particles increases with Bf . Fig-
ure 14 shows that the performance with Bi = 20 T and
5-m taper length improves with increasing final field Bf
by about 20% for every 1-T increase in Bf (and would
continue to increase if higher final fields were used)

IV. EFFECT OF PROTON BUNCH LENGTH

The preceeding studies were performed assuming zero
time spread for the incident proton bunch. Nonzero time
spread of the proton bunch is expected to reduce the cap-
ture efficiency of the Front End [54], as this reduces the
effectiveness of the Phase Rotator. Hence, the advantage
of a short taped found in the previous section will be less
for proton bunches bunches of finite time spread.

Figure 15 shows the performance of the Front End as
a function of the proton bunch length for three different
taper lengths. Performance is reduced by approximately
3% for each 1 ns increase in proton bunch length. For
very long incident proton bunch length the performance
is about a factor of 3 lower than that for very short bunch
length. Muon Collider and Neutrino Factory designs [12]
specify 2–3 ns proton bunch lengths, for which a short
taper length is advantageous.

V. SUMMARY

Ideally, a system to system to capture secondary par-
ticles from a target in a solenoid magnet channel capture
particle of all transverse momenta if a sufficiently high
field is used. The capture of a system with a lower than
optimal magnetic field strength can be improve by use of
an an initial high-field solenoidal followed by an adiabatic
taper to the lower (final) field. While this configuration
increases the range in transverse momentum of the cap-

tured particles compared to that of a channel without
the initial higher field, it also increases their longitudinal
phase area. If the subsequent beam transport includes
RF cavities, it is advantageous for the adiabatic reduc-
tion in solenoid field to occur rapidly, to minimize the
extent of the longitudinal phase space of the captured
particles.

Appendix A: TAPER FIELD PROFILE

An axisymmetric magnetic field B(r, z) can be ex-
pressed in terms of its axial field Bz(0, z) according to

Bz(r, z) =
∑
n

(−1)n
B

(2n)
z (0, z)

(n!)2

(r
2

)2n
(A1)

Br(r, z) =
∑
n

(−1)n+1B
(2n+1)
z (0, z)

(n+ 1)!n!

(r
2

)2n+1

, (A2)

where B
(k)
z (0, z), is the kth derivative of Bz(0, z) with

respect to z.
In this study, the axial field in the taper region, zi <

z < zf = zi +Lt was approximated by the analytic form
[55]:

Bz(0, z) =
Bi

1 + a1(z − zi) + a2(z − zi)2 + a3(z − zi)3
(A3)

a1 = −B
′
i

Bi
(A4)

a2 = 3
Bi −Bf
BfL2

t

− 2a1
Lt

(A5)

a3 = −2
Bi −Bf
BfL3

t

− a1
L2
t

, (A6)

where Bi,f are the axial fields at zi,f . This form has zero
derivative at zf , B′f = dBz(0, zf )/dz = 0. In the present
study the parameter a1 was set to zero, i.e., the axial
derivative as also zero at zi.

While the magnetic fields modeled in the above manner
obey Maxwell’s equations, it turned out that the short-
est tapers considered could not readily be produced by
coils of the large radii needed to accommodate internal
shielding against radiation damage from secondary parti-
cles. Later studies with magnetic fields provided by more
practical coil configurations confirm the essential results
of the present study as to the advantage of short tapers.
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