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Abstract

A search for long-lived particles was performed with data corresponding to an inte-

grated luminosity of 2.6 fb�1 collected at a center-of-mass energy of 13 TeV by the

CMS experiment in 2015. The analysis exploits two customized topological trigger al-

gorithms and an o�ine displaced-jet tagging algorithm. The multiplicity of displaced

jets is used to search for the presence of a signal with a proper lifetime between

1 mm and 1000 mm. Pair-produced long-lived decays to four-jet �nal states, with

cross sections larger than 1.2 fb are excluded for a proper lifetime of 50 mm. For

pair-produced long-lived decays to two b quarks and two leptons with equal decay

rates between lepton 
avors, cross sections larger than 2.5 fb are excluded for proper

lifetimes between 70 mm and 100 mm. As a mass exclusion bound, pair-produced

long-lived R-parity violating top squarks lighter than 550{1130 GeV are excluded de-

pending on their lifetime and decay mode. This mass exclusion bound is currently the

most stringent bound available for top squark proper lifetimes greater than 3 mm.
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Chapter 1

Introduction

\The �rst principle is that you must not fool yourself { and that you are

the easiest person to fool."

{ Richard P. Feynman

When convincing ourselves of something new, to make assertions with con�dence, we

must be cautious. Personally, this means avoiding believing I know something, when

I do not understand the underlying assumptions or the importance of a conclusion.

Using some theorem or an algorithm by name without knowing its origins or how it is

implemented, while perhaps inevitable for practical purposes, is at best precarious and

at worst dishonest. Rather, knowledge drawn by connecting a path of fundamental

assumptions/principles with the necessary corollaries, and arriving at an ultimate

conclusion a�ords a security in one’s results.

Fortunate for those wish to take this bottom-up approach to its ultimate and

earthly end, history’s scienti�c heroes have developed a �eld of study for the foun-

dational principles of the physical world. The study of high energy particle physics,

while limited in its applicable scope, allows one to make connected steps from core

postulates of nature, to the experimental observations inside of high energy experi-

ments. In this same way, this thesis is an e�ort to build up an intellectually continuous

1



electromagnetic and weak forces by Glashow in 1961 [1] and through the incorporation

of this electroweak theory with the Higgs mechanism by Weinberg and Salam in

1967 [2, 3]. This theory explained the experimental observations of the day, and later

experiments provided additional evidence as well as a means for measuring the free

parameters of the theory. Some of this evidence is provided in Figure 1.1 in the form

of the discoveries of the fundamental particles.

Thomson
Villard

Anderson et al
Cowan et al

Lederman et al
SLAC
SLAC
SLAC
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Figure 1.1: The discoveries of fundamental particles versus time [4].

In this theory, particles are treated as excitations of fields having half-integer spin

or integer spin, and the forces are treated as interactions among excitations of these

fields. The spin-1
2

particles, or fermions, can be divided into groups based on the

ways in which they interact. The leptons, or those particles which only experience

the electroweak force, are the electron e, muon µ, tau ⌧ , electron neutrino ⌫e, muon

neutrino ⌫µ, and tau neutrino ⌫⌧ . The quarks, or those particles which experience

both electroweak and strong forces, are the up u, down d, strange s, charm c, bottom

b, and top t. The integer-spin particles, or bosons, are the spin-one photon �, W , Z,

2

Figure 1.1: The discovery of the standard model particle content through time. [67]

(albeit coarse) discussion on how to make quantitative statements about fundamental

physics by utilizing the massively complex experiments found at the Large Hadron

Collider (LHC).

In pursuit of a theory of fundamental interactions, the Standard Model of par-

ticle physics, has performed miraculously well within its scope. As of the July 4,

2012 discovery of the Higgs Boson, the complete particle content of the theory has

been discovered (Figure 1.1). Precision electroweak measurements have held up to

calculations to 14 signi�cant �gures [36]. These measurements are more precise than

correctly measuring the distance between the earth and the moon (3:8� 108 meters)

within the width of a human hair (1:7� 10�5 meters).

However, the Standard Model is not a theory capable of describing everything, it

rather functions as a tool to discover new fundamental physics. By consistently incor-

porating what we understand into a single theory, we can search for more complete

physics by looking for deviations from the model in nature.

Here I list a series of outstanding questions within the Standard Model, while not

complete, can su�ciently motivate the need to search for beyond the standard model

2



(BSM) physics. I group questions into two categories. The �rst set of questions

are forward looking and ask how will known phenomenon be incorporated into an

extension of the Standard Model.

� Gravity: How will the Standard Model which describes the weak, strong, and

electromagnetic force be extended into a theory of quantum gravity?

� The Hierarchy Problem: How can the Higgs mass be so small compared to

the size of the leading one loop contributions to the mass? How can the vacuum

energy of the universe be nearly zero when calculations yield values that are

100 orders of magnitude larger?

� Neutrino Masses: How will an extended theory generate the masses of neu-

trinos which are known to be non-zero from neutrino oscillation experiments?

� Dark Matter: How will the abundance of dark matter observed in the universe

be described?

� Stability of the Vacuum: Given the mass of the Higgs, the universe’s vacuum

is meta-stable. How has the vacuum not decayed? What physics, if any, would

resolve this meta-stability?

� UV Completeness: The Standard Model is interpreted as the low energy

e�ective theory of a larger theory. What physics will complete the theory at

high energies? Will the gauge coupling strengths unify at high energies?

The second set of questions asks why does the Standard Model take its speci�c form.

Are there deeper principles that explain why? Or will we ultimately need to accept

these ideas without a simpler explanation?

� Gauge Theory: Why does the Standard Model have the gauge group SU(3)�

SU(2)�U(1)? Does the universe accept a more complete symmetry group that

is then broken into these components?

3
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Figure 1.2: A summary of mass exclusions for supersymmetric models in 7 + 8 TeV
data by the CMS experiment.

� Space-time and Particle Content: Why are there three families of particles

and 3+1 space-time dimensions? Is space-time an emergent phenomenon? Are

there extra dimensions which explain the weakness of the gravitational force?

� Naturalness: Are the free parameters of our theory natural? That is, are small

values of free parameters an artifact of new physics yet to be incorporated or

are the observed values coincidental?

� Strong CP Problem: Why is there no evidence of the term ������F
��F�� in

the Standard Model Lagrangian (� < 10�10)?

So what then are the candidates for BSM physics? A multitude of full and simpli-

�ed models are tested in hopes of observing statistically signi�cant deviations from

the Standard Model (Figures 1.2 and 1.3) in 7, 8, and 13 TeV data by both the ATLAS
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Figure 1.3: A summary of mass exclusions for exotic models in 8 + 13 TeV data by
the CMS experiment.

and CMS experiments at the LHC. Searches for models containing the most theoret-

ically motivated signatures (jets and missing energy, two leptons, two jets, missing

energy, among many others) have signi�cantly narrowed the remaining parameter

space where BSM physics could be hiding.

The most popular answer to many of the questions posed above is Supersymmetry

(SUSY), a new symmetry of space time, that would imply heavy super partners to

Standard Model particles whose masses are heavier, but still explorable at the LHC.

The expectation of discovering SUSY at the LHC has been largely motivated by

the naturalness of the theory. For a given model of Supersymmetry the mass of

the Standard Model Higgs boson is sensitive to the high energy scale where SUSY

is exists (mSUSY), its mass, of order the electroweak scale, (mh � mEW � mSUSY)
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Figure 1.4: (top) The 1 loop contribution to the Higgs mass induced by a fermionic
top loop. (bottom) The one loop correction to the Higgs mass due to a
scalar stop loop.

would need to be tuned to order m2
EW=m

2
SUSY. To avoid �ne-tuning, we would like

m2
h � m2

SUSY =) mSUSY � 1 TeV. More speci�cally, knowing mH � 125 GeV we

expect light SUSY partners (in particular, light top quark partners) less than 1 TeV

to stabilize the quadratic divergences of 1 loop corrections to the Higgs mass (Figure

1.4). The naturalness of a theory, has long been a guiding principle of model building

extensions to the Standard Model, but unfortunately these scalar partners, despite

considerable e�ort, have not yet been discovered.

As the parameter space of possible BSM physics continues to narrow and the

kinematic gains from increasing the collider energy are no longer available, we must

thoughtfully consider where we might have missed something. If new physics exists

at the TeV scale and is still probable at the LHC, why is it yet to reveal itself? One

such possibility is that the new physics is long lived.

A fundamental assumption of non-speci�c analyses is that the new physics will be

prompt. That is to say, the BSM particles, when produced, will decay a distance from

the original collision too small to detect. In these scenarios, there is a reconstructable

vertex where the collision took place, and the �nal state particles will arrive at the

detector face at predictable angles. In the case of long-lived physics, the BSM particles
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will travel measurable distances in the detector before decaying. The resulting BSM

decays will unlikely have a primary collision vertex and the �nal state particles may

arrive at glancing angles to the detector face. In these cases, it has been shown

standard particle identi�cation techniques are ine�cient and in many cases completely

veto long-lived signatures. If nature exhibited long-lived BSM behavior, prompt

searches would unintentionally clean it from their signal regions at early stages in

the data processing.

The theoretical motivations for long-lived particles arise in a variety of scenarios

including, but not limited to:

� Split Supersymmetry [9, 32, 8, 10, 37]

� Twin Higgs Models [26]

� WIMP Baryogenesis [27]

� Hidden Valley Models and Higgs Portal Processes [35]

� R-Parity Violating SUSY [33]

This search was designed from the initial data collection algorithms to the �-

nal background prediction to be as inclusive as possible to all displaced signatures.

Prompt analyses have been shown to have strong sensitivity to signatures with proper

lifetimes less than 1 mm. Accordingly, this analysis is tuned to target complementary

lifetimes greater than 1 mm. Essential to this study is the de�nition of a displaced

jet tag, which does not rely on commonly utilized physics objects, but rather is con-

structed from the geometry of globally reconstructed charged particle tracks matched

to separately reconstructed clusters of calorimeter energy. The result is an object with

strong background rejection (1 in 2000 false positives) with sensitivity to electrons,

jets, and taus in any combination. The simplicity of the construction also exhibits

sensitivity to exotic BSM jets without narrowing the scope of the analysis.
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This document is organized beginning from the fundamental theory that describes

the Standard Model (Chapter 2). The underlying framework of quantum �eld theory

is built up from classical equations of motion and the structure of the Standard

Model is described in some detail. The theory is then connected with the methods of

simulation and physics necessary to evolve the initial scattering amplitudes to the �nal

state showering in Chapter 3. After a discussion of the individual sub-detectors of the

experiment in Chapter 4, Chapter 5 will outline the studies leading to de�nition of

the displaced jet tag. Chapter 6 will describe the analysis and summarize the results

of the search as found in the public document [2] and presented at Moriond 2017 [39]

and Aspen 2017 [6]. Conclusions will be drawn in Chapter 7.
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Chapter 2

Theory

2.1 Introduction

It is the goal of this section to succinctly derive some of the principal aspects of the

Standard Model of particle physics and discuss the fundamental assumptions that

give structure to the theory. Starting from classical physics how do we build up to

an interacting theory of quantum theory of �elds with the particle content of the

Standard Model? What are the guiding principles of this model? And importantly

what pieces of the theory have been put in by hand to agree to experiment?

First, we will describe the Lagrangian formulation of classical mechanics. From

here we introduce, classical �eld theory and the fundamental quantization of quantum

mechanics to arrive at quantum �eld theory (QFT). By way of Lagrangian symmetries

in a QFT, we will elaborate on gauge theories and how local gauge symmetries give

rise to the interactions mediating the fundamental forces. We will review spontaneous

electroweak symmetry breaking (EWSB) and the tools used to calculate scattering

amplitudes. Ultimately, we will discuss radiative corrections, renormalization and

Supersymmetry as an extension of the Standard Model.
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2.1.1 Quantum Field Theory

Lagrangian Mechanics

In Lagrangian mechanics, the time evolution of some generalized coordinate q can

be determined via the fundamental principle of minimal action for �S = 0 where

S =
R
dtL. Where the Lagrangian L is di�erence between the kinetic and potential

energy T � V .

S[q(t)] =

Z t2

t1

L

�
q;
dq

dt
; t

�
dt

where S is a functional of the time dependent generalized coordinate q(t). Letting

_q = dq
dt

The equations of motion are derived by varying S

�S =

Z t1

t0

�
@L

@ _q
� _q +

@L

@q
�q

�
dt

Note that � _q = � dq
dt

= d(�q)
dt

. Integrate the �rst term by parts, and require that �q

vanish at the boundaries:

Z t1

t0

�
� d

dt

�
@L

@ _q

�
�q +

@L

@q
�q

�
dt = �S = 0

by the principle of minimal action we have arrived at the Euler equations of motion:

d

dt

�
@L

@ _q

�
=
@L

@q

For a generic Lagrangian with potential energy term V (q), L = 1
2
mq _q2 � V (q) we

obtain the classical equation of motion as a di�erential equation m�q = �dV=dq that

is F = �dV=dq.
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Classical Field Theory

In comparison with classical mechanics, which deals with �nitely many general coor-

dinates qi, classical �eld theory deals with an in�nite number of degrees of freedom

�i(~x; t) with a degree of freedom for each spatial coordinate ~x; t and index i. For sim-

plicity we use a single index � for the four space-time dimensions and utilize the Ein-

stein summation convention where repeated indices are summed over xixi �
P

i xixi.

The corresponding action can be written in terms of a lagrangian density L(�; @��)

[65]

S =

Z
dtL =

Z
d3x

Z
dtL(�; @��) =

Z
dx4L(�; @��)

Similarly, we arrive at classical Euler-Lagrange equations of motion:

@�

�
@L

@(@��)

�
=
@L
@�

We now consider the simple free Lagrangian density for a real scalar �eld �:

L =
1

2
(@��)2 � 1

2
m2�2 =

1

2
(@2
t �r2)�� 1

2
m2�2

we have achieved a relativistically invariance for free as all indices are contracted. To

see this, consider a Lorentz transformation � on the kinetic term. The transformation

induces �(x) ! �0(x) = �(��1x) = �(y). The transformation is � as we actively

rotate the coordinate system rather than rotating the �eld.

@�@� = ���@
�@� !� ���(�

�1)��(�
�1)��@

�@� = ���@
�@� = @�@

�

where we have used invariance of the spacetime metric under Lorentz transformations.

As the action integrates over all space time, the change of variable from x ! y is
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inconsequential and yield the same equations of motion. Applying the Euler-Lagrange

equation we arrive at the classical relativistically invariant Klein-Gordon equation.

(@2 +m2)� = 0

taking the Fourier transform of state �:

�(~x; t) =

Z
d3p

(2�)3
ei~p�~x�(~p; t)

Where the (2�)3 is a normalization convention on the �eld. Applying the Klein

Gordon equation

(@2 +m2)�(~p; t) = (@2
t + ~p2 +m2)�(~p; t) = 0

In this form, we recognize that this is just the equation of motion for a harmonic

oscillator, @2
t � = �!2� with energy !2 = (~p)2 +m2.

The Canonical Quantization

Quantum mechanics consists of four fundamental postulates. Here we enumerate the

postulates and their classical counter parts [58]:

1. Particle State: In classical mechanics, a the state of a particle is determined

by two variables x(t) and p(t). In quantum mechanics, the state is a vector j i

in a Hilbert space H.

2. Dynamic Variables : Classically, all dynamical variables are a function only

x(t) and p(t). In quantum mechanics, classical variables represented as a func-

tion of x and p are instead represented by Hermitian operators X and P that

satisfy the commutation relation [X;P ] = XP � PX = i=~.
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3. Measurement: Classically, the particle state is una�ected by measurement and

strictly deterministic based on the values of x and p. Quantum mechanically,

a particle in a state j i when measured will yield and eigenvalue ! of the

operator 
 with probability jh!j ij2. After measurement, the particle state is

in the corresponding eigenvector j!i.

4. Time Evolution: Classically, p and x change with time according to Hamil-

ton’s (or Lagrangian) equations of motion. Quantum mechanics asserts the state

vector evolves with time according to the Schr�odinger equation: i~ d
dt
j (t)i =

Hj (t)i. Where H is the Hamiltonian with classical p and q replaced by the

corresponding quantum mechanical operators.

The canonical quantization arrises because the position and momentum operators

no longer not commute (postulate 2). This is the source of the famous Heisenberg

uncertainty principle that there are no simultaneously measurable states of p and q.

If we consider the quantum harmonic oscillator with Hamiltonian:

H =
p2

2
+

1

2
!2q2

and de�ne the creation (ay) and annihilation (a) operators

a =

r
!

2
q +

1p
2!
p and ay =

r
!

2
q � 1p

2!
p

we can re-write the position and momentum operators in terms of these operators:

q =
1p
2!

(a+ ay) and p = �i!
2

(a� ay)
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substituting into the Hamiltonian we �nd a simple solution after applying the com-

mutation relation [p; q] = �i (using units where ~ = 1):

H =

�
aya+

1

2

�
!

Consequently the operations [H; a]jEi = (E �!)ajEi and [H; ay]jEi = (E +!)ayjEi

show that the operators raise and lower the energy of the harmonic oscillator in

multiples of !. The energy levels are quantized (i.e. restricted) to integer units of !.

a and ay are also referred to as ladder operators, as they raise and lower the energy

state by 1 unit of ! with a non zero ground state energy !=2.

We can build a quantum �eld by promoting the coordinate q to a �eld � in the

same way as the classical �eld theory. This step is often referred to by a misleading

name: \the second quantization", however there is only a single quantization in the

theory (the quantum quantization). We now write the solution to the Klein-Gordon

equation as an in�nite sum of creation and annihilation operators that create or

destroy a particle with energy !2
p = p2 + m2 designated by its four-momentum p.

Taking the Fourier transform:

�(~x; t) =

Z
d3pp
2!p

�
ape

ipx + aype
�ipx�

Quantum �elds allow us to account for the observed phenomenon that particles are

created and destroyed. Physical law is stated in terms of �elds with in�nite degrees

of freedom that describe particles as excitations at points in space time. Ultimately,

this will allow us to describe interactions occurring through virtual particles that

are created and destroyed, but never observed. These kinematically unconstrained

e�ects are a departure from the typical study of quantum systems with �nite degrees

of freedom.
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Although the above result only applies for a real scalar �eld (spin 0), the corre-

sponding fermionic �eld (spin-1
2
) �eld can be found similarly starting from the Dirac

equation but now includes spinors. Written in momentum space

 =
X

s

Z
d3k

(2�)32Ep

�
u(s; p)as;pe

�ikx + v(s; p)ays;pe
ikx
�

� =
X

s

Z
d3k

(2�)32Ep

�
�v(s; p)as;pe

�ikx + �u(s; p)ays;pe
ikx
�

where the sum is taken over spin polarizations s and u; v; �u; �v are dirac four-spinors

which satisfy the completeness relationships with

X

s

u�u = p�
� +m

X

s

v�v = p�
� �m

Here, the gamma matrices 
� satisfy the anti-commutation relationships f
�; 
�g =


�
� + 
�
� = 2��� . The creation and annihilation operators now create states with

a spin and momentum.

2.1.2 Symmetries

Noether’s Theorem

The importance and the consequences of symmetries cannot be understated in

physics. The invariance of the action (equivalently the equations of motion) under

linear translations of the coordinates gives rise to conservation of momentum. Simi-

larly, rotations of the coordinate space yields the conservation of angular momentum.

This is a consequence of Noether’s theorem, that every continuous symmetry of the

action has a corresponding conservation law.

To be concrete, let us consider an action that is invariant under some �eld trans-

formation � ! � + ��. If we consider a gauge transformation � ! ei�� then the
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in�nitesimal transformation is �� = i��, here we assume the principle of minimal

action (�S = 0) under this variation. This is the same as �L up to surface terms in

the action integral.

�L =

�
@L
@�

��+
�L

@�(@��)
�(@��)

�
= i�

�
@L
@�

�+
@L

@(@��)
(@��)

�

We further require that the solution satisfying the Euler-Lagrange equations, and

exchange the �rst term:

= i�

�
@�

�
@L

@(@��)

�
�+

@L
@��

(@��)

�
= i�

�
@�

�
@L

@(@��)
�

��
= @�

�
@L

@(@��)

�
= @�j

�

Where j� is the conserved current corresponding to the continuous symmetry. Ac-

cordingly minimal action tells us �L = 0 = @�j
�. Now consider the consequences for

fermonic Lagrangian:

L = � (i
�@� �m) 

the corresponding current is j� = i � 
� = (�;~j) where � is charge density and ~j is

electric current. When we expand the index and @� = ( d
dt
; ~r) we obtain the continuity

equation:

d�

dt
+r �~j = 0

This corresponds to the conservation of charge. The change in the charge density of

the system is equal to the out
owing current. It is critical to the study of particle

physics that we understand the consequences of symmetries of the Lagrangian under

such transformations. The following sub-section will discuss the concept of symmetry

in �ner detail.
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Symmetry Groups and Algebras [41]

Describing symmetry mathematically requires the de�nition of groups. The study

of groups is known as group theory and it is a sub�eld of abstract algebra. A group is

an algebraic structure that consists of a set G (eg. Integers) and a pairwise operation

(eg. multiplication) a � b = c where a; b; c 2 G. The group must also contain an

identity i 2 G (ex. 1) such that i � g = g for all g 2 G. All elements g 2 G must have

an inverse g�1 2 G such that g � g�1 = g�1g = i. The operation must additionally

satisfy associativity (a � b) � c = a � (b � c). The group does not necessarily need to

be commute a � b = b � a, a common example in physics is matrix multiplication.

MijNjk 6= NijMjk for all matrices M and N .

We can check the group of rotations SO(3) (read special orthogonal group of

dimension 3) about the origin in euclidian R3 under composition for group like prop-

erties. Clearly the composition of two rotations is another rotation, the inverse ro-

tation is just rotating backward, and the identity is performing no rotation at all.

The rotations can be represented by 3 by 3 matrices with real number valued ele-

ment, determinant �1, and inverses equal to their transpose g�1 = gT . The group

SU(2) �= SO(3)=Z2, that is, SU(2) is a double covering of SO(3) corresponding to a

redundancy of 2 elements SU(2) for each element of SO(3).

A lie group is a continuous group with a multiplicative law that is a di�erentiable

function of the parameters. linear combinations of generator elements:

e�i�
iT i = UG(~�)

where the T i are the generator elements. For instance, we can build rotations in 3

dimensional space using the dimension 2 representation by exponentiating the Pauli
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spin matrices ~� = (�1; �2; �3) with a conventional (1/2) normalization:

L1 =
�1

2
=

1

2

0
B@

0 1

1 0

1
CA L2 =

�2

2
=

1

2

0
B@

0 �i

i 0

1
CA L3 =

�3

2
=

1

2

0
B@

1 0

0 �1

1
CA

A lie algebra of a group G is de�ned by the commutation relations of its generators

T i, speci�cally:

[T i; T j] = T iT j � T jT i = icijkT
k

where cijk are the structure constants of the algebra. The algebra is abelian if and

only if all cijk = 0. Otherwise, by construction the cijk must be anti-symmetric in

any of the two indices.

The Poincar�e symmetry group SO(3; 1) (Lorentz transformations + translations)

is the source of the most fundamental conservation laws and the statistics of the

quantum �elds. A transformation of the space-time coordinate x� takes the form:

x� ! ���x
� + a�

where ��� is a transformation from the Lorentz group SO(3; 1) (boosts and rotations)

and a� is a translation consisting of single 4-vector R3;1.

The generators of the Poincar�e group can be enumerated as generalized angular

momentum operators: M�� = i(x�@� � x�@�) with the commutation relations:

[M�� ;M��] = �i(���M�� � ���M�� + ���M�� � ���M��)
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However, by decomposing the operators into rotations and boosts these relations

become much simpler. De�ne:

Ji =
1

2
�ijkMjk and Pi = i@i and Ki = M0i

Where J and P are the familiar angular and linear momentum operators. The Ki

correspond to rapidity boosts. With this notation, we can derive more easily digested

commutation relations:

[Ji; Jj] = i�ijkJk [P0; Jj] = 0

[Pi; Jj] = i�ijkPk [P0; Ki] = iPi

[Pi; Kj] = iP0�ij

For a given lie algebra, the dimension of the representation of the group is physically

related to the quadratic Casimir. For a given concrete representation Ln for a n

dimensional representation, the quadratic Casimir C2 can be written as:

L2
n = C2(Ln)I and for example in SO(3) J2 = j(j + 1)I

where I is the identity. In SO(2) the j representation has dimension n = 2j + 1 with

quadratic Casamir j(j + 1). For j = 0 we have n = 1 where the rotation is trivial

and J2 = 1. For j = 1=2, J2 = 3
4

and n = 2. The Lorentz group can further be

decomposed into SO(3; 1) �= SU(2) � SU(2) where SU(2) is the group of matrices

with determinant �1 where the inverses are the conjugate transpose: g�1 = (gT )�.

The fundamental �elds in the Standard Model Lagrangian are characterized by the

four corresponding combinations of SU(2) representations. The (0,0) representation

of SU(2)�SU(2) corresponds to scalar spin 0 �elds �. The two chiral representations

(1
2
,0) and (0,1

2
) correspond to fermionic matter �elds  , � . The (1

2
,1
2
) representation
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corresponds to the fundamental vector boson �elds W i
�; B�; G

i
� and the �elds after

EWSB. W�
� ; Z

0
�; A�; G

i
�.

There are three fundamental gauge groups which govern the Standard Model

which also arise as symmetries in unrelated systems. The �rst group, U(1), governing

electric hyper charge is simply unitary 1 � 1 matrices i.e. complex numbers. The

second group in context of rotations in Euclidian space is SU(2) governing the weak

force. The group is generated by the Pauli spin matrices plus the identity with struc-

ture constants cijk = �ijk. The �nal group SU(3), the strong force gauge group, is

similar in structure to SU(2) and is generated by the eight Gell-Man matrices (�i for

i = 1 : : : 8) and the identity matrix. The Gell-Mann matrices are the three dimen-

sional analogues to the Pauli spin matrices. Each matrix is traceless and satis�es the

commutation relations with anti-symmetric structure constants fijk.

Consider a �eld transformation �a ! �0a under some lie algebra with generators

Li such that the transformation is Ug(�). In the Heisenberg picture of quantum

mechanics where operators evolve but the states remain �xed:

hO0i = h�jU�1
g (�)OUg(�)j�i

=) O0 = U�1
g (�)OUg(�)

we obtain a transformed quantum �eld:

�0a = e�i
~��~T�ae

i~��~T

the exponentials can be expanded as nested commutators

�0a = �a � i[~� � ~T ; �a] +
(�i)2

2
[~� � ~� ; [~� � ~T ; �a]] +O(�2)
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If Li is the concrete representation of T i. applying the commutation relation [T i; �a] =

�Liab�b gives the �eld transformation law in terms of the representation:

�0a =
�
ei
~��~L
�
ab
�b

Similarly the conjugate �eld �ya transforms in the adjoint representation:

�ya =
�
e�i

~��~L
�
ab
�yb

Local Gauge Invariance and the Covariant Derivative [53]

What if we promote the Lagrangian symmetry of �elds under the Standard Model

gauge symmetries to a local symmetry? The symmetry is local with a value dependent

on the position in space-time x�. For example, a local U(1) gauge symmetry would

transform the �eld  as:

 (x)! ei�(x) (x)

If we then consider a direction derivative in the direction n� as de�ned:

n�@� (x) = lim�!0
 (x+ �n)�  (x)

�

This is not going to have a simple transformation law, since the two states are not at

the same point in space time. We need a connection U(x; y) the derivative transfor-

mations simply. Taking the directional derivative:

n�@� (x) = lim�!0
1

�
( (x+ �n)� U(x+ �n; x) (x))
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where U(x; y) is our connection and transforms as:

U(x; y)! ei�(x)U(x; y)e�i�(y)

such that when we apply the transformation to the directional derivative we obtain:

n�@� (x) = lim�!0
1

�
ei�(x+n�) ( (x+ �n)� U(x+ �n; x) (x))

Now lets expand the transformation for an in�nitesimal �:

U(x+ �n; x) � U(x; x) + c�n�A�(x) +O(�2)

= 1 + c�n�A�(x) +O(�2)

The connection between x and itself was trivial and we have speci�ed an arbitrary

(while suggestive) constant c = ie. If we would then like to see how this �eld A�

transforms we need to check the U(x; y) transformation:

ei�(x)U(x+ �n; x)e�i�(y) = (1 + i�(x+ n�))(1� ie�n�A�)(1� i�x)

= 1 + i�(x+ n�)� ie�n�A� � i�(x)

comparing this to the expansion of U(x+ �n; x) we see:

1 + ie�n�A�(x)! 1 + i�(x+ n��)� ie�n�A�(x)� i�(x)

A�(x)!
�
�(x+ n��) + �(x)

en��
+ A�(x)

�

A�(x)!
�
A�(x)� 1

n�
1

e
@��(x)

�

If we pick the axes such that n� = 1 then we have the transformation law for the

gauge �eld: A�(x)! A�(x)� 1
e
@��(x).
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Now that we understand how the �eld component must transform under a gauge

transformation, apply a U(1) gauge transformation U(�) to a �eld. It should be

understood that � is now local.

 0 = U(�) = (ei�) and L0 = U(�) @�(U(�) )

because the transformation is local, the derivative will act on the transformation and

an extra term is generated:

@�(U(�) ) = U(�)@� + (@�U(�)) 

This term is not gauge invariant as the transformation appears explicitly. To account

for this, we introduce a substitution for @� ! D� which will allow us to preserve

gauge invariance

@� ! D� = @� + igA�

Checking the transformation law for @� ! D� with the necessary A� transforma-

tion included

(@� + igA�) !
�
@� + ig(A� +

1

g
@��)

�
(e�i� )

= e�i�@� + igA�e�i� � i@��e�i� + i@��e�i~� 

= e�i�(@� + igA�) 

= U(�)D� 
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For non-abelian gauge groups, the introduction of the covariant derivative will enforce

local gauge symmetry of the Lagrangian, but require modi�ed substitutions

A�;i ! A�;i � cijk�jA�;k �
1

g
@��iL

i

@� ! D� = @� + igA�;iLi

where cijk are the structure constants, Ai are the gauge bosons for the transformation,

and Li are the concrete representations of the generators.

The consequence of promoting the partial derivatives to gauge symmetry preserv-

ing covariant derivatives yields new terms in the Lagrangian

i � @�

� ! i � @�


� � e � A�

� � 

New gauge interactions with the matter �elds have arisen. The force’s symmetry

group and the invariance of the Lagrangian naturally induce the force’s interactions

with matter. Symmetries always always have important consequences to a theory.

The following section will expand in detail the variety of terms in the Standard Model

Lagrangian.

2.1.3 The Standard Model Lagrangian

The Standard model of particle physics is a quantum �eld theory of 3+1 dimensional

spacetime governed by a Lagrangian with four sectors and three local gauge sym-

metries developed to describe and study the physics of fundamental particles in the

physical, observable universe.

The Standard Model Lagrangian has three types of fundamental �elds: spin-0 (scalar

boson), spin-1/2 (dirac fermion), and spin 1 (vector boson). Any theory describing
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Table 2.1: Standard Model particle representations under the symmetry groups
SU(2) and SU(3) respectively n2 and n3. Also listed is associated elec-
troweak hyper charge Y as well as the electric charge Q

qL lL uR dR eR �R �
n3 3 1 3 3 1 1 1
n2 2 2 1 1 1 1 2
YU(1) 1/6 �1=2 2=3 �1=3 �1 0 1/2

Q = Y + T 3
L 2/3 �1 2/3 �1=3 �1 0 0

Table 2.2: The fundamental �elds types contained in the SM Lagrangian [66]

Field Lagrangian Term Field Dim. [Mass]
Scalar Field (1=2)(@��)(@��) [�] = M2

Dirac Field � M [ ] = M3=2

Field Stress Tensor �(1=4)F��F
�� [F�� ] = M2

Vector Field F�� = @�A� � @�A� [A�] = M

Table 2.3: The types of terms included in the Standard Model Lagrangian [66]

Coupling Type Lagrangian Term Coupling Dim [Mass]
Scalar Coupling w/ Gauge Bosons ~gA�A

�� [~g] = M
gA�(@��)� [g] = 1

Scalar self-couplings ~g�3 [~g] = M
g�4 [g] = 1

Gauge Coupling g � 
� A
� [g] = 1

Triple Gauge Coupling A�A
�@�A

� [g] = 1
Quartic Gauge Coupling g2(A�A

�)2 [g] = 1
Yukawa Coupling g �  � [g] = 1

Table 2.4: The 19 free parameters of the Standard Model with values as dictated by
experimental observation

Category Name Parameter Remarks
Lepton Masses Electron, Tau, and Mu me;m�;m� ml = (�l�)=2
Fermion Masses Up, Charm, Top mu;mc;mt

Down, Strange, Bottom md;ms;mb

CKM Matrix Mass-Flavor Mixing Angles �12; �23; �13

CP Violating Phase �

Higgs Parameters Vacuum Expectation Value � � = �=
p
�

Higgs Mass mh m2
h = �2�2

Force Strength Gauge Couplings g; g0; gs �; �w; �s
CP Violating Terms Vaccum QCD Angle �QCD unobserved
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gravity would also include a unique spin-2 particle mediating gravity known as the

graviton. A supersymmetric theory of gravity would also include a particle of spin-

3/2, a supersymmetric partner of the graviton known as the gravitino. The complete

�eld content of the theory is listed in Table 2.2 with the associated mass dimensions

of the �elds. Dimensional analysis tells us the mass dimension of the Lagrangian

is 4 as dictated by the action being unitless. Requiring mass dimension 4 of each

term (by dimensional analysis) and requiring that all indices are contracted (Lorentz

invariance) is highly constraining to the types of terms within the Lagrangian. The

types of interactions (after EWSB) are listed in Table 2.3.

It is important to understand the principal components of the theory, so we can

separate the aspects which are emergent from the underlying assumptions and those

which are put in by hand. Here we list principal aspects of the theory.

1. Relativistic Theory: The Lagrangian must be invariant under Lorentz trans-

formations as well as rotations and translations in 3+1 dimensional spacetime.

2. Matter: There are three families of fermonic particles consisting of an up-type

quark with an associated down-type quark and a lepton with an associated

neutrino.

3. Fundamental Charges: Each particle transforms as a multiplet of the gauge

symmetries as dictated in Table 2.1. This determines how the 3 forces interact

with matter.

4. Gauge Symmetry: The fundamental action must be invariant under local

gauge transformations.

5. Free Parameters: The Lagrangian includes 19 free parameters which set the

experimentally observed fermion masses, interaction strengths, mass-
avor mix-

ing, the vacuum potential and the possible charge parity symmetry violating

terms in the strong sector (Table 2.4).
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6. Renormalizable: All terms of the Standard Model have been shown to be

renormalizable. This also means there are no terms with mass dimension greater

than 4. Higher dimension terms have dimensions of inverse mass and are irrel-

evant until experiments are made capable of probing near the energy scale �

where the Standard Model theory breaks down.

The simplicity of the governing assumptions and naturalness of free parameters are

certainly an ambition of any theory of fundamental particle physics, but a more aes-

thetically pleasing theory is not necessarily the ultimate goal. The Standard Model,

is a tool towards �nding a more complete theory. The theory admits incompleteness

in its formulation (eg. the exclusion of gravity), but achieves incredible experimental

veri�cation [36] of theoretical predictions [7] accurate to 14 decimal places where the

theory is tested.

The Standard Model Lagrangian can be grouped into four sectors written in a

simpli�ed form where the individual terms have not been expanded and EWSB has

yet not occurred:

LSM = LGauge + LFermion + LHiggs + LY ukawa

=

�
�1

4
F��F

��

�
+
�

� i
�@� 
�

+

�
1

2
(@��)2 + V (�)

�
+
�

� iyij j�
�

In our discussion, we will expand each sector in terms of the �eld content and point

out free parameters of the theory where they have been included.

Gauge Sector

The gauge sector consists of the �eld stress energy tensor of the 3 corresponding types

of gauge bosons: Gi (gluons of the color force), W i (W ’s of the weak force) and B

(of the weak hyper charge). Here the index i enumerates their multiplicity. There

are 8 gluons, 3 W ’s and a single B. Ultimately, we will arrive have 8 gluons, W�, Z0,
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Figure 2.1: (left) A representation of the particle content of the Standard Model. The
inner circle is the unique scalar Higgs �eld. The next ring consists of the
gauge bosons. The outer ring are the fermonic �elds broken into quarks
and leptons. (right) Lines drawn between particles show the fundamental
interaction terms in the theory. Higher order e�ects can generate interac-
tions not shown here (such as h ! 

 which is generated through a top
quark loop.

and the photon A after the SU(2)�U(1) symmetry is spontaneously broken and the

scalar �eld � takes on a new vacuum state. The strong color force remains unbroken.

Although not exclusive to this sector, the gauge transformations add three free

parameters to the theory corresponding to the gauge coupling strengths: g,g0, and gs.

LGauge = �1

4
F i
��F

��i = �1

4
Gi
��G

��i � 1

4
W i
��W

��i � 1

4
B��B

�� (2.1)

where the double scripts correspond to the commutation relations for the gauge group

algebra:

X�� = [DuX� ; D�X�]

[@�X� ; @�X�] = @�X� � @�X� � gfijkXj
�X

k
�
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where g is the coupling constant, the D� terms correspond to the covariant derivative

and the fijk are the corresponding structure constants for the non-abelian groups that

arise from the non commuting generators of the algebra. The B� has no structure

constants, the W i of SU(2) have fijk = �ijk and the SU(3) has fijk determined by

8 Gell-mann �i generators. After EWSB, when these terms are written in the mass

eigenstates of the theory, this sector generates self-interactions between gauge bosons

such as the triple and quartic gauge couplings as shown in Table 2.3.

Fermion Sector

The fermion sector consists of the kinetic energy terms for each quark (up and down

types) and leptons (lepton, neutrinos) in the Standard Model. The left handed quarks

transform as an SU(2) doublet:

qLm� =

0
B@

um�

dm�

1
CA

L

and lLm =

0
B@

�m

e�m

1
CA

L

(2.2)

where the subscript m denotes the family (1st, 2nd and 3rd generation) and � denotes

the color charge (red, green, and blue). As the SU(2)L symmetry only acts on the left

handed fermions we further separate the fermion sector into left and right components:

Lfermion;L = �qmLi

�D�qmL + �lmLi


�D�lmL

Lfermion;R = �umRi

�D�umR + �dmRi


�D�dmR + �emRi

�D�emR + ��mRi


�D��mR
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Yukawa Sector

The Yukawa sector consists of couplings between the matter �elds and the scalar �eld

�.

LY ukawa = �
3X

m;n=1

h
yumn�qmL ~�unR + ydmn�qmL�dnR + yemn

�lmL�enR

i
+ (h:c)

The sum is taken over families n;m. The single scalar �eld � is written in two ways:

� = (�+; �0) and � after a SU(2) gauge transformation ~� = i� 2�y = ��y = (�y;���).

These terms need to be included such that we will later be able to generate mass

terms for the up type quarks during EWSB. The reason we would not able to write

these terms is they would violate weak hyper charge gauge invariance. Similarly, we

can not write explicit mass terms �uLmuR + (h:c:) since the left and right particles

have di�erent hyper charge. To be concrete calculate the total hyper charge:

�qmL�unR =) Y = �1

6
+

1

2
+

2

3
= 1 6= 0

Whereas ~� will transform in the adjoint representation:

�qmL ~�unR =) Y = �1

6
� 1

2
+

2

3
= 0

The Yukawa sector contains a large number of the free parameters in the Standard

Model (13 of 19). The individual masses of each fermion and lepton are generated

by the yij terms which are set to agree with experimental values (9 free parameters).

These parameters also set the coupling of the corresponding interaction strength with

the Higgs boson after electroweak symmetry breaking.

The Yukawa couplings also also implicitly include parameters characterizing the

mismatch mixing between the quark 
avor and mass eigenstates that occurs after

EWSB (4 parameters). Had the mass 
avor states been aligned, we would not need
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the two family indices to be able to generate mass terms after EWSB. The mixing

is characterized by the 3 � 3 unitary Cabibbo-Kobayashi-Maskawa (CKM) matrix

V CKM . The convention is chosen that 
avor states uI for up type quarks are aligned

with the mass states u with the down type quarks rotated by the transformation

dIi = V CKM
ij dj. From the unitarity condition, the matrix can be parameterized in 4

parameters: three mixing angles �12; �23; �13 and a CP violating phase �:

0
BBBB@

dI

sI

bI

1
CCCCA

=

0
BBBB@

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1
CCCCA

0
BBBB@

d

s

b

1
CCCCA

=

0
BBBB@

c12c13 s12c13 s13e
�i�

�s12c23 � c12s23s13e
i� c12c23 � s12s23s13e

i� s23c13

s12s23 � c12c23s13e
i� �c12s23 � s12c23s13e

�� c23c13

1
CCCCA

0
BBBB@

d

s

b

1
CCCCA

where cij = cos �ij and sij = sin �ij. It is important to note a similar matrix exists for

leptons and is used for the study of neutrino oscillations known as the Pontecorvo-

Maki-Nakagawa-Sakata (PMNS) matrix but is assumed to be 1 in the Standard

Model.

Higgs Sector and Electroweak Symmetry Breaking

The Higgs sector consists of terms related to the single scalar �eld � that transforms

as a doublet of SU(2) as � = (�+; �0) and �y = (��; (�0)y) noting that �y� =

�+�� + (�0)y�0

Lhiggs = (D��)y(D��) + �2�y�+ �(�y�)2 (2.3)
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�

⌫�⌫

V (�)

x

⌫

-⌫

d-d

�(x)

– µ2 > 0: minimum at h0|�|0i = 0, symmetry unbroken

– µ2 < 0: h0|�|0i = 0 is unstable; minima at ±⌫ ⌘ ±
p

�µ2/�

(� ! �� symmetry spontaneously broken)

– Define � = ⌫ + �0; �0 is ordinary quantum field (h0|�0|0i = 0)

L (�) = L (⌫ + �0) =
1

2
(@µ�

0)2 � V (�0)

V (�0) =
�µ4

4�| {z }
cosm. const.

�µ2�0 2

| {z }
µ2
�0=�2µ2>0

+ �⌫�0 3

| {z }
induced cubic

+
�

4
�0 4

P529 Spring, 2011 3

Figure 2.2: Shape of the � potential varying the values of �2

This sector contains only two free parameters: � and �. The two parameters set

the minimum and stability of the vacuum of the theory and set the masses of the

fermions and gauge bosons after EWSB.

This sector determines the shape of the vacuum potential and is essential to the

stability of the vacuum. We require that � > 0 such that the potential is bounded

from below, however �2 can be arbitrary. If �2 > 0 we would have a minimum at

� = 0 and h�i = 0. If �2 < 0 the theory becomes unstable at � = 0 with alternate

stable vacuum.

As the �eld � is a complex scalar �eld we can parameterize the �eld in terms of

real scalar �elds �1 and �2:

� =
1p
2

(�1 + i�2) and �y =
1p
2

(�1 � i�2)

Given this parameterization, the potential becomes:

V (�) =
1

2
�2(�2

1 + �2
2) +

�

4
(�2

1 + �2
2)2

letting x = �2
1 + �2

2 and minimizing @V
@x

= 0 we �nd xmin = � where �2 = �2=� . As

the vacuum is stable the theory will move to this minimum (Figure 2.2). Expanding

around the new vacuum �01 = �+�1 and �02 = �2 we obtain the new vacuum potential
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20 2. Fermion masses in the Standard Model and beyond

The last term in 2.1 is the potential for the Higgs field. If there is only one Higgs field, this is also
very well-known. It is the famous Mexican hat potential, where the Higgs field drifts away to its
minimum that is not at the origin, thereby breaking the electroweak symmetry. The value of the
Higgs field at the minimum is called the vacuum expectation value or vev. This is schematically
represented in figure 2.1. In case of more than one Higgs field, the potential might become more
involved. In chapter 5 we study the most general potential for a three Higgs fields that transform
together as a triplet of the flavour symmetry A4 and the different vacuum expectation values these
fields can be in. In the remainder of this chapter, we simply assume the existence of some Higgs
potential that gives non-zero vevs for one or more Higgses and focus on the last term we did not
discuss yet, the Yukawa interactions LY .

V(f)

Re(f)

Im(f)

Figure 2.1: A cartoon of the Higgs potential and its non-zero vacuum expectation value.

2.1.1 Yukawa couplings

The terms in 2.1 that are of most importance for this chapter, are the terms in LY , the Yukawa inter-
actions between the Higgs fields and the quarks or leptons that eventually give rise to mass terms for
the latter. To appreciate these, we first turn to elementary particles below the electroweak symmetry
breaking (EWSB) scale. These particles and their relevant quantum numbers - the electromagnetic
charge and the representation of the colour gauge group - are given in table 2.1

Field symbol (SU(3)C , U(1)em)

up quark u (3, 2
3 )

down quark d (3, - 1
3 )

neutrino ⌫ (1, 0)

electron e (1,-1)

Table 2.1: The quarks and leptons below the EWSB scale and their representations
under the relevant gauge group.

Mass terms are constructed as quadratic terms in the fermion fields. They contain a spinor  that
represents an incoming fermion as well as a barred spinor  ̄ that represents an outgoing fermion as
shown in figure 2.2. Below the electroweak scale, fermion masses read

Lmass = muūLuR + mdd̄LdR + meēLeR + h.c.
= muūu + mdd̄d + meēe .

(2.2)

Note that in the definition of  ̄ =  †�0, there is a complex conjugate. Therefore, a spinor  ̄ has
the opposite quantum numbers as  . Thus, for instance, ū is in the representation (3̄, �2/3) of

Figure 2.3: The Higgs potential exhibiting spontaneously broken symmetry, where
the expected vacuum expectation value has moved from the 0 of the
theory to � in the broken theory

terms relative to the unbroken theory:

Vnew =
��2

4�
� �2(�2

1) + ���1(�2
1 + �2

2) +
�

4
(�2

1 + �2
2)2

The �rst of these terms is a cosmological constant and does not a�ect the dynamics of

the theory. However, such a constant would be relevant gravitational theories where

gravity couples to energy. The Higgs Boson, h. the �nal piece of the Standard Model

to be discovered is the excited mode about this new vacuum � = (� + h(x); 0). The

second term is the mass term for the Higgs �eld. The third and fourth correspond to

the cubic and quadratic self interactions.

If we consider the kinetic term for the �eld � at the now broken vacuum h�i =

(0; �) in the gauged theory we �nd:

(D��)y(D��) =
1p
2

�
0 �

� ����@� + ig
�

2
�W� + i

g0

2
B�

����
2

1p
2

0
B@

0

�

1
CA
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Considering the weak gauge term:

� �W =

0
B@

W�;3 W�;1 � iW�;2

W�;1 + iW�;2 �W�;3

1
CA

adding in the diagonal B� terms and taking the square (ignoring the derivative terms):

(D��)y(D��) � �2

8

�
g2(W 2

1 +W 2
2 ) + (g0B� � gW�;3)2

�

Now if we perform a rede�nition of the gauge �elds into mass eigenstates we arrive

at a clean expression:

W�
� =

1p
2

(W�;1 � iW�;2)

A� =
1p

g2 + (g0)2
(g0W�;3 + gB�) = sin �WW

3
� + cos �WB�

Z� =
1p

g2 + (g0)2
(g0B� � gW�;3) = sin �WB� � cos �WW

3
�

Here we have de�ned the electroweak mixing angle �W in terms of a right triangle

with legs g and g0. With this substitution:

(D��)y(D��) � �2g2

4
W�
� W

+
� +

(g + g0)�2

8
Z2
� + (0� A2

�)

=
1

2
m2
WW

�
� W

+
� +

1

2
m2
ZZ

2
� + (0� A2

�)

EWSB has generated the mass terms for the gauge bosons! mW� = �gp
2

=

80:385 [GeV], mZ = �
2

p
g + g0 = mW

cos �W
= 91:1876 [GeV] and the massless photon A�.

2.1.4 Maxwell’s Laws

After EWSB we can perform a sanity check by deducing the well studied equations

governing electrodynamics from the QFT description. Keeping only the terms that
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contain the �eld A�:

LEM = �1

4
F��F

�� � ie � 
�A� for F�� = @�A� � @�A�

where by de�nition F�� = @�A� � @�A�. Applying the left side of Euler-Lagrange we

�nd:

@�

�
@L

@(@�A�)

�
= �1

2
@�

��
@

@(@�A�)
F��

�
F ��

�
= �@�F ��

The other term is simply @L
@A�

= �ie � 
� = �J� = �(�; ~J). Where � is charge

density and ~J is current. This yields our �rst equation:

@�F
�� = J� (2.4)

recognizing the �eld tress tensor is antisymmetric we can apply a partial derivative

and contract with the indices of the 4 dimensions anti-symmetric symbol to obtain:

�����@�F�� = 0 (2.5)

Using these two laws we �rst see that the electric and magnetic �eld, E and B, can

be de�ned in terms of the �eld stress tensor

F0i = @0Ai � @iA0 = �@A
@t
�r� = E

As for the magnetic �eld Bi:

�ijkB
k = �ijk�klm@lAm = �kij�klm@lAm = (�il�jm � �im�jl)@lAm = @iAj � @jAi = Fij
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From the �rst current law we immediately obtain two of Maxwell’s laws:

@iF
0i = J0 =) r � E = �

and for the second we separate the sum between space and time-like components:

@iF
ji + @0F

j0 = J j

�jik@iBk � @0E
j = J j

r�B � @E

@t
= ~J

The remaining two laws come from manipulations of the antisymmetry of the �eld

stress tensor:

0 = �0ijk@iF
jk = �0ijk@i�0jklBl = �jk0i�jkl0@iBl = ��il@iBl

=) r �B = 0

The time component of the �eld stress tensor in the last equation in terms of E and

B yields

���0�@�F
0� + ���i�@�F

i� = 0 for i = 1; 2; 3

�0���@�E
� + ���i��0i�k@�Bk = 0 where k 6= 0

36



The �rst term is r� ~E. Separately expanding the second term by permuting the �

indices

�i����i�k0@�Bk where k 6= 0

=(�uk��0 � ��0��k)@�Bk

=@0B� � @kBk

=
@ ~B

@t
�r � ~B

=
@ ~B

@t

The last line used r � ~B = 0. Combining the two terms:

r� ~E +
@ ~B

@t
= 0

We should not forget that the assumptions that led us to these equations. Firstly,

the existence of the �eld stress tensor. We obtained this by writing the most general

Lorentz invariant and gauge invariant Lagrangian possible. Additionally, we made

geometric arguments about the continuity in the derivative under the local U(1) gauge

symmetry in the Lagrangian to obtain the interaction term between the gauge boson

and the electron  . Everything we understand from the study of electromagnetism

naturally arises from the Standard Model Lagrangian. This even includes the curiosity

of electromagnetism that when the theory is written in terms of vector and scalar

potential the equations remain unchanged under a gauge transformation. However,

in a gauge theory this is the fundamental principle rather than a consequence of the

form of Maxwell’s equations. I feel compelled to note that this is amazing.

37



R. P. FEYNMAN

t4, 6)

This turns out to be not quite right, ' for when this
interaction is represented by photons they must be of
only positive energy, while the Fourier transform of
i&(too—roo) contains frequencies of both signs. It should
instead be replaced by 8+(r,o—roo) where

6,2)

FIG. 1. The fundamental interaction Eq. (4}.Exchange of one
quantum between two electrons.

a general theoretical sense by this approximation. If it
is not made it is not easy to study interacting particles
relativistically, for there is nothing significant in choos-
ing t&——ts if x~&x3, as absolute simultaneity of events
at a distance cannot be defined invariantly. It is essen-
tially to avoid this approximation that the complicated
structure of the older quantum electrodynamics has
been built up. Ke wish to describe electrodynamics as
a delayed interaction between particles. If we can make
the approximation of assuming a meaning to K(3, 4; 1, 2)
the results of this interaction can be expressed very
simply.
To see how this may be done, imagine first that the

interaction is simply that given by a Coulomb potential
e'/r where r is the distance between the particles. If this
be turned on only for a very short time Dip at time tp,
the first order correction to E(3, 4; 1, 2) can be worked
out exactly as was Eq. (9) of I by an obvious general-
ization to two particles:

E&'&(3, 4; 1,2) = ie' —Kp, (3, 5)It"pp(4, 6)roo '

XEoa(5, 1)Eoo(6, 2)doxodoxoddo,

where t5——t6——tp. If now the potential were on at all
times (so that strictly E is not defined unless t4 io and-—
ri ——ip), the first-order effect is obtained by integrating
on tp, which we can write as an integral over both t5
and to if we include a delta-function h(io—to) to insure
contribution only when t5——t'6. Hence, the first-order
effect of interaction is (calling to to too):———

E&'&(3, 4; 1, 2) =—ie' t Eou(3) 5)Kpp(4, 6)roo '

X&1(44)Kpo(5, 1)Koo(6, 2)drodro, (2)

where d7 =d'xdt.
We know, however, in classical electrodynamics, that

the Coulomb potential does not act instantaneously,
but is delayed by a time r56, taking the speed of light
as unity. This suggests simply replacing roo h(too) in
(2) by something like roo '&1(too—r,o) to represent the
delay in the effect of b on c.

This is to be averaged with roo '&&+(—&oo—roo) which
arises when t~&t6 and corresponds to a emitting the
quantum which b receives. Since

this means r, o '8(too) is replaced by h+(sooo) where
s56'——t56'—r&6' is the square of the relativistically in-
variant interval between points 5 and 6. Since in
classical electrodynamics there is also an interaction
through the vector potential, the complete interaction
(see A, Eq. (1)) should be (1—(vo. vo)8+(soo'-), or in the
relativistic case,

(1 &. &rp—)~+(&oo') =PaPpe a,Vo,&+(~eo')
Hence we have for electrons obeying the Dirac equation,

E&'&(3, 4; 1, 2) = ie' t t—E+.(3, 5)E~p(4, 6)y.„yp„J
X f&+(s;o')E+ (5, 1)E-+p(6, 2)d7odro, (4)

where p,„and p&„are the Dirac matrices applying to
the spinor corresponding to particles u and b, respec-
tively (the factor P,Pp being absorbed in the definition,
I Eq. (17), of E„).
This is our fundamental equation for electrodynamics.

It describes the effect of exchange of one quantum
(therefore first order in e') between two electrons. It
will serve as a prototype enabling us to write down the
corresponding quantities involving the exchange of two
or more quanta between two electrons or the interaction
of an electron with itself. It is a consequence of con-
ventional electrodynamics. Relativistic invariance is
clear. Since one sums over p it contains the eBects of
both longitudinal and transverse waves in a relati-
vistically symmetrical way.
Ke shall now interpret Eq. (4) in a manner which

will permit us to write down the higher order terms. It
cs.n be understood (see Fig. 1) as saying that the ampli-
tude for "a"to go from 1 to 3 and "b" to go from 2 to 4
is altered to first order because they can exchange a
quantum. Thus, "&4" can go to 5 (amplitude E+(5, 1))

7 It, and a like term for the effect of a on b, leads to a theory
which, in the classical limit, exhibits interaction through half-
advanced and half-retarded potentials. Classically, this is equi-
valent to purely retarded eGects within a closed box from which
no light escapes (e.g., see A, or J. A. Wheeler and R. P. Feynman,
Rev. Mod. Phys, 17, 157 (1945)). Analogous theorems exist in
quantum mechanics but it would lead us too far astray to discuss
them now.

Figure 2.4: The Feynman diagram for describing t-channel scattering of two electrons
through the exchange of a virtual photon. This particular �gure was
the example used in Feynman’s original paper describing the pictorial
representation of calculating matrix elements.

2.1.5 Feynman Diagrams

Historically, the outcome of a scattering event in a quantum �eld theory was tedious

to calculate. One of Feynman’s greatest contributions to the �eld of particle physics

was an organizational tool to group and quickly calculate terms in the perturbative

expansion of the action [31]. The diagrams, Feynman diagrams (Figure 2.4), take

the form of a directed graph of lines and vertices providing a representation the

components needed in a scattering calculation calculation. This treatment is intuitive

to work with and incredibly information dense minimal e�ort to construct. In this

section we will derive principal aspects of how scattering events can be represented

leaving the subtleties to the references [53, 61].

We write down a simple scalar quantum �eld theory with a single scalar �eld �

and a �3 interaction term:

L = L0 + Lint =
1

2
(@��)(@��) +m2�2 � �

3!
�3
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In the Schr�odinger picture of quantum mechanics the states j i evolve in time ac-

cording to the Hamiltonian HS = H0 + Hint: The component H0 is the free particle

component and Hint = �Lint is the interacting component. The quantum state obeys

the Schr�odinger equation:

i
d

dt
j i = HSj i

This gives we obtain the solution j (t; x)i = U(t; 0)j (0; x)i where we de�ne the time

evolution operator U(t; t0) = exp (�iHS(t� t0)). The observables are constant in

time and the expected value of some operator (in our case the quantum �eld �) on a

state at time t can be written:

h�(t; x)i = hx; t0jeiHS(t�t0)�(x)e�iHS(t�t0)jx; t0i

In this interpretation of quantum mechanics, we instead absorb the time dependence

into the operator, leaving the states constant.

�(t; x) = eiHSt�(x)e�iHSt

Let us de�ne a new interacting �eld �I = eiH0t�e�iH0t which evolves with the free

Hamiltonian. In the Heisenberg picture, the �eld can be written in terms of �I as:

�(t; x) = eiHSte�iH0t�I(x)eiH0te�iHSt = U y(t)�IU(t)
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We have de�ned a unitary operator U(t) = eiH0te�iHSt. If we apply a time derivative

to U(t) we �nd:

i@tU(t) = �eiH0tH0e
�iHSt + eiH0tHSe

�iHSt

= eiH0tHinte
�iHSt

= eiH0tHinte
�iH0teiH0te�iHSt

= HIU(t) =
� �

3!
�3
I

�
U(t)

We have shown the time evolution operator obeys the Schr�odinger equation under

a Hamiltonian HI , corresponding to Hint in the Heisenberg picture. Solving this

equation, we obtain a time evolution operator U(t) = T exp(�
R
dtiHI). The operator

T denotes time ordering of the time integrals for each term in the series expansion

of the exponential which will not necessarily commute. Since each HI(t) will be

integrated against its own dummy time variable, the time ordering operator will

place HI(t) terms farther to the left, if they occur later in time. The reason for this

time ordering requires detail that can be found in the references [53, 61].

We have succeeded in writing the time evolution operator in terms of the �eld �I .

which evolves according to the free Hamiltonian where we we already have a solution

expressed in terms of creation and annihilation operators:

�I(~x; t) =

Z
d43

(2�)3
p

2E

�
ape

ipx + aype
�ipx�

Now when we would compute the matrix element of �� scattering, we expand the

time evolution operator:

U(t; 0) = 1� i
Z t

0

HI(t)�
1

2

Z t

0

dt

Z t0

0

dt0TfHI(t)HI(t
0)g : : :

= 1� i �
3!

Z
d4x�3(x)� 1

2

�2

3!3!

Z
d4x

Z
d4x0Tf�3(x)�3(x0)g : : :
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For a matrix elementM if � < 1 the theory is perturbative and the �rst non-zero term

will dominate. For 2 ! 2 scattering this term will be at order �2 and is computed

by expanding the �elds in terms of the creation and annihilation operators. Since

aj0i = h0jay = 0, the only terms which will contribute will be the terms with equal

numbers of creation and annihilation operators coming from the �3(x)�3(x0) term.

Rather than expanding all of these �elds, we use a result known as Wick’s Theorem

to convert the time ordered product into a series of pair-wise contractions between

the individual �elds. A contraction is de�ned for a �eld � in terms of its positive

and negative frequency components �I = �+
I + ��I where the + �eld contains the

annihilation operator, and � the creation operator.

�(x)�(y) = [�+(x); ��(y)] if x0 > y0 else [�+(y); ��(x)]

Given this de�nition, we state Wick’s theorem as:

T [�1(x1) : : : �N(xN)] = N [�1(x1) : : : �N(xN) + all possible contractions ]

Where N is the normal ordering operator which operates on a sequence of creation and

annihilation operators by moving all creation operators to the left and annihilation

operators to the right. By normally ordering a term in the expansion, we can eliminate

all un-contracted terms as they will annihilate the vacuum. In lieu of a proof of Wick’s

theorem (which can be shown by induction) we can consider the process of taking the

original term and moving creation operators to the left using commutation relations.

Each time an operator is moved closer to its normal ordered con�guration, we pick

up a commutator between two elements with enters the expansion as a contraction.

In fact, all possible contractions will be produced. When we are left with only normal

ordered terms, if a term is not fully contracted the term will annihilate the vacuum
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state. Lets enumerate the contractions on a �4 term:

 
�1�2�3�4 + �1�2�3�4 + �1�2�3�4 + �1�2�3�4 + �1�2�3�4 + �1�2�3�4

!
+

 
�1�2�3�4 + �1�2�3�4 + �1�2�3�4

!

We have not yet considered the initial and �nal states. The external observable

states of the diagram when evaluated on a fully contracted term correspond to an

unscattered state. However, we are only interested in cases where the states have

scattered. The only contributing terms are those where the number of inner + outer

states is equal to the number of uncontracted �elds in the inner term. A scalar

�eld operating on the outer states give just a factor of 1 (equivalently a phase in

momentum space) times the vacuum 
. We can think of these terms as contractions

between inner and outer states:

hpf j� = h
j and �jpii = j
i

To summarize, for a given term in the Lagrangian, if we restrict ourselves to scattered

states, we need to have a full contracted term that includes the outer states. If we

return to our �3 theory and attempt to scatter ��! �� we would need 4 � �elds to

contract with the outer states. So at lowest order, this means we need a �3(x)�3(y)

term where two of the internal �elds are contracted between x and y. If we had no

contraction between the x and y terms, this would yield one term which would only

be connected to a single outer state. If this is the case, the in going states p1; p2

would yield �nal states with momentum p3 and p1 + p2, momentum conservation

means p3 = 0, so we do not include it in the calculation. It can be shown that

all disconnected diagrams will not contribute to M. An example contributing term
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• 2 ! 2 scattering example (p ⌘ pi = pf)

~p1

~p3

~p2

~p4

= �i�

~p1

~p3

~p2
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Figure 2.5: The 3 diagrams corresponding to ��! �� scattering at tree level (leading
order). Time is directed vertically.

would look like:

(�i�)2

2 � 3! � 3!
hp1p2j�(x)�(x)�(x)�(y)�(y)�(y)jp3p4i

For the �rst �3(x) term we have 3! choices of pairing two �elds with a single outer state

(and same for the second �3(y)). There is an additional factor two for interchanging

which outer state contracts with �3(y) or �3(x). Knowing where we were headed,

we have already included the combinatorial factor with the coupling constant. With

this normalization of the coupling, each non-zero term will include a propagator and

a factor (�i�)2. Moving to momentum space, the inner contractions (propagators)

correspond to the Greens function of the free Klein-Gordon equation: [�(x); �(y)] =

i=(p2�m2). There are three unique terms. The terms correspond to the three possible

ways the outer momentum states can be contracted with the two terms.

(�i�)2

�
i

(p1 + p2)�m2
+

i

(p1 � p3)�m2
+

i

(p1 � p4)�m2

�
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This is where the wonderful simplicity of Feynman diagrams enters the picture.

The structure of contractions can be represented visually by vertices connected by

lines (Figure 2.5). Our �3 term in the Lagrangian represents a vertex with 3 legs

corresponding to the three � �elds. The vertex itself introduces the coupling constant

(when normalized properly) and the legs are then connected to an outer state or

another vertex. The unconnected legs are the contractions with outer states. These

legs are physical and are referred to as external lines. The legs connected between

vertices are virtual and referred to as internal lines.

Since these products and di�erences of momentum are common in particle physics

we use the conventional Mandelstam variables, which add a reduction in notation.

The variables can also be written in terms of the 2!2 scattering angle and the center

of mass energy of the collision.

s = (p1 + p2)2 = 4(p2 +m2) = E2
cm

t = (p1 � p3)2 = �2p2(1� cos �)

u = (p1 � p4)2 = �2p2(1 + cos �)

Here the scattering angle � is de�ned as p̂i � p̂f in the center of mass frame. Summing

the diagrams appropriately named the s; t; and u-channel diagrams, we calculate the

un-squared amplitude.

M = (�i�)2

�
i

s�m2
+

i

t�m2
+

i

u�m2

�

The rate of this process is proportional to jMj2. The exact way this corresponds to

what we observe in the detector is left to the following section.

In practice, one can avoid needing to compute the combinatorics of contractions

by simply knowing the terms contained in the theory, and the Feynman \rules" for

particular �elds (spin-0, spin-1, spin-1
2
). For a spin-0 �eld the Feynman rules are:
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� Internal lines: �(p) = i
p2�m2+i�

. The epsilon enforces a pole prescription for the

integral the corresponds to causal propagation of the virtual quantum.

� Vertices: �i�

� Symmetry Factors: Account for possible symmetries in the diagram that would

over count the multiplicities of diagrams. These factors are rare except higher

order diagrams. Calculations by hand are rarely more than a factor 2.

� Momentum Conservation: Require that four momentum is conserved at each

vertex. This condition was enforced by the phases in the quantum �elds, but is

put in by hand in the diagrams.

� Integrate over any undetermined momentum.

Given an initial and �nal state, one uses the vertices as building blocks to construct

all connected diagrams at the chosen order in the coupling. The rules then dictate the

form of the calculation. For the scalar �eld at tree level (no undetermined momentum)

this amounts to a quick calculation. Theories including higher spin �elds like fermions

and gauge bosons require more complex rules, but are straightforward to calculate

from the formulation of the matrix element M.

2.1.6 Radiative Corrections and Renormalization

The perturbative expansion of the scattering matrix introduces momenta uncon-

strained by the in-going and out-going momentum and must be integrated out in

our calculation of a scattering amplitude (Figure 2.6). By construction these dia-

grams must be integrated up to in�nite energies. This can lead to in�nite matrix

elements. Such a process is clearly unphysical, as its probability has no proper nor-

malization. The means of interpreting these in�nite contributions to a matrix element

is known as renormalization. The method of renormalization was a historical triumph
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Figure 2.6: Radiative corrections at one loop in electron scattering. Time is directed
horizontally. (left) The vertex correction for interaction strength. (mid-
dle) The self-energy correction for the electron. (right) The photon self-
energy propagator correction.
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M36 M37 M38 M39 M40 M41 M42
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FIG. 1: Eighth-order Group V diagrams represented by 47 self-energy-like diagrams M01–M47.

the relation derived from Ward-Takahashi identity and the time-reversal symmetry. Thus

far, there is only one complete evaluation of the eighth-order term, which was performed

by numerical means [16]. Some of these diagrams have linear IR divergence, which was

treated by an ad hoc subtraction method. In contrast gencodeN is capable of dealing with

such hard IR divergence in a systematic fashion [15]. The application of gencodeN to the

calculation of the eighth-order q-type diagrams provides us the opportunity not only to test

if it works properly, but also to check the previous result.

Even in the eighth-order case gencodeN creates FORTRAN programs very rapidly. The

entire 47 program sets are generated in less than ten minutes on hp’s Alpha. The numerical

evaluation is, however, quite non-trivial and requires a huge computational resource. For

the preliminary evaluation we have used 64 to 256 Xeon CPU’s per diagram and run the

programs over a few months. To our surprise it uncovered an inconsistency in the treatment

of IR subtraction terms in the old calculation. In Secs. III and IV we describe how this

inconsistency was uncovered by a detailed comparison of the old code and the code generated

by gencodeN.

13

Figure 2.7: Example 8th order self-energy diagrams necessary for precision elec-
troweak experiments [7].

46



• Running ↵(Q2) observed
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Figure 2.8: The running of the electromagnetic coupling � as a function of the mo-
mentum transfer Q2.

of quantum �eld theory as a tool of describing high energy particle physics. In the

Wilsonian perspective of renormalization, an e�ective theory like the Standard Model

would only integrate over momentums below some �nite energy scale where we expect

the theory to no longer valid, the cut o� scale �. This scale has important conse-

quences for the theory. All dimensionful parameters of the theory will be expressed

in terms of � times constants which must be tuned against the cuto�. The level to

which these constants must be tuned to agree with measured values is known as the

\natural"-ness of the theory.

Examples of one loop diagrams are shown in Figure 2.6. These diagrams have im-

portant consequences on the experimentally measured values of the parameters of the

theory. The �rst diagram gives a correction to the electroweak coupling strength and

the electron magnetic moment. The second and third diagrams induce corrections

to the electron and photon propagator, respectively. An important consequence is

on parameters of the theory. For instance, values of the coupling strength will e�ec-
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Figure 2.9: The running of the strong coupling constant �s as a function of the mo-
mentum transfer Q.

tively change or \run" with the momentum transfer of the process q2 . Historically,

experiments (Figures 2.8 and 2.9) have con�rmed the q2 dependence of the couplings

�s; �. Additionally, these loops will have contributions from all possible vertices in

the Lagrangian, not just the 
avors and families included in the in and out going

states. Interestingly, the largest uncertainty in precision electroweak theory comes

from hadronic loop contributions.

When dimensional analysis is performed on Lagrangian terms with mass dimension

greater than 4, say g
5!
�5 a consequence of the action begin dimensionless is the coupling

constant g must have dimension 1=[M ]. As the only mass scale in the theory is �,

the coupling will scale as 1=(c�) where c is some dimensionless number. When the

scales probed by the theory are small compared to cuto� q2=�2 ! 0 these terms are

irrelevant in the theory. If the higher dimensional operators existed, we would only

see evidence when probing energies q2 � �2. This would be evidence of new physics

to be incorporated and a subsequent increase of the value of � to where the new

theory would break down.

48



• Fermi theory violates unitarity at high energy (non-renormalizable)
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Beyond the Fermi Theory

• Fermi theory successfully describes large number of WCC processes

• However, not renormalizable

– Radiative corrections divergent (but needed)

– Unitarity violated at high energy (ECM ⇠ 1 TeV)

– Loop processes such as K0 � K̄0 mixing meaningless/incorrect

• More complete theory needed
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• Fermi theory violates unitarity at high energy (non-renormalizable)
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P529 Spring, 2011 2Figure 2.10: (left) The two current four fermi interaction describing electroweak pro-
cesses. (center and right) Two divergent diagrams with caused by an
unconstrained momentum in the inner loop.

As a concrete example, we consider the four point Fermi interaction which models

electroweak theory as a contraction of hadronic and leptonic currents

�L =
GFp

2
Jy�J

� with J� = J l� + Jhad�

J l� = �e�
�(1� 
5)�e + ��
�(1� 
5)��

Jhad� = �u
�(1� 
5)d0

These diagrams are capable of describing a variety of processes correctly at tree

level[49]:

� Neutron � decay: n! pe���e

� �; � decay: �� ! e���e�� and � ! �������

� �;K decay: �+ ! �+��

� heavy quark decays: c! se+�e and b! c�����

49



• Fermi theory violates unitarity at high energy (non-renormalizable)
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• Intermediate vector boson theory (Yukawa, 1935; Schwinger, 1957)
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Figure 2.11: The four fermi theory (left) for the weak interaction in terms of currents
J� is realized in the Standard Model through a three point function
including intermediate vector boson propagator (right).

While the model is successful at tree level, the theory has quadratically divergent

diagrams O(�2) (Figure 2.10) at one loop.

Z
d4k

�
k�


�

k2

��
k�


�

k2

�
�
Z
dkk � �2

Since a fermion has [ ] � [M ]3=2 the coupling GF must have dimension [M ]�2 and

is therefore non-renormalizable. New physics at the electroweak scale was needed to

complete the theory in the ultraviolet (UV). Today, we know these diagrams needed an

intermediate vector boson (Figure 2.11) to be UV complete. The [M ]�2 dependence

of the GF was in fact due to the W ’s propagating mass:

GF =

p
2

8

g2
W

m2
W

with mW � 80 GeV and gW = 0:65

2.2 Supersymmetry (SUSY)

The general discussion of SUSY at the level of experimental particle physics typically

begins by positing that SUSY is a symmetry of particles. For every scalar particle,

it posits a fermionic partner (and vice versa). This is experimentally relevant to de-

signing searches for new particles. As the super partners of Standard Model particles
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have not yet been discovered it stands to reason they must be much heavier than their

partners implying Supersymmetry is a broken symmetry. From loop corrections to

Standard Model Feynman diagrams, we know that the mass of these partners, should

they exist in nature, will determine the level of tuning required in the new theory.

It is less often mentioned that the theory of Supersymmetry posits something

about the nature of the space-time. Nature exhibiting Supersymmetry would arise

through an expansion of the fundamental coordinates of spacetime to include compo-

nents that are neither space nor time. In this section, we will discuss the elementary

aspects of how Supersymmetry [54] extends the usual quantum �eld theory discussed

previously in this section. The goal is to have a basic understanding of the theory

that has served as a major motivation for the Large Hadron Collider.

To begin our discussion, we �rst need to review Lorentz transformations in terms

of SL(2;C) (read special linear group of order 2 with complex entries). This group

is convenient for expressing Lorentz transformations of a 4-vector x� by considering

transformations on ~x = x��
� where �� = (1; ~�) and ��� = (1;�~�). ~� are the usual

Pauli spin matricies. The transformation ~x! N ~xN y preserves det(~x) = x2
0�~x2. The

map between � 2 SO(3; 1) the Lorentz group transformations and N 2 SL(2;C) has

a redundancy caused by the 2 to 1 mapping of N = �1 to the identity. Explicitly we

can write ��
� in terms of the transformation N as:

��
� =

1

2
Tr
�

���N��N
y	

The representations of SL(2;C) act on Weyl spinors which have an spinor index

� = 1; 2 corresponding to the two dimensions of the transformation. The left handed

Weyl spinors transform under N as:

 0� = N�
� �
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The right handed Weyl spinors transform under the conjugate representation. Indices

which transform under the conjugate representation are denoted by a dot _�

��0_� = N�_�
_� �� _�

Just as the momentum operator P � and the generalized angular momentum operator

M�� served as the generators of Poincar�e lie group algebra, we have new Weyl spinor

generators QA
� and �QA

_� where A = 1; : : : ;N indexes the number of super symmetries

in the theory N . A theory with N The Weyl spinors transform under the SL(2;C)

generators ����
� = i

4
(����� � �����)�

� and ����_�
_� = i

4
(����� � �����) _�

_� for the conjugate

representation

Q0� = exp

�
i

2
!���

��
�
�

�
Q�

By comparing the in�nitesimal transformation between the Lorentz transformation

and the SL(2C) transformation we extract the commutation relations between Q and

M�� :

[Q�;M
�� ] = (���)�

�Q�

From this we can determine [Q;P 2] = 0 which consequently shows us that multiplets

of unbroken Supersymmetry are degenerate in mass. Since we have not discovered

these partners, we believe Supersymmetry is a broken symmetry. To understand how

Q acts on a state, we look at the commutation relations with the z component spin

operator J3 which can be expressed in terms of M�� as J3 = 1
2
�3ijM

ij for i; j = 1; 2.
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From this, we compute the commutator:

[Q�; J3] =
1

2
�3ij[Q�;M

ij] =
1

2
�3ij

�
i

4
[�j; �i]

�

�

�Q�

= �1

4
(�3ij�ji3�3)�

�Q� = �1

2
(�3)�

�Q�

The individual relations for the spinors are [Q1; J3] = �1
2
Q1 and [Q2; J3] = 1

2
Q2. That

is to say, the Supersymmetry generators raise or lower the spin of a particle by 1=2.

This is important. The SUSY generators have the e�ect of interchanging fermionic

and bosonic states!

From the structure of the indices we can also determine the anti-commutation

relations between the generators up to a constant c which is set to 2.

�
Q�; �Q _�

	
= c(��)� _�P� = 2(��)� _�P�

here we see the two symmetry transformations together generate a translation in

spacetime. This relation is suggestive that we should consider Supersymmetry a

symmetry of spacetime. A complete super-Poincar�e transformation (Lorentz trans-

formations + translations + Supersymmetry transformations) is written in terms of

the generators as:

g = exp
�
i(!��M�� + a�P� + ��Q� + �� _�

�Q _�)
�

where �� and �� _� are spinors of anti-commuting Grassmann numbers which square to

zero. In this way, �� and � _� are like di�erential one forms dx that only exist at linear

order. When reading supersymmetric Lagrangians, which have explicit dependance

on the � and �� spinors, it is important to understand the suppressed index structure.

Although the individual Grassmann components of the spinor square to zero, the
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spinor terms will appear at second order as mixed components.

�� = ���� = ������� = �2�1 � �1�2 = 2�2�1

���� = �� _�
�� _� = (� _�)�(� _�)� = ��1�

�
2 � ��2��1 = 2��1�

�
2

The spinor indices between fermionic �elds and � are also suppressed � = �� �.

Because �2
1 = �2

2 = 0, there are no cubed spinor terms of the form (��)� terms as all

terms would be at least order 2 in the components. It is also possible to formulate

superspace in terms of Dirac matrices as a single component rather than two, however

the majority of literature takes the Weyl spinor approach.

Now that we understand index structure, we can write the most general chiral

super �eld as an expansion in the superspace coordinates as:

�(x�; ��; �� _�) =’(x) +
p

2� (x) + ��F (x) + i�����@�’(x)� ip
2

(��)@� (x)����

� 1

4
(��)(����)@�@

�’(x)

Here �� = (1; ~�). The �eld has 4 bosonic components (’ and F ) and 4 fermionic

components ( � i.e. one for each coordinate �a and ��a ). When a super-translation

is applied to the �eld, the individual coe�cients of the super-coordinates will will

transform into each other. However, it is possible to greatly reduce reduce therms

with a transformation of variables y� = x� + i�����. In these coordinates, the �eld

appears only as a function of �.

�(y�; ��) = ’(y�) +
p

2� (y�) + ��F (y�)

’ represents the scalar components of the theory (squarks, sleptons, the Higgs) and

 the fermionic �elds (quarks, leptons, and higgsinos).
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As for vector super-�elds, the most general vector super-�eld expression is much

longer:

V (x; �; ��) =C(x) + i��(x)� i����(x)

+
i

2
��(M(x) + iN(x))� i

2
����(M(x))

� iN(x) + �����V�(x) + i����

�
�i��(x) +

i

2
���@��(x)

�

� i�����

�
i�(x)� i

2
��@� ��(x)

�
+

1

2
(��)(����)

�
D � 1

2
@�@

�C

�

This �eld has 8 bosonic components (C;M;N;D; V�) and 8 fermionic components

(��; ��). It is possible to build a vector super-�eld from a chiral �eld � via i(���y).

With this, we can de�ne a transformation V ! V � i
2
(� � �y) inducing a gauge

transformation V� ! V� + @�(Re[’]) = V� + @�� that allows us the freedom to gauge

away a number of components. In the Wess-Zumino Gauge, the vector �eld we can

set C = � = M = N = 0 yielding a signi�cantly reduced form:

VWZ(x; �; ��) = (�����)V�(x) + (��)����(x) + (����)��(x) +
1

2
(��)(����)D(x)

In this form, V� corresponds to the usual Standard Model gauge bosons (
;W�; Z; g).

�; �� are the gauginos and D is an auxiliary �eld.

The most generic Lagrangian L for a chiral super-�eld is written in terms of the

Khaler potential K and the super potential W as

K(�;�y) = �y�

W (�) = � + �� +
m

2
�2 +

g

3
�3

L = KjD + (W jF + h:c:)
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where we have taken the D auxiliary term of the Kahler potential and the F aux-

iliary term of the super potential. Expanding the Kahler potential in terms of the

components of the most general solution to the chiral super �eld � and collecting the

D term (the coe�cient of �2 ��2):

K = K1 +K2 +K3 +K4

K1 = �1

4
��2�2(@�@

�’�)’� 1

4
(@�@

�’)’�

K2 = �i�� � �2(@� �
���) + i��2(���@� � )� 

K3 = (�����)(��� ��)@�’@
�’

K4 = ��2�2jF j2

K1 can be written as a 1
2
(@�’)(@�’�) plus a total derivative which contributes zero in

the action. K4 yields another factor 1
2
(@�’)(@�’�) after contracting the � terms. K2

yields the massless Dirac equation �i ��@� � plus a non contributing total derivative.

The �nal constant term jF j2 is relevant to how SUSY is broken. Impressively, the

simple expression of the Khaler potential as a product of the most general chiral

super-�eld and its conjugate yields precisely the free kinetic terms for the scalar and

fermionic �elds.

K = (@�’)(@�’�)� i ��@� � + jF j2

For the potential terms, the derivatives of the super potential are evaluated in an

expansion about 	 = ’ where @W
@’

= @W
@�
j’

W (�) = W (’) + (�� ’)
@W

@’
+

1

2
(�� ’)2@

2W

@’2
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Evaluating the expansion at its F term:

W (’)jF = 0

(�� ’)
@W

@’
jF = F (m’+ g’2) = �jm’+ g’2j2

1

2
(�� ’)2@W

@’2
jF = �1

2
 2(m+ 2g’)

Here we have made use of �F = @W �

@’�
which can be obtained from minimal action.

From the F component of the Lagrangian LF = jF j2 + @W
@’
F + @W �

@’�
F � we apply the

minimal action principle and obtain �SF
�F

= 0 =) F � + @W
@’

= 0 (the same is done

for F �. In this form, after adding the Hermitian conjugate of the potential term, the

complete Lagrangian reads:

L =(@�’)(@�’�)� i ��@� � + jF j2

� jm’+ g’2j2 �  2(
m

2
+ g’)� � 2(

m

2
+ g’�) + @�’@�’

�

Now that we have the Lagrangian in terms of the super-�eld components, we can

discuss why this construction is so attractive to the theoretical community.

2.2.1 The Miraculous Cancelation

In this section, we would like to investigate the statement that supersymmetric top

quarks partners resolve the quadratic divergences in the Higgs mass corrections at

one loop. In Supersymmetry, because the super potential is written only in terms the

�eld � the couplings between its scalar and fermionic components are sourced by the

same coupling. As fermionic loops inherit a minus sign from fermionic statistics, this

opens up the possibility of removing troubling divergences. To check this, we will

look at the corrections to the real components of the complex scalar �eld ’. This is

based on material from the reference [54].
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Figure 2.12: The �ve 1 loop diagrams which correct the mass of the scalar particle A
at one loop [54].

48 CHAPTER 4. FOUR DIMENSIONAL SUPERSYMMETRIC LAGRANGIANS

4.1.2 Miraculous cancellations in detail

In this subsection, we want to show in detail how virtual bosons and fermions contribute to cancel their

contributions to observables such as the Higgs mass. Using suitable redefinitions, the most general cubic

superpotential can be reduced to

W =
m

2
�2 +

g

3
�3 .

Together with the standard Kähler potential K = �†�, it yields a Lagrangian

L = @µ'⇤ @µ' + i ̄ �̄µ @µ �
��m' + g '2

��2 �
⇣m

2
+ g '

⌘
  �

⇣m

2
+ g '⇤

⌘
 ̄ ̄

=
1

2
@µA@µA � 1

2
m2 A2 +

1

2
@µB @µB � 1

2
m2 B2 +

1

2
 

�
i 6@ � m

�
 

� m gp
2

A (A2 + B2) � g2

4

�
A4 + B4 + 2 A2 B2

�
� gp

2
 

�
A � iB �5

�
 

with cubic and quartic interactions for the complex scalar ' = A+iBp
2

and the 4 spinor  = ( ,  ̄).

Let us compute the 1 loop corrections to the mass of the scalar A, given by the following diagrams:

Figure 4.2: One loop diagrams that give corrections to the mass of the scalar A.The complex scalar �eld can then be expanded in terms of its real components

’ = (A+ iB)=2 yielding a Lagrangian L = L0 + Lint:

L0 =
1

2
@�A@�A�

1

2
m2A2 +

1

2
@�B@�B �

1

2
m2B2 +

1

2
� (i
�@� �m) 

Lint =
mgp

2
A(A2 +B2)� g2

4
(A4 +B4 + 2A2B2)� gp

2
� (A� iB
5) 

From the interaction terms we see there are 2 quartic corrections to the propagating

A mass, one from the (g2=4)A4 term and one from (g2=2)A2B2. There are 2 scalar 3-

point terms that contribute to the mass correction (mg=
p

2)A3 and �(mg=
p

2)AB2.

Finally, and most importantly there is a fermionic loop induced by �(g
p

2) � A with

the same coupling g that will induce a cancelation. These corrections are summarized

in Figure 2.12.
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Diagrams (I) and (II) have similar form and are quadratically divergent. Adding

the two diagrams:

4g2

Z
d4k

(2�)4

1

k2 �m2

Diagram (III) has the same form as diagram (IV) and their contributions sum:

4g2m2

Z
d4k

(2�)4

1

(k2 �m2)((k � p)2 �m2)

Diagram (V) is more di�cult to evaluate due to the gamma matrices in the fermionic

loop. Ultimately, the integral expands into 3 terms:

�
�
� igp

2

�
2

Z
d4k

(2�)4
Tr

�
i(
�k� +m)

k2 �m2

i(
�k� � 
�p� +m))

(k � p)2 �m2

�

=� 2g2

�Z
d4k

(2�)4

1

k2 �m2
+

Z
d4k

(2�)4

1

(k � p)2 �m2

�

� 2g2

�Z
d4k

(2�)4

4m2 � p2

(k2 �m2)((k � p)2 �m2)

�

The �rst term of (V) sums with diagrams (I) and (II) to:

2g2

Z
d4k

(2�)4

1

k2 �m2

The third term of (V) sums with diagrams (II) and (III):

�2g2

Z
d4k

(2�)4

2m2 � p2

(k2 �m2)((k � p)2 �m2)

The total correction is the sum of these three contributions is

2g2

�Z
d4k

(2�)4

1

k2 �m2
�
Z

d4k

(2�)4

1

(k � p)2 �m2
+

Z
d4k

(2�)4

p2 � 2m

(k2 �m2)((k � p)2 �m2)

�
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The �rst two terms are quadratically divergent as
R

�
d4k 1

k2 �
R

�
dkk � �2. The third

term is logarithmically divergent
R

�
d4k=k4 �

R
�
dk=k � log(�).

If the �rst two terms were evaluated by dimensional regularization where all mo-

menta are integrated in d-dimensions (not just up to the scale �) the shift in the

second term k ! k � p would be inconsequential and the two terms would pre-

cisely cancel. However, if we take the Wilsonian point of view and impose a strict

cut o�, the calculation can be performed by integrating the angular component of

k � p on the three sphere. The \miracle" of this calculation is that the quadratic

components between the �rst two terms cancel! The formulation of Supersymmetry

imposes the same coupling constant for the super-symmetric partners (here A and

 ). For this reason, the quadratic divergences in their mass corrections will precisely

cancel. When corrections are integrated to sum up the new physics �, say the grav-

itational scale Mpl � 1018 GeV, the tuning required to keep the Higgs mass small

is log(�) � 101 rather than 1036! Supersymmetry structurally preserves historical

notions of naturalness.

In general, whether Supersymmetry exists or not, there are likely scalars which

couple to the Higgs with top-like couplings to cancel the quadratic divergences. The

appeal of Supersymmetry is that these top like couplings come for free in the de�nition

of the top super-�eld. Unfortunately, the Higgs remains the only fundamental scalar

to be discovered at the LHC.

2.2.2 The Minimally Supersymmetric Standard Model

The Minimally Supersymmetric Standard Model (MSSM) is the minimally super-

symmetric extension of the Standard Model. This extension is minimal in the sense

that it has as few particles as necessary to have a consistent theory and nothing

more. As mentioned previously, each Standard Model particle has a supersymmetric

partner. The top quark has a stop quark partner and the electron has a selectron
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Table 2.5: The chiral super �eld content of the MSSM. squarks, quarks, leptons, and
slepton multiplets have three families as in the standard model. Notably,
the MSSM includes a second Higgs doublet to remove non-gauge invariant
anomalies.

Super�eld Spin-0 Component Spin-1/2 Component

Q left squark (~uL ~dL) left quarks (uL; dL)
u right up squark ~u�R right quark uR
d right down squark ~d�R right down quark uR
L left slepton (~� ~eL) left lepton (� eL)
e right slepton ~eR right lepton eR
Hu up type higgs (H+

u H0
u) up type higgsino ( ~H+

u
~H0
u)

Hd down type higgs (H0
d H

�
d ) down type higgsino ( ~H+

d
~H�u )

Table 2.6: The vector super �eld content of the MSSM before EWSB. Correspond-
ingly, there are only super partners for the original gauge bosons in the
unstable vacuum h�i = 0.

Spin-1/2 Component Spin-1 Component
gluino ~g gluon g

charged winos ~W�, neutral wino ~W charged W�, neutral W

bino ~B B boson

partner. However, when experiments at the LHC design searches for super partners,

the numerous particles and names are not as straightforward to understand. Who

is the standard model partner of the chargino? Why are there multiple higgses and

neutralinos? It is the goal of this sub-section to explain the particle content of the

MSSM, speci�cally the source of many neutralinos, charginos, and additional higgs

bosons. This discussion is done in greater detail in the reference [28].

As discussed previously, a supersymmetric model is written in terms of chiral and

vector super �elds. The MSSM �eld content is summarized in Tables 2.5 and 2.6.

Notably an additional Higgs multiplet has been included with opposite weak hyper

charge YHd = �YHu such that the 1 loop three point gauge anomaly cancels. Hu

corresponds to the original Standard Model SU(2) doublet. The three point anomaly
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is not gauge invariant due to the higgisinos in the Higgs chiral super �eld. The second

doublet cancels this contribution. When electroweak symmetry breaking occurs, both

higgses will take on a vacuum expectation value:

hHui =
1p
2

0
B@

0

�u

1
CA and hHdi =

1p
2

0
B@
�d

0

1
CA

where �2
u + �2

d = �2 the Standard Model vacuum expectation value. Given this

relation, we de�ne the quantity tan � = �u
�d

in terms of the right triangle with legs �u

and �d. This is a free parameter of the theory and commonly scanned in tests of the

MSSM. We believe SUSY is a broken symmetry as the super parters have not been

discovered, but there is no consensus on how the symmetry is broken. To separate

the discussion of how SUSY is broken and the consequences, certain \soft" terms

are added to the Lagrangian with free parameters that are determined by how the

symmetry is broken. Speci�c to the Higgs potential the terms which explicitly break

SUSY are Vsoft = m2
Hu
H2
u+m2

Hd
H2
d+(bHuHd+h:c:). Combining this with the relevant

component of the Higgs potential 1
2

P
a ga(�

�T a�)2 where T a are the generators of the

gauge groups, we obtain the super symmetric Higgs potential:

VSUSY = (m2
Hu + j�j2)H2

u + (m2
Hd

+ j�j2)H2
d + +

1

8
(g2

1 + g2
2)(H2

u �H2
d)2

+
1

2
g2

2jH+
u H

0�
d +H0

uH
��
d j2 + (bH+

u H
�
d � bH0

uH
0
d + h:c:)

VSM =
1

2
�2�2 +

1

4
��4

From the Standard Model we set m2
Z = (1=4)�2(g2

1 + g2
2) and m2

W = (1=4)�2g2
2.

Expanding about the vacuum expectation values of hH0
ui and hH0

di and diagonalizing

the mass matrix, we arrive obtain �ve Higgs bosons A; h;H0; H+; H�. A is a CP

odd Higgs. h is the Standard Model Higgs. H0 is a heavier CP even Higgs. H� are

charged scalars. Counting our degrees of freedom we had two Higgs doublets with
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four complex components corresponding to eight degrees of freedom. Two degrees of

freedom are lost during EWSB (H+
u and H�d ) leaving six degrees of freedom. These

correspond to the �ve Higgs bosons and the massless Goldstone boson.

As for the neutralinos the masses come from 
avor mass mismatch between the

binos, winos, and higginos. We list the relevant mass terms:

(�1

2
M1

~B ~B � 1

2
M2

~W 0 ~W 0 + c:c) + (� ~H0 ~H0
d + c:c:)�

p
2g��iT

a
ij j�

a

Where  j = ( ~H0
u; ~H0

d) and �a = ( ~B; ~W 0) and T a are the generators of the relavant

gauge group. The mass matrix for the neutralinos is �(1=2) TM~�0 + c:c :

m~�0 =

0
BBBBBBB@

M1 0 �g1
�d
2

g1
�u
2

0 M2 g2
�d
2
�g2

�u
2

�g1
�d
2

g2
�d
2

0 ��

g1
�u
2
�g2

�u
2

�� 0

1
CCCCCCCA

in the basis:

0
BBBBBBB@

~B

~W 0

~H0
u

~H0
d

1
CCCCCCCA

This corresponds to four neutralinos that are combinations of the neutral pieces of

the two pieces of the higgino doublets, the bino, and the neutral wino. For the charge

mixing the relevant terms are:

�M2
~W+ ~W� � � ~H+

u
~H�d � g2�u ~H+

u
~W� � g2�d ~W+ ~H�d + c:c:

which amounts to a mass matrix of the form �1
2
 �TM~�� 

� + c:c::

M�
~� =

0
BBBBBBB@

0 0 M2 g2�d

0 0 g2�u �

M2 g2�u 0 0

g2�d � 0 0

1
CCCCCCCA

in the basis:

0
BBBBBBB@

~W+

~H+
u

~W�

~H�d

1
CCCCCCCA

63



The positive charginos are a mixed state of the + wino and the charged up type

higgsino. The negative charginos are a mixed state of the + wino and the charged

down type higgsino.

2.3 Long-lived Signatures

2.3.1 Standard Model Particles with Long Lifetimes

The Standard Model already includes a variety of common hadrons that can generate

displaced vertices (Table 2.7 and Table 2.8). For example, B0 ! J= K�0 with

K�0 ! K+�� generates a 4 charge particle vertex. Such a vertex is commonly utilized

experimentally in b quark identi�cation (b-tagging). Charge neutral Standard Model

particles are of particular interest to identifying single displaced jets outside of the

b-tagging lifetime regime. The most relevant states are those decaying to charged

particles at a few centimeter proper lifetime, namely: �0, K0
S. These particles would

have no charge particle leading to the primary collision vertex and a vertex far outside

B meson lifetimes. The most relevant of these processes being:

1. K0
s ! �+�� 69% of all K0

s decays

2. �0 ! p�� 64% of all �0 decays

Jets containing prompt decays as well as long-lived Ks and �0’s will contain tracks

with large impact parameters. When a vertex is �t to such a jet, we expect small

track multiplicity relative to massive > 50 GeV long-lived particles this analysis

targets. Pairs of oppositely signed displaced tracks when vertexed together generate

a resonance in the invariant mass distribution as shown in Figure 2.13.

Particles of a characteristic lifetime � decay with a falling exponential distribution.

For reference, a table summarizing the distribution is shown in Table 2.9. As the BSM

particles must decay with the detector used to identify them, it is important to note
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6

• Displaced 2 track candidate vertices are built from tracks within jets 
• Clustering these vertices shows obvious nuclear interactions 
• Working on removing kshort candidates from jet matched track collection

Sources of SM Backgrounds
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Figure 2.13: The invariant mass of pairs of oppositely charged tracks in data and in
simulation. Solid curves correspond to simulated signal models which
also contain displaced tracks, but do not share this resonant background
as prominantly.

Table 2.7: Mesons with proper lifetimes greater than 10�2 cm.

Name Content Particle Mass [MeV] �0 [sec] c� [cm]
Pion u �d �� 139 2:6� 10�8 7:8� 102

Kaon u�s K� 497 1:23� 10�8 3:7� 102

K Short 1p
2
(d�s� s �d) K0

s 497 0:896� 10�10 2.68

K Long 1p
2
(d�s+ s �d) K0

L 497 5:1� 10�8 1:5� 103

D c �d D� 1869 1� 10�12 3:0� 10�2

B meson u�b B� 5279 1:6� 10�12 4:8� 10�2

strange B s�b B0
s 5366 1:5� 10�12 4:5� 10�2

charmed B c�b B0
c 6275 4:5� 10�13 1:4� 10�2
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Table 2.8: Baryons with proper lifetimes greater than 10�2 cm.

Name Content Particle Mass [MeV] �0 [s] c�0 [cm]
Lambda uds �0 1115 2:6� 10�10 7.8

bottom Lambda udb �0
b 5620 1:4� 10�12 4:2� 10�2

Sigma plus uus �+ 1189 8� 10�11 2.4
Sigma minus dds �� 1197 1:4� 10�10 4.2

Xi zero uss �0 1314 4� 10�13 1:2� 10�2

Xi minus dss �� 1321 1:6� 10�10 4.8
charmed Xi + usc �+

c 2467 4:42� 10�13 1:3� 10�2

charmed Xi dsc �0
c 2471 1:12� 10�13 3:3� 10�2

bottom Xi dsb ��b 5792 1:56� 10�12 4:7� 10�2

bottom Omega ssb 
�b 6054 1:13� 10�12 3:3� 10�2

Omega minus sss 
� 1672 8� 10�11 2.4

Table 2.9: The cumulative probability for a particle of lifetime � to have decayed
before a certain distance in units of �, the proper lifetime. For example,
after 0.5� we expect 39% of long-lived particles with lifetime � to have
decayed.

Distance (�) Probability to have decayed
0.01 1%
0.1 9.5%
0.25 22%
0.5 39%
0.75 52%

1 63%
1.5 77%
2 86%
3 95%
5 99.3%

that for proper lifetimes 10 and 100 times the size of the relevant detector (�1 m), we

would still expect 10% and 1% of decays (respectively) to occur within the sensitive

region of the detector.

66



2.3.2 Split SUSY and Naturalness at the LHC

When motivating Supersymmetry with naturalness, it is important to note that the

stability of the Higgs boson mass is not the only �ne-tuning problem in particle

physics. When the same argument is used to calculate the cosmological constant we

arrive at cut o� scale � � m4
SUSY , where experimentally � = 10�59 TeV4. If we use

the same SUSY scale mSUSY = 1 TeV we have a new �ne tuning problem of 1060!

As addressed by Arkani-Hamed and Dimopoulos [9], many theoretical approaches

have been motivated by a natural explanation for the Higgs mass while separately

seeking an explanation of the cosmological constant through some other mechanism.

Arkani-Hamed and Dimopoulos propose a reconsideration of naturalness, entertain-

ing the idea that �ne tuning could have a role to play in beyond the Standard Model

physics. Conceivably, both � and mh �ne tuning could be resolved by the same mech-

anism. This un-natural model was further investigated by Giudice and Romanino [32]

and dubbed \Split Supersymmetry".

Split SUSY assumes a much higher SUSY scale m2
SUSY � 1 TeV where all scalars

(excluding the Higgs) become very heavy O(mSUSY ) and the lightest sparticles (hig-

gsinos and gluinos) are kept at the TeV scale by requiring the lightest neutralino

to be a good dark matter candidate. Because the scalars are so much heavier, the

decay of gluinos through squarks is suppressed. The characteristic signature of split

Supersymmetry is thus long-lived gluinos [37]; such processes with long lifetimes are

rare in the Standard Model, particularly for particles with mass larger than the mEW .

Following the discovery of the Higgs boson in July 2012, Arkani-Hamed et al.

[10] investigated the scalar super-partner mass scale for mh � 125 GeV. The most

phenomenologically interesting point is the gluino lifetime given by:

c�~g � 10�5m
� m~q

PeV

�4
�

TeV

m~g

�5
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For massive gluinos still within the reach of the
p
s = 13 TeV LHC (m~g . 3 TeV) we

would probe up to msq ’ 104 TeV if the proper gluino lifetimes is on the order of the

relevant detector (c�~g < 1 m).

As the Higgs at 125 GeV has been the only scalar discovered in the LHC’s
p
s =

7; 8; and 13 TeV program, the natural SUSY parameter space has become more tightly

constrained. If no new scalar super-partners are found soon, less natural scenarios

like split SUSY would become even stronger candidates for BSM physics. CMS is

well prepared for most, if not all, SUSY �nal states with prompt decays. Long-lived

scenarios allow one to probe signi�cantly higher energy scales if components of the

theory are light enough to be probed at the LHC.
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Chapter 3

Simulation and Collider Physics

3.1 Introduction

In the previous chapter, we outlined principal aspects and fundamental assumptions

of the Standard Model. However, a considerable amount of physics is still required to

reach a practical description of what occurs inside of an experiment. The goal of this

section is to connect the matrix elementsM from the quantum �eld theoretic descrip-

tion of the Standard Model to the Monte Carlo simulations. These simulations allow

us to test our understanding of a given theory in terms of quantities observable in ex-

perimental high energy physics. First, we will discuss how we can compare the matrix

amplitudes with the observations in a physical detector. After, we will the discuss

the considerations that must be made for the fact that LHC collides hadrons rather

than fundamental particles. We will discuss the models used to describe physics after

the hard scattering occurs where perturbative physics breaks down and calculations

from �rst principles cannot be performed. Generic principles for parton showering

and hadronization models will be examined. To conclude, we will discuss common

jet clustering algorithms.
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3.2 From Matrix Elements to Cross Sections

In high energy experimental particle physics the most studied quantity (in addition

to particle quantum numbers and masses) is the cross section � of the process. This is

the rate or equivalently, the probability that a process occurs. It is the proportionality

between the number of observed collisions and amount of data collected by the Large

Hadron Collider L (the integrated luminosity) expressed simply as:

Nevents = L� �

Consider a target of particles type A and density �A and aim particles type B with

density �B. If the lengths of the bunches of particles are lA and lB then the cross

section of the processes is de�ned for a beam with cross-sectional area as:

� � Nevents

�AlA�BlB

Inverting this and assuming that we have constant density along the beams length:

Nevents =
�NANB

A
= �NAnB (3.1)

by comparing this with the relation Nevents = L � � above containing luminosity,

we see the luminosity is in e�ect counting the number of colliding particles per unit

transverse area of the beams. More incident particles and a more focused beam means

more scattered events. In the last equality we have introduced the impact parameter

density nB for the incident B particles.

However, the end results of Feynman diagram calculations yield scattering ampli-

tudes. The amplitudes are probabilities of scattering a given initial state into a given

�nal state, not a cross section. We need to relate the process strength into something

concrete experimentally.
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First, consider the quantum �elds within the beams that are colliding. Start by,

setting up two initial wave packets A and B in a limit of de�nite momentum pA and

pB and evolve them forward for a very long time with the time evolution operator

exp (�iHt). We would like to link the probability the �nal state consist of �1; �2; : : :.

This probability is written [53].

P = jh�1�2 : : : j�A�Bij2

Let the incident wave packets collide along the z-axis, but each with non-trivial trans-

verse displacement bi. We will take the perspective that A is a target and B is

collinear with the target and account for the shift in position with an explicit factor

of exp(�ib � kB). The properly normalized expression then reads:

j�A�Bi =

Z
d3kAp

2EA(2�)3

Z
d3kBp

2EB(2�)3
�A(kA)�B(kB)e�ib�kB

For a single target A and a beam B with with constant impact parameter density

nB = NB=A we can write the the number of events as

Nevents =
X

incident particles i

Pi =

Z
d2bnB(b)P(b) = nB

Z
d2bP(b)

Comparing this to Equation 3.1 we can write the cross section as:

� =

Z
d2bP(b)
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The properly normalized di�erential cross section for scattering into a the in�nitesimal

�nal state momentum element is:

d� =

 Y

f

d3pf
(2�)32Ef

!Z
d2b

 Y

i=A;B

Z
d3ki

(2�)3
p

2Ei
�i(ki)

Z
d3�ki

(2�)3
p

2 �Ei
��i (�ki)

!

� eib�(�kS�kB)jhfpfgjfkigij2

We have six dummy integrals to do in �k over the three momenta of particle A and B so

count our delta functions. The d2b integral gives two delta functions in the transverse

momentum (2�)2�2(k?B� �k?B). We have eight delta functions from the matrix element

enforcing that the process to conserve energy and momentum �4(kA+kB�
P
pf ) and

in the complex conjugate with the dummy variable �k: �4(�kA+�kB�
P
pf ). Performing

the transverse integrals in �kB sets �kTB = kTB which in combination with the �k delta

functions yields �kTA = kTA. The remaining 2 integrals in z require some properties of

delta functions:

Z
d�kzAd

�kzB�(
�kzA + �kzB �

X
pzf )�( �EA + �EB �

X
Ef )

We can integrate the �rst B integral interpreting �kzB as a function of �kzA and writing

the barred energy terms in the momentums and masses:

Z
d�kzA�

�q
�k2
A +m2

A +
q

�k2
B +m2

B �
X

Ef

�

We now need to use the property that �[f(x)] =
P

i(�(xi)=jf 0(xi))j where xi are the

zeros of the function f(x). Note that given our parameterization from the �rst delta
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function @�kzA
(�k2
B) = �2�kzB.

Z
d�kzA

 
1

2

2�kAp
�k2
A +m2

A

� 1

2

2�kBp
�k2
B +m2

B

!�1

�( �EA + �EB �
X

Ef )

=

Z
d�kzA

1
�kA
�EA
� �kB

�EB

�( �EA + �EB �
X

Ef ) =
1

�A � �B

The six remaining integrals in kA and kB remain:

d� =

 Y

f

d3pf
(2�)32Ef

!
jMj2

2EA2EBj�A � �Bj

Z
d3kA

(2�)3
p

2Ei
j�A(kA)j2

�
Z

d3kB

(2�)3
p

2Ei
j�B(kb)j2�4(kA + kB �

X
pf )

To proceed further, we must consider the quality of measurements made by particle

detectors. Real detectors cannot measure arbitrarily small spreads in the momentums

kA + kB. The measurements made in a realistic experimental setup are not sensitive

to the spread of momentum in the initial wave packets �A and �B. Given this, we

can take the central value kA + kB = pA + pB to be a good approximation for the

delta function. With this approximation, we can move the delta function outside the

integral and perform the integrals using the unit normalization condition of the two

�elds �i:

d� =

 Y

f

d3pf
(2�)32Ef

!
jMj2

2EA2EBj�A � �Bj
(2�)4�4

�
pA + pB �

X
pf

�
(3.2)

Let’s consider the simple case of 2 ! 2 scattering and use the energy delta function

of the 4 remaining delta functions to compute integral over the �nal state. To do so,

we go to the center of mass frame where jp1j = jp2j = P , ~p1 = �~p2, Ecm = 2P . We
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�rst integrate p2 to enforce 3-momentum conservation

Z �
d3p1

(2�)32E1

��
d3p2

(2�)32E2

�
(2�)4�4(P �

X
pf )

now switching to a spherical integral with a Jacobian p2
1dp1d
 where d
 is and in-

�nitesimal solid angle.

Z
dp1p

2
1d


(2�)3(2�)32E12E2

(2�)�(Ecm � E1 � E2)

using the same delta function identity as before:

Z
d


p2
1

(2�)22E12E2

�
p1

E1

+
p2

E2

��1

=

Z
d


p2
1

(2�)22E12E2

�
E1E2

p1(E1 + E2)

�

=

Z
d


p1

16�2Ecm

Combining the result for the �nal state integral with Equation 3.2:

�
d�

d


�

CM

=
1

2EA2EBj�A � �Bj
p1

16�2Ecm
jMj2

Now if we assume the masses of the four particles are the same (or negligible at the

energies involved) and substitute � = p=E:

�
d�

d


�

CM

=
jMj2

64�2E2
cm

This is the relation between the rate at which a detector will observe a 2! 2 process

proportional to the matrix element derived from the Feynman diagrams governing

the process. Integrating over a solid angle gives the number of scattered events per

unit integrated luminosity collected by the experiment.
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3.3 Parton Model of Hadron Collisions

For hadronic collisions like that of the LHC the fundamental scattering process is not

between the individual hadrons, but rathe the hadron’s inner structure: the quarks

and gluons. Unlike a lepton collider, where the full four vector p� can be controlled

by the collider, the energy in a hadron-hadron scattering process is probabilistic in

nature. The individual partons have some unknown fraction of the proton energy in

each collision [29].

The cross section for a process for two hadrons with four momentum P1 and P2

can be written:

�(P1; P2) =
X

i;j

Z
dx1dx2fi(x1; �)fj(x2; �)�̂ij(p1; p2; �S(�); Q) (3.3)

where the momentum of the partons participating in the hard interaction are pi = xiPi

i = 1; 2. The scale of the hard scattering is denoted by Q. For example, Q = mW for

W boson production. The fi are the quark or gluon distributions within the protons.

These are the parton distribution function (PDFs). The short distance cross section

�̂ can be calculated as a perturbative series in the asymptotically small running QCD

coupling �S. The factorization scale � is an arbitrary parameter that is chosen as the

boundary between the long and short distance interaction physics. The boundary at

� separates the soft emitted partons that should be considered part of the hadron and

the partons emitted at large transverse momentum that should be considered part of

the hard process. In general, it is chosen such that that � = Q.

The ratio of
p
ŝ of the hard process relative to the proton

p
s can be written in

terms of the variable � = x1x2 as:

s

ŝ
=

(p1 + p2)2

(x1p1 + x2p2)2
=

2p1 � p2

2x1x2p1 � p2

=
1

x1x2

=
1

�
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Figure 3.1: Contours of the parton luminosity function derived from CTEQ5 parton
distribution functions for

p
s = 8 TeV and

p
s = 14 TeV. Contours are

separated by collisions the individual partons in the collision.

Now let us calculate the total cross section �TOT in terms of two factors: (i) parton

luminosity Lij for two individual partons i and j and (ii) the corresponding cross

sections �ij. We assume that the cross section �̂ is only a function of ŝ, (a property

that holds true for many processes, but not in general). Let �0 be the minimum � at

which the process can occur.

�TOT =
X

i;j

�ijLij =
X

i;j

Z 1

�0

dLij
d�

(1)�̂ijd�

=
X

i;h

Z 1

�0

dLij
d�

d�

�
ŝ

s�

�
�̂ij =

X

i;j

Z 1

�0

d�

�

�
1

s

dLij
d�

�
(ŝ�̂ij)

Here the center term is referred to as the parton luminosity function and contains

the parton distribution functions with some extra accounting for the parton types to
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avoid double counting:

�
dLij
d�

=
1

1 + �ij

Z 1

0

dx1dx2 �
�
(x1fi(x1; �

2)x2fj(x2; �
2)) + (1$ 2))

�
�(� � x1x2)

3.4 Kinematic Conventions for Collider Physics

Due to the cylindrical symmetry of the detector it is preferable to make a change from

a cartesian parameterization of energy and momentum to a rotationally-symmetric

parameterization about the collision access. Furthermore, since the center of mass

frame between the two colliding particles is generally moving relative to the lab frame,

we would like parameterization of our problem which is invariant under longitudinal

boosts. First, we will motivate using hyperbolic functions of rapidity to parameterize

energy and momentum. Lets recall the hyperbolic trigonometric functions:

cosh(x) =
ex + e�x

2
, sinh(x) =

ex � e�x
2

, and tanh�1 x = ln

 r
1 + x

1� x

!

combining cosh and tanh�1 conveniently gives the relativistic 
 factor for x = �:

cosh (tanh�1 x) =
1

2

 r
1 + x

1� x +

r
1� x
1 + x

!
=

1

2

�
(1 + x) + (1� x)p

1� x2

�
=

1p
1� x2

and similarly derived:

sinh (tanh�1 x) =
xp

1� x2
= x
(x)

De�ning w = tanh�1(�) conveniently de�nes energy and momentum as:

E = 
m = m coshw

jpj = 
m� = m sinhw
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Now lets re-write a Lorentz boost 
 along the z-axis in terms of w:

E 0 = 
(E � �pz) = E coshw � pz sinhw

p0z = 
(pz � �E) = pz cosh�E sinhw

If instead we set w = y � tanh�1(��z ) where ��z is the boost required to reach the

frame where the particle is moving only transversely to the beam line p��. We can

then reach the lab frame by performing the transformation from the � frame. First

lets write the four vector in the � frame

p�� = (E; px; py; 0) = (
q
p2
T +m2; pT sin�; pT cos�; 0)

! plab� = (mT cosh y; pT sin�; pT cos�;mT sinh y)

where mT =
p
m2 + p2

T , pT =
p
p2
x + p2

y, and y is the de�nition of rapidity generally

used in particle physics. In the limit of light masses relative to the transverse energy

of a collision, as is generally the case for collisions at the Large Hadron Collider:

p� = pT (cosh y; sin�; cos�; sinh y)

From the experimental perspective, what is most important about this de�nition is

that there is a simple geometric relation between pseudorapidity and the angle of the

particle relative to the beam line. To see this, we go back to the de�nition of rapidity

and take � ! 1 or equivalently jpj = E:

y = tanh�1(��z ) = ln

 s
1 + ��z
1� ��z

!
��!1 ln

 s
1 + pz=jpj
1� pz=jpj

!
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Figure 3.2: Lines of constant pseudorapidity in the z-y plane

Now if we consider the angle with the beam line in the lab frame � we use a half angle

trigonometric identity.

1 + cos � = 1 +
pz
jpj = 2 cos2(�=2)

1� cos � = 1� pz
jpj = 2 sin2(�=2)

combining this with the approximation with massless limit of y we obtain pseudora-

pidity �:

� = ln

 s
cos2 (�=2)

sin2 (�=2)

!
= � ln

�
tan

�

2

�

The energies of particles at the LHC are typically negligible in mass relative to

their energies and the approximation � � y is accurate. This has a number of useful

applications. First, di�erences in rapidity are invariant under longitudinal Lorentz

boosts along the beam axis which can be seen by applying the transformation in

terms of 
 factors to y1�y2. Given this relation, pseudorapidity provides an intuitive

geometric interpretation as the angle from the beam axis. The ray extending directly

transverse from the collision point is � = 0 with symmetric values �j�j to either side
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Figure 3.3: Contours of constant �R from (�0; �0) = 0; 0

of this ray along the z-axis Figure 3.2.

�R =
p

(��)2 + (��)2

Fixed values of �R form a solid angle \cone" extending from the interaction point

outward. This can be seen by using our de�nition of � to convert from cylindrical

coordinates to (x; y; z) and the distance relative to the point (�0; �0). Here the angle

� can be related to (x; y; z) by examining the ray extended from the origin to any

point along a circle with radius r = x2 + y2.

cos � =
z

x2 + y2
=) � = cos�1 z

x2 + y2

substituting this into our de�nition of pseudorapidity � = � ln(tan �=2) we obtain �

in terms of x; y; z. For the angle �, tan� = y=x =) � = tan�1(y=x). We can now

express the equation for �R below and the contours of Figure 3.3.

�R =

vuut(�0 � tan�1(y=x))
2

+

 
�0 + log

 
tan

cos�1(z=
p
x2 + y2)

2

!!2
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Figure 3.4: A graphic depiction of the showering and hadronization process. The
incoming protons can be see as the two sets of three incoming arrows
representing the proton quark content.

3.5 Showering

After the initial hard process is simulated, even if performed at high orders in per-

turbation theory, we have not described the large multiplicity and variety of particles

which result from the showering of free quarks (Fig. 3.4). We might even take for

granted that high energy proton collisions yield collimated showers of hadrons we

more commonly refer to as jets. In certain conformal theories the hadronization steps

more closely resemble shells [38].

As the collisions are made between hadrons, the dominant fraction of the total

cross section is governed by the dynamics of QCD. The strength of QCD is set by

the strong coupling �S(q2) where the q2 dependence arises from loop corrections to

the tree level Feynman diagram vertices. [66]

�s(q
2) =

12�

(33� 2nf ) ln (q2=�2
QCD)

(3.4)
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Here nf is the number of 
avors of participating fermions in the interaction and

�QCD = 0:1 � 0:3. Here we notice two important features. As q2 becomes large,

the interaction becomes asymptotically weak and the physics is perturbative. As

q2 ! �QCD the theory is strongly coupled (� > 1) and a perturbative approach

leaves higher order terms that cannot be neglected [29].

We need a method to evolve the high energy states to some low energy cut o�

where the physics is clearly non-perturbative. This scale is typically taken to be on the

order of momentum transfer t2 = 1 GeV2. This provides a natural division of labor

for generating physics events between the perturbative hard scattering, the approx-

imately perturbative showering, and the non-perturbative physics of hadronization.

The terms fragmentation and hadronization are often used interchangeably to describe

the non-perturbative of this division. However, in certain contexts, hadronization can

refer to the both the parton showering as well as hadron formation.

In experimental high energy particle physics the term Monte Carlo (MC) is used

as a short hand for simulated physics samples, however the MC method of generat-

ing these samples means something speci�c. The MC method of generating parton

branching is stated as: given some virtual mass scale t1 and momentum fraction x1

generate (t2; x2) after one step in the branching evolution. To perform this step-wise

evolution of the parton branching we need the shower evolution equations [59].

Consider the branching of a particle a: a ! bc with a momentum scale Q2. We

denote energy and momentum fraction imparted to particle b as z such that particle c

receives 1�z. We introduce the momentum transfer variable (reminiscent of Equation

3.4) t = ln(Q2=�2). The di�erential probability for the particle a to branch is given:

dPa =
X

b;c

�abc
2�

Pa!bc(z)dtdz

82



where the sum is over all possible branchings and � is the appropriate coupling

(�EM ; �S) for the branching evaluated at the appropriate scale. We enumerate the

kernels that map the momentum fraction from splitting to the possible states after

branching:

Pq!qg(z) = CF
1 + z2

1� z Pq!q
(z) = e2
q

1 + z2

1� z
Pg!gg(z) = NC

(1� z(1� z))2

z(1� z)
Pl!l
(z) = e2

l

1 + z2

1� z

Pg!q�q(z) = TR(z2 + (1� z)2)

where CF = 4=3 is a color factor, NC is the number of colors in QCD, TR = nf=2 is

half the number of allowed q�q 
avors. e2
i is the charge squared of the quark or lepton.

Let us de�ne an integral over the probability distribution for some �xed t between

the minimally allowable momentum fraction z� and the maximum z+ as:

Ia!bc(t) =

Z z+(t)

z�(t)

dz
�abc
2�

Pa!bc(z)

From this we can �nd the total probability of branching as a sum over the possible

branching states pbranch =
P

bc Ibc(t). If we consider the probability of no branching

occurring (1� pbranch) in some �nite interval (t; t0) as the product of di�erential time

steps �t, probability exponentiates:

Pano�branch(t0; t) =
Y

�t2(t;t0)

(1� pbranch) � lim
N!1

NX

k=0

N !

(N � k)!k!
1N�k(�pbranch)k

=
1X

k=0

1

k!
(�pbranch)k = exp (�pbranch)
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Such that the total probability of not branching within a given t interval is given by:

Pano-branch(t0; t) = exp

 
�
Z t

t0

dt0
X

b;c

Ia!bc(t0)
!

= Sa(t)

Where we have introduced the notation Sa(t) for what is referred to as the Sudakov

form factor [63]. With this single parameterization we can write the probability of

not branching as a ratio of Sa(t) functions (since the ratio of exponentials will just

alter the integral bounds):

P(t2; t1) =
Sa(t2)

Sa(t1)

Note here that t is not time, but rather serves a proxy for time, where the �nal state

showering occurs from an initial tmax set by the hard scattering and progressively

becomes smaller through the branching process.

The MC process generates a random number P and solves for t2 in terms of

t1. The process is then applied to the newly branched particles b and c. If t2 is

smaller than the scale set for hadronization, then the showering process terminates.

Eventually from the monotonicity of ti the cascade terminates and the generation

process is handed o� to hadronization.

3.6 Hadronization

When the quark model, a.k.a. the eight-fold way, was originally introduced in 1961,

it was a large simpli�cation of the space of observed particles. Each combination of

possible light quarks was observed in nature (the third generation had not yet been

discovered). Despite experimental e�orts, a single \bare" quark was never observed.

Today, we understand that it is the inherent nature of the strong force that prevents

light quarks from being liberated from their hadronic bound states. As an interesting
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side note, the discovery of the top quark, whose width is larger than �QCD, will

decay before hadronization takes place. In this section, we brie
y discuss the way

MC simulation models the non-perturbative con�nement of quarks.

When we leave the showering process, we are left with a large number of virtual

particles on the order of the cuto� tmin. Although this parameter is unrelated to the

hadronization process, an ideal hadronization model would use the chosen value of

tmin to compensate for e�ects of having a hard cuto� value for the showering. As tmin

is increased, there are fewer particles that are increasingly o�-shell. These virtual

particles should be able to hadronize, however, the favored values of tmin to begin the

hadronization step tend to be a few times the scale of hadronization �QCD � 0:1�0:3

GeV. This is suggestive that the extensions of perturbation theory are more reliable

than models of hadronization [29].

It is important to state that there are only models of hadronization and no cal-

culations from �rst principles. Even lattice QCD calculations which are made on

euclidean space times fail for processes which are inherently Minkowskian such as

hadron formation. Two main categories of hadronization models exist. The string

model which transforms virtual particles directly into hadrons and the cluster model

which uses in intermediate clustering step before the conversion to hadrons [16].

The string model, the most well known of which is the Lund String Model [5], relies

on an assumption of linear con�nement. One expects a linear potential V (r) = �r

at long distances, where the string constant � � 1 GeV/fm � 0:2 GeV2. In general,

there is an additional coulomb potential at shorter distances (Figure 3.5). The Lund

model assumes that this term is negligible in hadron formation.

One motivation for the linear con�nement comes from the linear relationship be-

tween the spin of mesons J and their m2 (Figure 3.6). To explain why, lets consider

a spinning rod of mass constant density � and length 2R. Such a rod, like the string
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Confinement

Confinement = no free quarks
Linear confinement observed by Regge trajectories m2 − m2

0 ∝ J .
Later confirmed e.g. by quenched lattice QCD

String tension

V (r)

r

linear part

Coulomb part

total

Figure 3.5: The static quark anti-quark potential as measured from lattice qcd cal-
culations. An additional f=R2 term is included to account for known
artifacts from performing the measurement on a lattice. The linearity at
large R in units of fm is clearly visible.

Figure 3.6: When the spin of mesons are plotted against their mass squared a linear
relationship is found with nearly the same scaling. These lines are known
as Regge trajectories.
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