A Capacitor Paradox

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (July 10, 2002; updated December 22, 2019)

1 Problem

Two capacitors of equal capacitance C are connected in parallel by wires of negligible resistance and a switch, as shown in the lefthand figure below. Initially the switch is open, one capacitor is charged to voltage V_0, and charge Q_0 = CV_0, while the other is uncharged. At time t = 0 the switch is closed. If there were no damping (dissipative) mechanism, the circuit would then oscillate forever, at a frequency dependent on the self inductance L ≈ μ_0 ln a/b of the loop of radius a of wire of radius b ≪ a and the total capacitance C_{tot} ≈ C/2, namely f = ω/2π ≈ 1/2π √ LC_{tot} ≈ 1/2π √ (μ_0C/2) ln(a/b) ≈ 200 Hz/ √ C ln(a/b) for C in farards.

However, even in a circuit with zero Ohmic resistance, damping occurs due to the radiation of the oscillating charges, and eventually a static charge distribution results, with charge Q_0/2 and voltage V_0/2, on each capacitor.

The “paradox” is that the final stored energy is U_f = 2(CV^2_f /2) = CV^2_0 /4 = U_i/2, where U_i = CV^2_0 /2 is the initial stored energy.^1 Hence, half the initial energy is “missing” in the final state.

Where is the “missing” energy?^2

2 Solution

This problem is (in the view of this author) meant to illustrate the limitations of “ordinary” circuit analysis,^3 and has been discussed many times, including [1]-[39]. A substantial fraction of these papers argue that “ordinary” circuit analysis suffices for a practical understanding of the two-capacitor problem, remarking that if the circuit contains a large enough

1If the two capacitances were unequal, more than half of the initial energy would go “missing”. Better energy efficiency while charging a capacitor can be obtained using nonlinear circuit elements, as in sec. 9.1 of http://www.ti.com/lit/ds/symlink/lm2664.pdf.

2This problem can also be posed for a single capacitor that is initially charged with ±Q on its plates, and then discharged by “shorting” its terminals with a wire. This can be dangerous, so “don’t try this at home”. That is, a spark generally occurs during the discharge, which is a clue that the physics here can be intricate. The experiment discussed in sec. 2.3 below is for the single-capacitor version of the “paradox”.

3Another example that illustrates the limitations of “ordinary” circuit analysis is [40].

Ohmic resistance, the associated Joule heating accounts for essentially all of the “missing” energy.^{4,5}

Recall that in Poynting’s view [41], the energy the energy that is transferred from one capacitor to the other passes through the intervening space, not down the connecting wires. In the present example, some of the energy in the electrostatic field of the initially charged capacitor “escapes” from the circuit in the form of electromagnetic radiation.^6 Hence, we should also examine the possibility that radiation carries away a significant fraction of the “missing” energy.^7

2.1 Ordinary Circuit Analysis of the Two-Capacitor Problem

If the quantity labeled R_{rad} in the circuit diagram on p. 1 were an ordinary resistor of value R, then the circuit equation would be (for t ≥ 0),

−V_1 + V_2 + Lİ + IR = 0, Q C + LQ̈ 2 + RQ̇ 2 = 0, (1)

where L ≈ μ_0 ln(a/b) is the self inductance of the circuit, Q ≡ Q_2 − Q_1 and we note that I = Q̇_2 = −Q̇_1 = Q̇/2. The initial conditions are Q(0) = −Q_1(0) = −CV_0 and Q̇(0) = 0. Use of a trial solution of the form e^{iωt} leads to, ω = iR 2L ± ω_0, ω_0 ≡ √ 2 LC − R^2 4L^2

, (2)

so the (real) solution that obeys the initial conditions can be written as,

Q(t ≥ 0) = −CV_0 e^{−Rt/2L} ( cos ω_0t + R 2L ω_0 sin ω_0t ) , I(t ≥ 0) = Q̇ 2 = V_0 L ω_0 e^{−Rt/2L} sin ω_0t. (3)

Then, Q_f = 0, Q_{1,f} = CV_{1,f} = Q_{2,f} = CV_{2,f} , and hence V_{1,f} = V_{2,f} . The energy dissipated by the resistor R is,

ΔU =

∫_∞ 0 I^2R dt =

V^2_0 R L^2 ω^2_0

∫_∞ 0 e^{−Rt/L} sin^2 ω_0t dt =

V^2_0 R L^2 ω^2_0

2ω^2_0 (R/L)(R^2/L^2 + 4ω^2_0)

4The YouTube video https://www.youtube.com/watch?v=cmverrUVOQA adds a motor + mechanical load to the circuit, so that the “missing” energy can be “seen” as the mechanical work done after the switch is closed, thereby avoiding the need to consider radiation or even Joule heating, which concepts the video author finds too abstract. Yet, this author gets it right that a dissipative mechanism is required for the circuit to end up with only half of the initial stored field energy.

5Two papers [25, 39] supposed that the switch is capable of dissipating energy, via an effective resistance (not modeled in the papers). No mention was made of radiation, or of a spark or related plasma physics.

6As noted in [13], when a capacitor is discharged near a radio, the latter detects a burst of noise at any frequency, associated with the initial “switching” transients that last a few nsec. See also the caption of Fig. 3 of [7]. For additional commentary on this phenomenon, see [42].

7Some authors [12, 17, 18, 20, 21, 30, 31, 32, 34] have argued that the two-capacitor problem is analogous to the “two-tank problem,” in which water is transfered from one tank to another via a connecting pipe (although this “plumbing analogy” was objected to already in [13]). If the water were frictionless, the eventual “missing” potential energy (i.e., gravitational-field energy) would be radiated away by gravitational waves. Since this is a very weak process, the frictionless water would oscillate from one tank to the other for a very long time, before eventually coming to equilibrium with each tank half full. In practice, the friction (viscosity) of water is large enough that there would be no observable oscillation of the water (i.e., overdamped “oscillation”).

= CV^2_0 4 = U_i 2 , and so U_f =

CV^2_0 4 = CV^2_{1,f} , V_{1,f} =

V_0 2 = V_{2,f} , (4)

using Dwight 861.10 [43].^8 Thus, if the voltage drop associated with the dissipative mechanism has the form IR for a constant R, the dissipated energy equals the “missing” energy U_i/2 = CV^2_0 /4. It does not, however, follow that this demonstrates R to be purely an Ohmic resistance.

Indeed, for low Ohmic resistance, the current in the circuit would perform a damped oscillation with nominal angular frequency ω_0 ≈ √ 2/LC, and the associated electric and magnetic dipole radiation would have power well described by P_{rm}(t) = I^2(t)R_{rad} where R_{rad} is a constant with dimensions of electrical resistance.

2.2 Model Calculation of Magnetic Dipole Radiation

We assume that the wires form a circle of radius a and we neglect charge accumulation in the wires compared to that on the capacitor plates. In this approximation the current in the wires is spatially uniform, and the total electric dipole moment of the system (with symmetrically arrayed capacitors) is constant. Then, electric dipole radiation does not exist, and magnetic dipole radiation dominates.

The “radiation resistance” of this circuit causes a voltage drop V_{rad} within the circuit that can be identified as,

V_{rad}(t) =

P_{rad}(t) I(t)

= I(t)

P_{rad}(t) I^2(t)

≡ I(t)R_{rad} , (5)

where P_{rad} is the radiated power, I(t) is the current in the wire, and the radiation resistance is R_{rad} = P/I^2. The latter is constant in the further approximation that the damping time is large compared to the period of oscillation of the current, i.e., Ï ≈ −ω^2_0I ≈ 2I/LC.

To estimate the radiated power we note that the magnetic moment m of the circuit is (in Gaussian units),

m(t) = πa^2I(t) c , (6)

where c is the speed of light. According to the Larmor formula [44], the radiated power is,

P_{rad} =

2m̈^2 3c^3 = 2π^2a^4Ï^2 3c^5 ≈ 2π^2a^4ω^4_0I^2

3c^5

. (7)

The radiation resistance is,

R_{rad} =

P_{rad} I^2 ≈ 2π^2 3c (aω_0 c )_4 = 2^5π^6 3c ( a λ )_4

≈ 3 × 10^5 ( a λ )_4 Ω, (8)

noting that ω_0 = 2πc/λ, and 1/c in Gaussian units equals 30 Ω.

While this radiation resistance appears large at first glance, in practice a/λ (the ratio of the size of the circuit compared to the wavelength of the radiation) will be quite small, and the circuit would oscillate a very long time before the “missing” energy CV^2_0 /4 would be radiated away.

8In [1], the self inductance was ignored, so the resulting circuit equation Q̇ = −2Q/RC has the solution Q(t ≥ 0) = −CV_0 e^{−2t/RC} , with I(t ≥ 0) = Q̇/2 = (V_0/R) e^{−2t/RC} . Then, the total energy dissipated by the resistor R is, ΔU =

∫_∞ 0 I^2R dt = (V^2_0 /R)

∫_∞ 0 e^{−4t/RC} dt = CV^2_0 /4 = U_i/2.

2.3 An Experiment (Jan. 11, 2018)

Hence, it is useful to consider experimental data in the literature related to the two-capacitor problem, such as Fig. 3 of [7], shown on left below, where the current trace has 10 μs per horizontal (time) division. This experiment was on the “short circuit” discharge of a single capacitor with C = 11.5 μF, where the observed frequency of the damped oscillations was ω/2π = f = 41 kHz (λ = 7.3 × 10^5 cm), and the damping time was observed to be approximately two periods, τ ≈ 2/f. Considering the equivalent circuit to be a series R-L-C circuit, the current I(t > 0) = K e^{−αt}, obeys (for complex constants K and α),

ÏL + IR + Q C = 0, α = R 2L ± i √ 1 LC − R^2 4L^2 ≈ R 2L ± i √ LC ≡ β ± iω, (9)

where the approximation holds for small resistance R, as in this example. The discharge begins at time t = 0, when I_0 = 0 and Q_0 = CV_0, and the waveforms are, using Dwight 575.1 [43],^9

I(t > 0) = A e^{−βt} sin ωt = −

CV_0(β^2 + ω^2) ω e^{−βt} sin ωt ≈ −CV_0 ω e^{−Rt/2L} sin ωt, (10)

Q(t > 0) = Q_0 +

∫_t 0 A e^{−βt′} sin ωt^′ dt^′ = CV_0 e^{−Rt/2L} ( cos ωt + R 2ωL sin ωt ) . (11)

Then, the observed frequency implies that the self inductance of the circuit was L = 1/4π^2f^2C = 1.3 μH (consistent with the circuit being a loop of 2-cm radius made of 24-gauge wire), and the observed damping time implies that the effective resistance was R = fL = 0.05 Ω.

The wires in the circuit were stated to be “very short,” such that it is implausible that the Ohmic resistance of the circuit was 0.05 Ω (for example, the resistance of 2000 feet of 24-gauge wire is 0.05 Ω). However, the conventional capacitor contained a “rolled up” sandwich of foil and dielectric, for which the equivalent series resistance of the thin foil was very plausibly close to the observed 50 mΩ.^{10} In contrast, the radiation resistance (8) is only 1.7 × 10^{−17} Ω for a = 2 cm and λ = 7.3 × 10^5 cm.

9Note that the damping time constant is 2L/R and not RC. That is, most textbook discussions of the discharge of a capacitor are naïve in ignoring the self inductance, and claiming that Q(t > 0) = CV_0 e^{−t/RC} .

10https://en.wikipedia.org/wiki/Aluminum_electrolytic_capacitor

This supports the view in many of the discussions of the two-capacitor problem [1]-[38] that the Ohmic resistance of the circuit dissipates the vast majority of the “missing” energy (unless, of course, the electrical circuit is used to drive a nonelectrical load that dissipates the energy, as in footnote 4 above).

2.3.1 Another Experiment (July 1, 2022)

Another experiment involving a capacitor in a series L-R-C circuit was reported in Fig. 81, p. 226 of [45]. The figure caption was somewhat ambiguous, but I believe the circuit studied was that shown on the right below.

At time t = 0, a switch connected a battery of voltage V to an inductance L and resistance R in series. The voltage drop IR across the resistor was observed with an oscilloscope (of large input impedance). The current waveform corresponding to this position of the switch was, I(t > 0) = V R ( 1 − e^{Rt/L} ) , (12)

as reviewed in eq. (414), p. 219 of [45], and seen on the left side of the photo (oscillogram) above.

At time t_1 large enough that the current I was essentially V/R, the switch was thrown so as to disconnect the battery and connect L and R to a capacitor C that was initially uncharged. The circuit equation for t > t_1 again follows from eq. (9), whose solution can now be written as,

I(t > t_1) = V R e^{−R(t−t1 )/2L} cos ω(t − t_1), ω = √ 1 LC − R^2 4L^2

, (13)

such that I(t_1) = V/R. The waveform for t > t_1 is that seen in the right side of the photo above, and is oscillatory (rather than a simple exponential as would be inferred if the inductance were neglected).

A Appendix: Loss-Free Resistor (June 30, 2022)

This Appendix was inspired by e-discussions with Ivo Barbi and Sigmond Singer Circuits have been developed that are called “loss-free resistors”. The original version [46, 47] is a 4-terminal device that appears to the two input terminals as a resistance R, while transferring power I^2R to a load connected to the two output terminal, where I is the input current. Another version is a 3-terminal device [48], with input, output and common terminals, where this “series loss-free resistor” appears to be between the input and output terminals. Both of these devices are not totally loss free, and the “series loss-free resistor” of [48] operates only for currents of one sign.

We now consider the two-capacitor circuit with a series “loss-free” resistor in the configuration of [48], which involves two circuit loops.^{11}

Nominally, R_1 is “loss free”, although it includes a small dissipative resistance, while R_2 is a small dissipative resistance.^{12} Each loop has self inductance, some of which is shared between the two loops, which we indicate by the three inductances L_j in the figure below.^{13} A diode D next to L_3 keeps the current I_1 − I_2 through this inductor always negative.

Initially, Q_1 = CV_0, Q_2 = 0, and the switch is open, to be closed at time t = 0. The steady-state voltage and charge on the two capacitors are equal.

In the approximation that the system is actually “lossless”, the final (positive) charge on each capacitor is Q_1(0)/ √ 2.^{14} The total final positive charge is greater than the initial positive charge, which is possible in the two-loop circuit with the series “loss-free” resistor, whose internal circuitry can generate additional charge separation.^{15}

After the switch is closed at time t = 0, the circuit relations are, so long as I_2 − I_1 > 0,

I_1 = −Q̇_1, I_2 = Q̇_2, (14)

L_1İ_1 + L_3(İ_1 − İ_2) + I_1R_1 −

Q_1 C = 0, (L_1 + L_3)Ï_1 − L_3Ï_2 + R_1İ_1 +

I_1 C = 0, (15)

L_2İ_2 + L_3(İ_2 − İ_1) + I_2R_2 +

Q_2 C = 0, (L_2 + L_3)Ï_2 − L_3Ï_1 + R_2İ_2 +

I_2 C = 0. (16)

Supposing the currents I_j have the time dependences as (the real part of) ...

11If a series “loss-free” resistor were used in a simple R-L-C circuit, its output and common terminals would have to be shorted together, such that there would be no “load” to accept the I^2R power. That is, there cannot be a “loss-free” R-L-C circuit with a series “loss-free” resistor.

12The dissipative resistances are partly Ohmic and partly due to radiation.

13The complex internal circuitry of the series “loss-free” resistor is not shown in the figure. See [48]. 14Of course, a capacitor supports equal and opposite charges on its two plates, such that the total charge associated with a capacitor is zero. The total charge in the two-capacitor circuit is zero at all times.

We follow the usual convention in describing the positive charge on one of the capacitor plates as “the” charge of the capacitor.

15Recall that for the classic two-capacitor problem in a single-loop circuit, Q_1(∞) + Q_2(∞) = Q_1(0), and half the initial energy has been “lost” in the final configuration.

I_j(t ≥ 0) = K_j e^{αt} for complex constants α and K_j, the loop equations take the forms,^{16}

α^2(L_1 + L_3)K_1 − α^2L_3K_2 + αR_1A_1 +

K_1 C = 0, (17)

α^2(L_2 + L_3)K_2 − α^2L_3K_1 + αR_2A_2 +

K_2 C = 0. (18)

We have two simultaneous equations in the two unknowns K_1 and K_2 (in terms of the unknown parameter α), [ α^2(L_1 + L_3) + αR_1 + 1 C ] K_1 − α^2L_3K_2 = 0, (19)

−α^2L_3K_1 + [ α^2(L_2 + L_3) + αR_2 + 1 C ] K_2 = 0. (20)

For a solution to exist, the determinant of the 2 × 2 coefficient matrix must vanish, 0 = [ α^2(L_1 + L_3) + αR_1 + 1 C ] [ α^2(L_2 + L_3) + αR_2 + 1 C ] − α^4L^2_3

= α^4(L_1L_2 + L_1L_3 + L_2L_3) + α^3[R_1(L_2 + L_3) + R_2(L_1 + L_3)]

+α^2 [ R_1R_2 +

L_1 + L_2 + 2L_3 C ] + α R_1 + R_2 C + 1 C^2

. (21)

This is a quartic equation for α, for which an analytic solution exists, but which is very cumbersome. Instead, we content ourselves with a numerical example, based on parameters of a proposed experiment (Ivo Barbi, private communication) in which the series “loss-free” resistor has R_1 = 150 Ω, and C = 1 mF. We take R_2 = 0.05 Ω, as in the experiment described in sec. 2.3 above. As noted in sec. 1 above, the self inductances are of order μ_0 ln(a/b), and we take L_1 = L_2 = 2L_3 = 5 μH. With these parameters, the quartic equation is (in SI units),

5 × 10^{−11}α^4 + 0.075 α^3 + 7.5 α^2 + 1.5 × 10^5α + 1 × 10^6 = 0. (22)

Because the terms higher than linear are small (and R_2 ≪ R_1), there is a solution with no oscillation and simple exponential damping with time constant −1/α ≈ R_1C = 0.15 s; however, this requires the charge on both capacitors to decrease with time, and so is not the solution we seek. Other solutions (found by several online quartic-equation solvers) include,

α ≈ −50 ± 1500 i ≡ −β + i ω_0. (23)

corresponding to rapidly damped oscillations,

I_j (t ≥ 0) = A_j e^{−βt} sin ω_0t, (24)

with real, positive constants A_j and about 10 oscillations per damping time constant.^{17}

16As will be seen below, this assumption is not consistent with I_2 − I_1 > 0 at all times. 17This behavior is similar to that observed in the discharge of a single capacitor, as discussed in sec. 2.3 above. There is also an unphysical solution with α ≈ −10^7.

Use of eq. (24) for all t > 0 would imply that the charges Q_j on the two capacitors obey, recalling eq. (14),

Q_1(t ≥ 0) = Q_1(0) −

∫_t 0 I_1(t^′) dt^′ = Q_1(0) − A_1

∫_t 0 e^{−βt′} sin ω_0t^′ dt^′

= Q_1(0) −

A_1 ω_0 ω^2_0 + β^2 + A_1 ω_0 e^{−βt} ω^2_0 + β^2 ( cos ω_0t − β ω_0 sin ω_0t ) , (25)

Q_2(t ≥ 0) = Q_2(0) +

∫_t 0 I_1(t^′) dt^′ = A_2

∫_t 0 e^{−βt′} sin ω_0t^′ dt^′ = A_2 ω_0 ω^2_0 + β^2 − A_2 ω_0 e^{−βt} ω^2_0 + β^2 ( cos ω_0t − β ω_0 sin ω_0t ) , (26)

using Dwight 575.1 [43]. The final charges as t → ∞ are,

Q_1(∞) = Q_1(0) −

A_1 ω_0 ω^2_0 + β^2

≈ Q_1(0) −

A_1 ω_0

Q_2(∞) =

A_2 ω_0 ω^2_0 + β^2 ≈ A_2 ω_0

. (27)

As noted earlier, the design of the series “loss-free” resistor of [48] is such that its input and output terminals are connected by effective resistance R_1, which means that the final (steady-state) voltages on the two capacitors are the same. For two capacitors of the same capacitance, this implies that Q_1(∞) = Q_2(∞), and hence that,

A_2 = −A_1 +

Q_1(0) (ω^2_0 + β^2) ω_0

≈ −A_1 + Q_1(0) ω_0. (28)

Also, as noted earlier, the above analysis is valid only if I_2 − I_1 > 0, to be consistent with the presence of the diode in the circuit. However, in our model, I_2−I_1 = (A_2−A_1) e^{−βt} sin ω_0t, which is negative half of the time for any values of A_1 and A_2. Hence, the above analysis cannot be valid for all times, and it is perhaps a matter for experiment to determine what actually happens in the two-capacitor circuit with a series “loss-free” resistor.^{18}

B Appendix: A Two-Inductor Circuit (July 4, 2022)

This Appendix is based on an e-print by Ivo Barbi.

A circuit somewhat analogous (dual) to that of the two capacitors on p. 1 above, but with two inductors rather than two capacitors, is sketched below.

For time t < 0 the switch connects the battery to inductor L_1, such that the steady-state current through that inductor (for t < 0) is I_0 = V/R_1. Hence, magnetic energy U_0 = L_1I^2_0 /2 exists in the circuit at t = 0.

18In the approximation that the circuit is loss free, Q_1(∞) = Q_0/ √ 2 = Q_2(∞), so from eq. (27) we would have,

A_2 =

Q_0 ω_0( √ 2 − 1) √ 2 , A_2 =

Q_0 ω_0 √ 2 , (29)

and A_2 > A_1. Hence, the above analysis should be a good approximation to the actual performance for the first half cycle of the oscillations, i.e., for t < π/ω_0 ≈ 2 ms.

At time t = 0, the switch is moved so as to disconnect the battery from L_1, and send the current I_0 into the part of the circuit on the right of the figure. Eventually the currents I_1 and I_2 drop to zero, and all the initial magnetic energy U_0 is dissipated in the resistors of the circuit. However, if R_1 and R_2 are small compared to R, there exists an interesting intermediate state of the circuit in which the current I_1 −I_2 is negligible, and a nearly steady current I_1 ≈ I_2 flows through the two inductors, such that the magnetic energy of the system is still nonzero.

An analytic solution can be given if we neglect the small resistances R_1 and R_2. Then, the circuit equations are (for t > 0),

L_1İ_1 + R(I_1 − I_2) = 0, L_2İ_2 + R(I_2 − I_1) = 0, (30)

with initial conditions that I_1(0) = I_0 and I_2(0) = 0. Supposing the currents to have the forms I_1(t > 0) = I_0(A + B e^{−αt})/(A + B) and I_2(t > 0) = I_0A(1 − e^{−αt})/(A + B), the solutions are readily verified to be,

I_1(t > 0) = I_0

L_1 + L_2 e^{−R(L1 +L2)t/L1 L2} L_1 + L_2

, I_2(t > 0) =

I_0L_1 L_1 + L_2 ( 1 − e^{−R(L1 +L2)t/L1 L2} ) .(31)

At large times, the “final” currents are steady and equal, I_{1f} = I_{2f} = I_0L_1/(L_1 + L_2), and the “final” magnetic energy is (independent of R),^{19}

U_f =

L_1I^2_{1f} + L_2I^2_{2f} 2 = L^2_1I^2_0 2(L_1 + L_2) = L_1 L_1 + L_2

U_0. (32)

It is interesting to consider the magnetic fluxes in the inductors:

Φ_1(t > 0) = L_1I_1 =

L_1I_0 ( L_1 + L_2 e^{−R(L1+L2)t/L1 L2} ) L_1 + L_2

, (33)

Φ_2(t > 0) = L_2I_2 =

L_1L_2I_0 ( 1 − e^{−R(L1+L2)t/L1 L2} ) L_1 + L_2

, (34)

Φ(t > 0) = Φ_1(t > 0) + Φ_2(t > 0) = L_1I_0 = Φ_0. (35)

The total magnetic flux through the two inductors is the same as the initial magnetic flux Φ_0 = L_1I_0 at any time t > 0. The fluxes Φ_1 and Φ_2 are not equal except for large times and when L_1 = L_2.

Of course, this situation is not strictly true, and the “final” currents I_{1f} and I_{2f} and energy U_f do not last forever, as the small resistances R_1 and R_2 were neglected in the

19For equal inductances, L_1 = L_2, the “final” stored energy is U_f = U_0/2, which parallels the result for the two-capacitor circuit with equal capacitors.

preceding analysis. As mentioned previously, the “final” currents and eneregy are eventually dissipated in those resistors.^{20}

References

[1] C. Zucker, Condenser Problem, Am. J. Phys. 23, 469 (1955),

http://kirkmcd.princeton.edu/examples/EM/zucker_ajp_23_469_55.pdf

[2] R.C. Levine, Apparent Nonconservation of Energy in the Discharge of an Ideal Capacitor, IEEE Trans. Ed. 10, 197 (1967),

http://kirkmcd.princeton.edu/examples/EM/levine_ieeete_10_197_67.pdf

[3] C. Cuvaj, On conservation of Energy in Electrical Circuits, Am. J. Phys. 36, 909 (1968),

http://kirkmcd.princeton.edu/examples/EM/cuvaj_ajp_36_909_68.pdf

[4] C. Goldberg, The Concept of “Zero Resistance”, IEEE Trans. Ed. 11, 159 (1968),

http://kirkmcd.princeton.edu/examples/EM/goldberg_ieeete_11_159_68.pdf

[5] W.B. Berry, Conservation of Energy in the Ideal Capacitor Discharge, IEEE Trans. Ed.

11, 216 (1968), http://kirkmcd.princeton.edu/examples/EM/berry_ieeete_11_216_68.pdf

[6] R.E. Machol, Comments on “Apparent Nonconservation of Energy in the Discharge of an Ideal Capacitor”, IEEE Trans. Ed. 11, 217 (1968),

http://kirkmcd.princeton.edu/examples/EM/machol_ieeete_11_217_68.pdf

[7] E.M. Williams, Conservation of Energy in the Discharge of an Ideal Capacitor Structure, IEEE Trans. Ed. 13, 91 (1970),

http://kirkmcd.princeton.edu/examples/EM/williams_ieeete_13_91_70.pdf

[8] Epsilon, Did You Know? Wireless World 84 (12), 67 (1978),

http://kirkmcd.princeton.edu/examples/EM/epsilon_ww_84(12)_67_78.pdf

[9] R.A. Powell, Two-capacitor problem: A more realistic view, Am. J. Phys. 47, 460 (1979), http://kirkmcd.princeton.edu/examples/EM/powell_ajp_47_460_79.pdf

[10] M. Kahn, Capacitors and energy losses, Phys. Ed. 23, 36 (1988),

http://kirkmcd.princeton.edu/examples/EM/kahn_pe_23_36_88.pdf

[11] C.J. Macdonald, Conservation and capacitance, Phys. Ed. 23, 202 (1988),

http://kirkmcd.princeton.edu/examples/EM/macdonald_pe_23_202_88.pdf

[12] C. Parton, Conservation and capacitance, Phys. Ed. 24, 67 (1989),

http://kirkmcd.princeton.edu/examples/EM/parton_pe_24_67_89.pdf

[13] G.S.M. Moore, Conservation and capacitance, Phys. Ed. 24, 256 (1989),

http://kirkmcd.princeton.edu/examples/EM/moore_pe_24_256_89.pdf

20The time scale for this dissipation is very long, being roughly R/R_{1,2} times that, L_1L_2/R(L_1 + L_2), for the currents to reach the “final” values found above.

[14] R.P. Mayer, J.R. Jeffries and G.F. Paulik, The Two-Capacitor Problem Reconsidered, IEEE Trans. Ed. 36, 307 (1993),

http://kirkmcd.princeton.edu/examples/EM/mayer_ieeete_36_307_93.pdf

[15] W.C. Athis et al., Low-Power Digital Systems Based on Adiabatic Switching Principles, IEEE Trans. Very Large Scale Int. Sys. 2, 398 (1994),

http://kirkmcd.princeton.edu/examples/EM/athas_ieeetvlsis_2_398_94.pdf

[16] R.J. Sciamanda, Mandated energy dissipation—e pluribus unum, Am. J. Phys. 64, 1291 (1996), http://kirkmcd.princeton.edu/examples/EM/sciamanda_ajp_64_1291_96.pdf

[17] W.J. O’Connor, The famous ‘lost’ energy when two capacitors are joined: a new law?

Phys. Ed. 32, 88 (1997), http://kirkmcd.princeton.edu/examples/EM/oconnor_pe_32_88_97.pdf

[18] R. Bridges, Joining capacitors, Phys. Ed. 32, 217 (1997),

http://kirkmcd.princeton.edu/examples/EM/bridges_pe_32_217_97.pdf

[19] C. Parton, Energy exchange, Phys. Ed. 32, 380 (1997),

http://kirkmcd.princeton.edu/examples/EM/parton_pe_32_380_97.pdf

[20] Z. Yongzhao and Z. Shuyan, Calculating the ‘lost energy’, Phys. Ed. 33, 278 (1998),

http://kirkmcd.princeton.edu/examples/EM/youngzhao_pe_33_278_98.pdf

[21] S. Mould, The energy lost between two capacitors: an analogy, Phys. Ed. 33, 323 (1998), http://kirkmcd.princeton.edu/examples/EM/mould_pe_33_323_98.pdf

[22] K. Mita and M. Boufaida, Ideal capacitor circuits and energy conservation, Am. J. Phys.

67, 737 (1999), http://kirkmcd.princeton.edu/examples/EM/mita_ajp_67_737_99.pdf

[23] S.M. Al-Jaber and S.K. Salih, Energy consideration in the two-capacitor problem, Eur.

J. Phys. 21, 341 (2000), http://kirkmcd.princeton.edu/examples/EM/aljaber_ejp_21_341_00.pdf

[24] T.B. Boykin, D. Hite and N. Singh, The two-capacitor problem with radiation, Am. J.

Phys. 70, 415 (2002), http://kirkmcd.princeton.edu/examples/EM/boykin_ajp_70_415_02.pdf

[25] A.M. Sommariva, Solving the two capacitor paradox through a new asymptotic approach, IEE Proc. Circ. Dev. Syst. 150, 227 (2003),

http://kirkmcd.princeton.edu/examples/EM/sommariva_ieecds_150_227_03.pdf

[26] T.C. Choy, Capacitors can radiate: Further results for the two-capacitor problem, Am.

J. Phys. 72, 662 (2004), http://kirkmcd.princeton.edu/examples/EM/choy_ajp_72_662_04.pdf

[27] R. Newburgh, Two theorems on dissipative energy losses in capacitor systems, Phys.

Ed. 40, 370 (2005), http://kirkmcd.princeton.edu/examples/EM/newburgh_pe_40_370_05.pdf

[28] A.M. Abu-Labdeh and S.M. Al-Jaber, Energy consideration from non-equilibrium to equilibrium state in the process of charging a capacitor, J. Electrostatics 66, 190 (2008),

http://kirkmcd.princeton.edu/examples/EM/aljaber_je_66_190_08.pdf

[29] K. Lee, The two-capacitor problem revisited: a mechanical harmonic oscillator model approach, Eur. J. Phys. 30, 60 (2009),

http://kirkmcd.princeton.edu/examples/EM/lee_ejp_30_69_09.pdf

[30] A.P. James, The mystery of lost energy in ideal capacitors (Oct. 28, 2009),

https://arxiv.org/abs/0910.5279

[31] V. Panković, Definite solution of the two capacitor paradox (and two water bucket paradox) (Dec. 3, 2009), https://arxiv.org/abs/0912.0650

[32] A. Bonanno, M, Camarca and P. Sapia, Reaching equilibrium: the role of dissipation in analogous systems, within a thermodynamic-like perspective, Eur. J. Phys. 33, 1851 (2012), http://kirkmcd.princeton.edu/examples/EM/bonanno_ejp_33_1851_12.pdf

[33] V. Lara, D.F. Amaral and K. Dechoum, O problema dos dois capacitores revisitado (The problem of two capacitors revisited), Rev. Bras. Ens. Fis. 35, 2307 (2013),

http://kirkmcd.princeton.edu/examples/EM/lara_rbef_35_2307_13.pdf

[34] A.K. Singal, The Paradox of Two Charged Capacitors — A New Perspective (Aug. 21, 2013), https://arxiv.org/abs/1309.5034; also in Phys. Ed. (India) 31 (4), 2 (2015).

[35] D. Funaro, Charging Capacitors According to Maxwell’s Equations: Impossible, Ann.

Fond. Louis de Broglie 39, 75 (2014),

http://kirkmcd.princeton.edu/examples/EM/funaro_aflb_39_75_14.pdf

[36] G.A. Urzúa et al., Radiative effects and the missing energy paradox in the ideal two capacitors problem, J. Phys. A Conf. Ser. 720, 012054 (2016),

http://kirkmcd.princeton.edu/examples/EM/urzua_jpacs_720_012054_16.pdf

[37] D. Wang, The most energy efficient way to charge the capacitor in a RC circuit, Phys.

Ed. 52, 065019 (2017), http://kirkmcd.princeton.edu/examples/EM/wang_pe_52_065019_17.pdf

[38] H. Kim and Y. Ji, An Interpretation of the Two-Capacitor Paradox Based on the Field Point of View, New Phys. Sae Mulli 67, 1450 (2017),

http://kirkmcd.princeton.edu/examples/EM/kim_npsm_67_1450_17.pdf

[39] J. Hoekstra, A Solution of the Two-Capacitor Problem Through Its Similarity to Single- Electron Electronics, IEEE Open J. Circ. Syst. 1, 13 (2020).

http://kirkmcd.princeton.edu/examples/EM/hoekstra_ieeeojcs_1_13_20.pdf

[40] K.T. McDonald, Lewin’s Circuit paradox (May 7, 2010),

http://kirkmcd.princeton.edu/examples/lewin.pdf

[41] J.H. Poynting, On the Transfer of Energy in the Electromagnetic Field, Phil. Trans.

Roy. Soc. London 175, 343 (1884),

http://kirkmcd.princeton.edu/examples/EM/poynting_ptrsl_175_343_84.pdf

[42] K.T. McDonald, The Fields Outside a Long Solenoid with a Time-Dependent Current (Dec. 6, 1996), http://kirkmcd.princeton.edu/examples/solenoid.pdf

[43] H.B. Dwight, Tables of Integrals and Other Mathematical Data, 4^{th} ed. (Macmillan, 1961), http://kirkmcd.princeton.edu/examples/EM/dwight_57.pdf

[44] J. Larmor, On the Theory of the Magnetic Influence on Spectra; and on the Radiation from moving Ions, Phil. Mag. 44, 503 (1897),

http://kirkmcd.princeton.edu/examples/EM/larmor_pm_44_503_97.pdf

[45] L.F. Woodruff, Principles of Electric Power Transmission and Distribution, (Wiley, 1925), http://kirkmcd.princeton.edu/examples/EM/woodruff_25.pdf

[46] S. Singer, Realization of Loss-Free Resistive Elements, IEEE Trans. Circ. Sys. 37, 54 (1990), http://kirkmcd.princeton.edu/examples/EM/singer_ieeetcs_37_54_90.pdf

[47] S. Singer, S. Ozeri and D. Shmilovitz, A Pure Realization of Loss-Free Resistor, IEEE Trans. Circ. Sys. 51, 1639 (2004),

http://kirkmcd.princeton.edu/examples/EM/singer_ieeetcs_51_1639_04.pdf

[48] I. Barbi, Series Loss-Free Resistor: Analysis, Realization, and Applications, IEEE Trans.

Power Elec. 36, 12857 (2021),

http://kirkmcd.princeton.edu/examples/EM/barbi_ieeetpe_36_12857_21.pdf