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1 Problem

It is well known that a charged particle cannot be held a rest by purely electrostatic fields
(Earnshaw’s theorem [1, 2]). Give a simple classical explanation of how a neutral atom of
polarizability α can be “trapped” at the focus of a laser beam.

a) First, ignore magnetic interactions, and deduce that there is a (time-averaged) trapping
force dependent on the electric field of the laser.

b) Atoms have some probability of absorbing photons from the laser beam, thereby being
kicked along the direction of the beam. This processes can be modeled classically by
supposing that the polarizability of the atom has an imaginary part: α = α′ + iα′′.
Deduce the (time-averaged) force on an atom along the direction of propagation of a
linearly polarized plane electromagnetic wave in terms of α′′, the imaginary (absorptive)
part of the polarizability.

c) For an idealized atom with a single natural frequency ω0, deduce the ratio α′/α′′ at
the frequency ω for which the real part, α′, of the polarizability is a maximum. For
this, you may use a classical model of an atom as an electron on a spring of frequency
ω0, subject to a damping force −γmẋ, where γ � ω0 is the reciprocal of the lifetime
of the ‘excited state’.

d) In practice, the trapping force a) must be larger than the longitudinal force b). This
requires the laser beam to be tightly focused. Deduce the f# of the lens needed for
trapping under the conditions of part c).

2 Solution

This concept was proposed by Ashkin in 1977 [3],1 and first realized by Ashkin et al. in 1985
[5]. Aspects of this problem have been discussed in the Journal from a semiclassical view
[6]. Here, a completely classical approach displays the essential results quickly.

Undergraduate laboratory experiments with laser tweezers have been described in [7].

a) The important hint is that the atom is polarizable, so it takes on an induced dipole
moment p = αE where E is the electric field strength, and α is the atomic polariz-
ability. We suppose this simple relation holds for a wave field as well as for a static
field.

1It was anticipated to some extent in [4].
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We now want the force F on the dipole. This is obtained from the form (p ·∇)E which
holds even when ∇× E �= 0,

F = (p · ∇)E = α(E · ∇)E =
α

2
∇E2. (1)

So the polarizable atom can be “trapped” at a point where E2 takes on a local maxi-
mum, since the force (1) is restoring for departures in any direction from that point.

There is no such place in a charge-free region of an electrostatic field, as demonstrated
in Appendix A. Thus, Earnshaw’s theorem can be extended to include the case of a
polarizable atom.

However, E2 can have a local maximum in a nonelectrostatic field, such as at the focus
of a laser beam.

For oscillatory fields, it is appropriate to restrict the discussion to the time-averaged
behavior of the atom. The time-average of the trapping force (1) is written as,

〈F〉trapping =
α

2
∇ 〈

E2
〉
. (2)

b) The induced, oscillating dipole is equivalent to an oscillating charge with velocity along
the direction of E. Then the v × B force is in the direction of E × B, i.e., along the
direction of propagation of the wave. This is consistent with the force being due to
absorption of photons from the wave.

Since it is stated that the polarizability has an imaginary part, we describe the plane
wave using complex notation. The wave is polarized in, say, the x direction: E(x, t) =
E0x̂ei(kz−ωt). It suffices to consider the dipole as being at the origin, where,

E = E0x̂e−iωt, B = E0ŷe−iωt, and p = αE0x̂e−iωt = ex(t). (3)

The oscillating dipole is equivalent to a charge e at distance x(t) from the nucleus. The
velocity of the charge is, of course, ẋ. Then, the Lorentz force on the moving charge is
(in Gaussian units),

F = e
ẋ

c
× B =

ṗ

c
× B (4)

More precisely, since we are using complex notation, the time-average detrapping force
is,

〈F〉detrapping =
1

2
Re

(
ṗ

c
×B�

)
=

1

2
Re

(
−i

ω

c
αE2

0

)
ẑ =

k

2
α′′E2

0 ẑ, (5)

where k = 2π/λ is the wave number.

c) To model the polarizability, it suffices to consider the response of the model atom to
the electric field. The equation of motion is then,

ẍ + γẋ + ω2
0x =

eE0

m
e−iωt. (6)
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The trial solution x = x0e
−iωt leads to,

x0 =

(
eE0

m

)
ω2

0 − ω2 + iγω

(ω2
0 − ω2)2 + γ2ω2

. (7)

Since the magnitude of the dipole moment is p0 = ex0 = αE0, the polarizability
α = α′ + iα′′ is,

α′ =

(
e2

m

)
ω2

0 − ω2

(ω2
0 − ω2)2 + γ2ω2

, α′′ =

(
e2

m

)
γω

(ω2
0 − ω2)2 + γ2ω2

. (8)

Since α′′ > 0, the force (5) is in the +z direction, as expected for photon absorption
from a wave that moves in the +z direction.

To find the frequency at which α′ is maximum, we take the derivative,

0 =
−2ω

(ω2
0 − ω2)2 + γ2ω2

− (ω2
0 − ω2)[−4ω(ω2

0 − ω2) + 2ωγ2]

[(ω2
0 − ω2)2 + γ2ω2]2

. (9)

Thus, γω0 = ω2
0 − ω2 at the maximum, and α′ is maximal for ω slightly less than ω0,

ωmax ≈ ω0 − γ/2. (10)

Approximating γωmax by γω0 since γ � ω0, we have,

α′(ωmax) =
e2

m

1

2γω0
= α′′(ωmax). (11)

The desired ratio is α′/α′′ = 1.

d) Comparing the results of a) and b) for the trapping and detrapping forces, for trapping
to occur we must have,

α′

2

∂ 〈E2〉
∂z

>
π

λ
α′′E2

0 =
2π

λ
α′′ 〈E2

〉
. (12)

From optics [8], we know that the characteristic length for changes in the electric field
along the axis near the focus is the Rayleigh range,

z0 ≈ πf2
#λ, (13)

where the f# is the usual f/D ratio of the focusing lens. That is, we can approximate,

∂ 〈E2〉
∂z

≈ 〈E2〉
z0

≈ 〈E2〉
πf2

#λ
. (14)

The maximum trapping force occurs about one Rayleigh range away from the focus.
Using (14) in (12), we find the requirement,

f# <
1

2π

√
α′

α′′ . (15)
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From part c), if we run the trap at the frequency ω = ω0 − γ/2 where the trapping
term is maximal, the detrapping term is large: α′′ = α′. In this case, we need,

f# <
1

2π
= 0.16, (16)

which is a very strong focus! For ω < ω0 − γ/2, the ratio α′/α′′ grows rapidly, and a
softer focus can be used. But the trapping is not so strong, so other detrapping effects
become important.

A Appendix: Maxima of E2

We show that an electrostatic field E (or magnetostatic field B) cannot have a local maximum
of E2 = |E|2 at a charge-free point.

The demonstration makes use of the mean-value theorem [9], that the average value of
the electrostatic field in a charge-free sphere is equal to the value of the field at the center
of the sphere.

If E2 has a local maximum at some point P in a charge-free region, then there is a
nonzero r such that E2 < E2(P ) for all points (other than P ) within a sphere of radius r
about P . Consequently, E < E(P ) in that sphere.

Let ẑ point along E(P ). Then, the mean-value theorem can be written as,

∫
Ez dVol =

4πr3

3
E(P ), (17)

for the sphere about P . In general, Ez ≤ E, and by assumption E < E(P ) for all points
other than P within the sphere, so,

∫
Ez dVol ≤

∫
E dVol <

∫
E(P ) dVol =

4πr3

3
E(P ), (18)

which contradicts eq. (17). Hence, E2 cannot be locally maximal at P .
However, E2 can take on a local minimum. This has been shown by explicit examples

in Ref. [10], which also provides an alternative demonstration that E2 cannot have a local
maximum. A brief discussion of this issue in Ref. [11] shows that ∇2E2 ≥ 0, which does
not exclude the possibility that at a maximum both the first and second derivatives of E2

vanish. However, as noted in refs. [11] and [12], the condition that ∇2E2 ≥ 0 is sufficient to
exclude the possibility of trapping.

B Appendix: The Ponderomotive Force and the
Abraham Force (Nov. 2017)

We model the electric dipole p as consisting of a pair of electric charges ±q at positions
x ± d/2, where p = qd, and x is the position of the electric center of the dipole. Then, the
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force on the dipole due to external fields E and B is the sum of the Lorentz forces on the
charges ±q,

F = q[E(x + d/2) − E(x− d/2)] + q[ẋ + ḋ/2] × B(x + d/2) − q[ẋ− ḋ/2] × B(x− d/2)

→ (p · ∇)E +
dp

dt
× B + v × (p · ∇)B, (19)

in the limit of small d, where v = ẋ is the velocity of the center of the dipole. For a dipole
at rest in only a static electric field, we recover the familiar form F = (p · ∇)E.

In the rest of this Appendix we ignore the velocity v of the dipole, in which case ∂/∂t =
d/dt for derivatives at the position of the dipole.

When p = αE, eq. (19) becomes,

F = α(E · ∇)E + α
dE

dt
× B =

α

2
∇E2 + α

d

dt
(E × B) =

α

2
∇E2 +

d

dt
(p× B), (20)

noting that ∇E2 = ∇(E · E) = 2(E · ∇)E + 2E × (∇ × E) = 2(E · ∇)E − 2E × dB/dt.
The term α∇E2/2 is called the ponderomotive force, and can lead to “trapping” at a

minium of E2, as at the focus of a laser beam. The term (d/dt)(p×B) is called the Abraham
force.

B.1 Time-Harmonic Fields

If the external fields have the form E0 e−iωt and B0 e−iωt, then the time-average force is,

〈F〉 =
Re(α)

4
∇ |E0|2 +

1

2

d

dt
Re(αE0 × B�

0) =
Re(α)

4
∇ |E0|2 . (21)

That is, the time-average Abraham force vanishes in the case of time-harmonic electromag-
netic fields.

However, this formal result is not consistent with the fact that if the dipole absorbs
energy and momentum from the external fields, there is a force on the dipole. And, this
force is nonzero for plane waves where ∇ |E0|2 = 0.

For a plane wave (in vacuum), such as E(x, t) = E0 ei(kz−ωt) x̂, B(x, t) = E0 ei(kz−ωt) ŷ
with wavelength λ = 2π/k) large compared to the size of the electric dipole, it suffices to
consider the dipole as being at the origin, where,

E = E0 e−iωt x̂, B =
E0

c
e−iωt ŷ, and p = αE0 e−iωt x̂ = ex(t), (22)

where we now suppose the oscillating dipole is equivalent to a charge e at distance x(t) from
the nucleus (at the origin). The velocity of the moving charge is, of course, ẋ = ṗ/e.

The wave field does work on the dipole at time-average rate,

〈
dU

dt

〉
=

1

2
Re(eE · ẋ�) =

1

2
Re(E · ṗ�) =

1

2
Re(E · (iωα�)E�) =

ωE2
0

2
Im(α). (23)
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Since the momentum density in the wave equals its energy density times ẑ/c, we infer that
the momentum absorbed by the dipole, and the force on it, is given by,

〈Fabsorb〉 =

〈
dU

dt

〉
ẑ

c
=

ωE2
0

2c
Im(α) ẑ =

kE2
0

2
Im(α) ẑ. (24)

That is, we should expect the force on the dipole to include the force of eq. (24), which
was somehow missed in the derivation of eq. (21).

On the other hand, if we return to the derivation of eq. (19), note that the v × B force
on the moving charge is,

Fv×B = eẋ× B = ṗ× B, (25)

whose time average is,

〈Fv×B〉 =
1

2
Re (ṗ ×B�) =

1

2
Re

(
−iωα

E2
0

c

)
ẑ =

kE2
0

2
Im(α) ẑ = 〈Fabsorb〉 (26)

Thus, it appears that in the transformation of eq. (19) to eq. (20) via the vector-calculus
identity, (E · ∇)E = E × dB/dt + ∇E2/2, a more physical result is obtained if we simply
replace (E · ∇)E by ∇E2/2, at least in the case of time-harmonic fields.2

An issue with the approach that led to eq. (19) is the use of the “external” electromagnetic
fields, when in fact the interaction of these fields with the dipole modifies them, and makes
the time-average derivative 〈(d/dt)(E × B)〉 nonzero. A practical question is how to use
only the “external” fields, yet arrive at a result that accommodates their interaction with
the dipole. Equations (19)-(21) do not do this well, while it appears (to this author) that
the form,

F =
α

2
∇E2 + ṗ× B. (27)

is a better approximation.

B.2 Has the Abraham Force Been Observed in Experiment?

In a broad sense, the Abraham force is any force on nonconducting matter other than
the ponderomotive force ∇(αE2/2), which latter vanishes for uniform electric fields. It is
therefore related to a “radiation pressure.”

B.2.1 Radiation Pressure

Apparently, Kepler considered the pointing of comets’ tails away from the Sun as evidence
for radiation pressure of light [13].3 After his unification of electricity, magnetism and light
[15], Maxwell argued (sec. 792 of [16]) that the radiation pressure P of light is equal to its
energy density u,

P = u =
D2

4π
=

H2

4π
(28)

2The latter substitution was used, perhaps näıvely, in sec. 2b) above.
3Several inconclusive attempts to confirm Kepler’s conjecture are reviewed in [14].
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for an electromagnetic wave with fields D and H in vacuum. The first convincing experi-
mental evidence for the radiation pressure of light was given by Lebedev in 1901 [17], and
confirmed by Nichols and Hull [18].4

B.2.2 The Abraham Force

Observation of the Abraham force has been reported in an experiment in which an electro-
magnetic field oscillated at 0.3 Hz in the presence of a static magnetic field [22, 23, 24, 25].

A recent report [26] claims to have observed an Abraham force of a laser beam on a
liquid-core optical fiber, although this effect seems to this author to be more of a radiation
pressure.
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