A Falling, Folded String

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (November 28, 2017; updated February 7, 2020)

1 Problem

Discuss the motion of a folded (inextensible) string (or cable or chain), one end of which is fixed, after the other end is released from rest.^1

2 Solution

2.1 Free Fall

We might suppose that there is no tension in the “free” portion of the string, which portion simply accelerates downward at rate g.^2

For a configuration as sketched below, if the string has length l and is initially folded such that z = 0 at time t = 0 when one end is released, then subsequently z̈ = g until after time t = √ 2l/g the string is entirely vertical, and again at rest.

This problem may have first appeared as Ex. II, p. 302 of [12] by Love (1897), where the above solution was advocated. Love also argued that the tension at the lowest point^3 of the

1This classic problem was brought to the author’s attention by Johann Otto. 2This view seems to be advocated by Routh (1896) in Ex. 4, p. 82 of [14].

Examples of falling chains were often considered at Cambridge U. [12, 13, 14, 15, 17, 19, 20], as recounted in a footnote on p. 80 of [14]: Problems on infinitesimal impulses were solved in the lecture room of the late Mr Hopkins as long ago as 1850. A problem of this kind was set in the Smith’s Prize examination in 1853 by Prof Challis, and a solution given in Tait and Steele’s Dynamics. For the latter, see pp. 250-251 of [6].

The earliest example of a variable-mass string problem may be due to Buquoy (1815) [4, 69, 97], to which the only published reference in the 19^{th} century was by Poisson (1819) [5]. Also of note in the 19^{th} century are papers by Cayley [7, 10], and those related to the laying of the transAtlantic cable [8, 9]. The latter activity includes the interesting phenomena of vertical “arching” as a slack string is pulled from a nominally horizontal configuration at rest [80, 89], which has led to the fascinating “chain fountain” [84, 85, 86, 90, 92, 93, 94, 96, 100, 102, 103].

Variable-mass problems involving water jets were first considered by Torricelli (1644) [1] and first analyzed by Bernoulli (1738) [2, 101], and variable-mass rocket problems were perhaps first discussed by Moore (1813) [3]. A paper by de Mondesir (1887) [11] on variable-mass systems involving chains led to some debate, later discussed in [16].

3Called the bight in Ex. 5, p. 149 of [19].

portion of the string at rest is T = μg^2t^2 = 2W z/l, where μ is the mass per unit length and W = μlg is the weight of the string, whose free end is at z = gt^2/2: An element, of mass μ gt dt, passes from motion with velocity gt to rest in an interval dt, so that the momentum destroyed by the impulse T dt is μg^2t^2 dt. Hence T = μg^2t^2.

However, when the upper end of the string falls by dz = vdt = gt dt, only half of this length comes to rest,^4 Hence, the tension according to this analysis is actually T = μg^2t^2/2 = W z/l. This result was quoted in Ex. 5, p. 149 of [19] by Lamb (1914).^5

Lamb [19] ended his discussion with the challenge: Examine the loss of mechanical energy. As the string falls its potential energy decreases by W l/4, and the final kinetic energy is zero, although the kinetic energy of the string is nonzero while it is in motion. There must be some conversion of potential energy into “nonmechanical” energy as the string falls.^6 This conversion could be continual, or could occur only at the moment when the tip of the falling string comes to rest after briefly attaining very high velocity. In the latter scenario the falling string is like the cracking of a whip.^7 Another possibility is that kinetic plus potential energy is conserved as the string falls, and the analysis presented above is incorrect.^8 The most general possibility is that the motion is neither simply free fall, nor is mechanical energy conserved.

2.2 Mechanical Energy is Conserved

An early advocate of conservation of mechanical energy in motion where strings/chains/whips change their shape was Kucharski (1941) [21].^9 The first application of energy conservation to the present problem may have been by Hamel (1948), Ex. 100, pp. 643-645 of [27],^{10} The first use energy conservation in a paper in English on a falling, folded string may be that of [34] (1955).

The kinetic and potential energies are, taking the potential energy V , and the total energy E = T + V , to be zero at time t = 0 when one end of the string is released from rest at

4The length L of the portion of the string at rest is related by L = (l + z)/2, so dL = dz/2. 5In prob. 8.30, p. 241 of [42] where the tension at the point of support of the string was stated to be (W/2)(1 + 3z/l), which is the sum of the tension T = 2(W/2)(z/l) at the bight plus the weight μg(l + z)/2 = (W/2)(1 + z/l) of the portion of the string at rest. See also sec. II of [47].

6On p. 260 of [12], Love stated: It is important to observe that discontinuous motions such as are considered here in general involve dissipation of energy.

7The case of a string/tape wrapped around a massless spool which rolls down an incline, unwinding the string, was discussed in [22] (1941). It seems reasonable that energy is conserved during the rolling, but this implies that the remaining string on the spool attains very high kinetic energy, which is dissipated with a loud crack as the end of the tape comes to rest on the incline [24]. Regarding whips, see, for example, [35, 40, 43, 53, 62, 63].

8The closely related problems of a string/chain sliding off a frictionless table, and a string falling off the table from a heap at its edge (Cayley’s problem [7]), were contrasted by Sommerfeld (1943) in examples I.7 and I.8 of [23], where energy might be conserved in the first problem, but is not in the second. See also the Appendix below.

9One can consider the Lagrangian L(z) = T (z) − V (z) for the entire string, which does not depend explicitly on time, with the implication that energy is conserved. The resulting equation of motion for coordinate z is the same as eq. (2).

However, energy is only approximately conserved, so the Lagrangian method leads only to an approximate analysis, rather than an “exact” one.

10Hamel’s argument also appeared in a few other German texts, as reported in [51].

z = 0, T = μ(l − z)ż^2 4 , V = − μgz(2l − z) 4 , (l − z)ż^2 = gz(2l − z). (1)

This leads to,

z̈ = g + ż^2 2(l − z) = g ( 1 + z(2l − z) (l − z)^2 ) > g, (2)

and, t = ∫_t 0 dt =

∫_z 0 dz ż = ∫_z 0 dz √ l − z gz(2l − z) = √ l g ∫_{z/l} 0 dx √ 1 − x x(2 − x) = √ l g ∫_{sin}−1 √_{z/l} 0 dθ cos^2 θ √ 1 + cos^2 θ

, (3)

with the changes of variable x = z/l = sin^2 θ. This is an elliptic integral, and in particular the entire fall time (z = l, θ = π/2), turns out to be 0.85 √ 2l/g [47], somewhat less than the time √ 2l/g for free fall as in sec. 2.1 above.

For the string to accelerate downwards at a rate greater than g there must be a tension T_{bot} at the bottom of the string, where elements of the string are continually coming to rest, so one might have thought the string would under compression, rather than tension, there. This possibly surprising phenomenon is a general feature of the dynamics of strings, as reviewed in [77]. Here, we can use the equation of motion for the moving portion of the string to deduce T_{bot}, μ l − z 2 z̈ = T_{bot} + μ l − z 2 g, T_{bot} = μż^2 4 = μgz(2l − z) 4(l − z)

. (4)

A quantity more accessible to experiment is the tension,

T_{top} = T_{bot} + μg(l + z) 2 = μg(2l^2 + 2lz − 3z^2) 4(l − z) = W 2 1 + z/l − 3z^2/2l^2

1 − z/l

, (5)

which starts from μgl/2 = W/2 and then diverges as the string falls.

Experiments on falling, folded strings have been reported in [34, 47, 54, 70, 75, 79, 96]. The figure on the next page (from [47]) shows the observed tension T_{top} to be in excellent agreement with the above analysis, although of course the tension is never actually infinite.

Significant nonconservation of energy just before the tip of the string comes to rest prevents the velocity, acceleration and tension from becoming infinite, but conservation of energy appears to hold rather well during most of the motion of the falling, folded string.

Other discussions of this example are in [56, 60, 64, 65, 71, 72, 76, 88, 95, 99, 103]. General comments on variable-mass problems are also given in [23, 32, 33, 36, 38, 39, 42, 49, 58, 61, 66, 67, 82].

A Appendix: Cayley’s Problem

In 1857, Cayley [7] considered the example where: a portion of a heavy chain hangs over the edge of a table, the remainder of the chain being coiled or heaped up close to the edge of the table. A closely related example concerns the case where the portion of the chain on the (frictionless) table lies in a straight line perpendicular to its edge.

Here we review solutions based on the (naïve) assumption that the chain falls purely vertically, making a sharp bend by 90^∘ at the edge of the table.

A.1 Chain “Heaped Up Close to the Edge of the Table”

When the end of the chain is distance z below the plane of the tabletop, the momentum of the (vertical portion of) the chain is p_z = m(z/l)ż, subject to the force of gravity, F_z = m(z/l)g. Hence, ignoring any force between the chain on the table and that below, the equation of motion can be written as, l m dp_z dt = d(zż) dt = l m F_z = zg, zż d(zż) dt = z^2żg,

(zż)^2 2 = (z^3 − z^3_0 )g 3 , (6)

where z_0 is the length of the chain hanging over the edge at t = 0, when the system is at rest.

For the case that z_0 is very small, the equation of motion is approximately,

ż^2 = 2gz 3 , dz √ z ≈ √ 2g 3 dt, 2 √ z ≈ √ 2g 3 t, z ≈ gt^2 6 , z̈ ≈ g 3 . (7)

The kinetic energy of the chain is T = m(z/l)ż^2/2, and its gravitational potential energy is V = −m(z/l)gz/2. If mechanical energy were conserved, we would have zż^2 −gz^2 = −gz^2_0 , and for small z_0, ż^2 = gz, i.e., z̈ = g/2.^{11}

11Likewise, if one invoked Lagrange’s method for L = T − V , one would find the equation of motion for small z_0 to be z̈ = g/2.

Instead, we have, E = mz l ( ż^2 2 − gz 2 ) = − mzż^2 4l = − 3mż^4 8gl , Ė = − mż^3 2l = − 1 2 ( m l dz dt ) ż^2 = − 1 2 dm_v dt ż^2, (8)

where m_v = mz/l, such that dm_v/dt is the rate at which mass changes from being at rest on the table to falling with velocity ż. The corresponding abrupt increase in kinetic energy at the edge of the table comes at the expense of the mechanical energy of the rest of the falling chain.^{12}

See also [23, 32, 64, 81].

A.2 Chain in a Straight Line on the Table

In this case the entire chain has velocity ż and acceleration z̈ (although in different directions for the horizontal and vertical portions of the chain). Again assuming that the portion of the chain off the table is purely vertical, the equation of motion is,^{13}

mz̈ = mz l g, z = √ g l ( A e^t

√_{g/l} + B e^{−t}

√_{g/l})

= z_0 cosh ( t √ g/l ) , (9)

where length z_0 hangs off the table at time t = 0, when the system is at rest.

There are no abrupt movements of elements of the chain, so mechanical energy can be conserved, E = mż^2 2 − mz l gz 2 = mgz^2_0 2l [ sinh^2 ( t √ g/l ) − cosh^2 ( t √ g/l )] = − mgz^2_0 2l . (10)

However, in neither case does the chain fall purely vertically in practice. The photos below, from [87], are for an experiment where the portion of the chain on the “table” lies in a straight line.

This phenomenon was implicit in the discussion by den Hartog (1948), p. 192 of [26], where a guide was specified to force the chain for fall purely vertically, as shown in his Fig. 164 below.^{14}

12Other perspectives on this behavior are given in [37, 59].

13Here, conservation of mechanical energy is a good approximation, and leads to eq. (9). Likewise, a Lagrangian analysis leads to this equation of motion.

14However, den Hartog incorrectly evaluated the force on this guide, as remarked in footnote 14 of [41]. The need for a guide to keep the chain vertical was also mentioned in Ex. 12, p. 171 of [32] (1953).

For other discussions which assume that the chain falls vertically, see [18, 23, 38, 65, 96], while discussions of horizontal motion of the chain when off the table include [41, 45, 50]. A video showing the complex motion of the end of a moving chain as it unwraps from various objects is at [83].

References

[1] E. Torricelli, Opera Geometrica (Florence, 1644),

http://kirkmcd.princeton.edu/examples/mechanics/torricelli_opera_44.pdf
http://kirkmcd.princeton.edu/examples/mechanics/torricelli_opera_p191.pdf

[2] D. Bernoulli, Hydrodynamica (Strassburg, Austria, 1738),

http://kirkmcd.princeton.edu/examples/fluids/bernoulli_hydrodynamica_38.pdf

Hydrodynamics by Daniel Bernoulli and Hydraulics by Johann Bernoulli, trans. by T. Carmody and H. Kobus (Dover, 1968),

http://kirkmcd.princeton.edu/examples/fluids/bernoulli_ch3_13.pdf

[3] W. Moore, A Treatise on the Motion of Rockets, to which is added An Essay on Naval Gunnery & Theory and Practice (Robinson, London, 1813). See also, W.F. Johnson, Int. J. Impact Eng. 16, 499 (1995),

http://kirkmcd.princeton.edu/examples/mechanics/moore_rockets_13.pdf

[4] Comte de Buquoy, Exposition d’un Nouveau Principe Général de Dynamique, dont le Principe des Vitesses Virtuelles n’est qu’un Cas Particulier (Paris, 1815),

http://kirkmcd.princeton.edu/examples/mechanics/buquoy_dynamique_15.pdf

[5] S.D. Poisson, Mouvement d’un Système de Corps, en supposant les masses variables, Bull. Sci. Soc. Philomat., p. 60 (Paris, 1819),

http://kirkmcd.princeton.edu/examples/mechanics/poisson_bssp_60_19_review.pdf

[6] P.G. Tait and W.J. Steele, A Treatise on the Dynamics of a Particle (Macmillan, 1856), pp. 243-251, http://kirkmcd.princeton.edu/examples/mechanics/tait_steele_56.pdf

[7] A. Cayley, On a Class of Dynamical Problems, Proc. Roy. Soc. London 8, 506 (1857),

http://kirkmcd.princeton.edu/examples/mechanics/cayley_prsl_8_506_57.pdf

[8] G.B. Airy, On the Mechanical Conditions of the Deposit of a Submarine Cable, Phil.

Mag. 16, 1 (1858), http://kirkmcd.princeton.edu/examples/mechanics/airy_pm_16_1_58.pdf

[9] W.S.B. Woolhouse, On the Deposit of Submarine Cables, Phil. Mag. 19, 345 (1860),

http://kirkmcd.princeton.edu/examples/mechanics/woolhouse_pm_19_345_60.pdf

[10] A. Cayley, A “Smith’s Prize” Paper; Solutions, Mess. Math. 5, 49 (1871),

http://kirkmcd.princeton.edu/examples/mechanics/cayley_mm_5_49_71.pdf

[11] P. de Mondesir, Sur la Force, Mém. Compte Rend. Soc. Ing. Civil 2, 191 (1887),

http://kirkmcd.princeton.edu/examples/mechanics/demondesir_mcrtsic_2_361_87.pdf

[12] A.E.H. Love, Theoretical Mechanics (Cambridge U. Press, 1897), pp. 301-350,

http://kirkmcd.princeton.edu/examples/mechanics/love_dynamics_97.pdf

[13] E.J. Routh, The Elementary Part of a Treatise on the Dynamics of a System of Rigid Bodies, 6^{th} ed. (Macmillan, 1897), pp. 246-247,

http://kirkmcd.princeton.edu/examples/mechanics/routh_elementary_rigid_dynamics.pdf

[14] E.J. Routh, A Treatise on the Dynamics of a Particle (Cambridge U. Press, 1898), pp. 80-82, http://kirkmcd.princeton.edu/examples/mechanics/routh_dynamics_particle_98.pdf

[15] E.J. Routh, A The Advanced Part of a Treatise on the Dynamics of a System of Rigid Bodies, 6^{th} ed. (Macmillan, 1905), pp. 397-445,

http://kirkmcd.princeton.edu/examples/mechanics/routh_advanced_rigid_dynamics.pdf

[16] F. Wittenbauer, Die Bewegungsgesetze der veränderlichen Masse, Z. Math. Phys. 52, 150 (1905), http://kirkmcd.princeton.edu/examples/mechanics/wittenbauer_zmp_52_150_05.pdf

[17] J.H. Jeans, An Elementary Treatise on Theoretical Mechanics (Ginn, 1907), pp. 236-238,

http://kirkmcd.princeton.edu/examples/mechanics/jeans_mechanics_07.pdf

[18] P. Appell, Traité de Mécanique Rationnelle, Vol. II (Gauthier-Villars, 1911), pp. 43-44,

http://kirkmcd.princeton.edu/examples/mechanics/appell_mecanique_11_v2.pdf

[19] H. Lamb, Dynamics (Cambridge U. Press, 1914), pp. 142-149,

http://kirkmcd.princeton.edu/examples/mechanics/lamb_dynamics_14.pdf

[20] A.S. Ramsey, Dynamics, Part II (Cambridge U. Press, 1937), Chap. 2,

http://kirkmcd.princeton.edu/examples/mechanics/ramsey_dynamics_ch2.pdf

[21] W. Kucharski, Zur Kinetik dehnungsloser Seile mit Knickstellen, Ing. Arch. 12, 109 (1941), http://kirkmcd.princeton.edu/examples/mechanics/kucharski_ia_12_109_41.pdf

[22] L.T. Pockman, Nonconservation of Energy—A Paradox, Am. J. Phys. 9, 50 (1941),

http://kirkmcd.princeton.edu/examples/mechanics/pockman_ajp_9_50_41.pdf

[23] A. Sommerfeld, Mechanik (Leipzig, 1943), English translation (Academic Press, 1952),

http://kirkmcd.princeton.edu/examples/mechanics/sommerfeld_mechanics_52.pdf

[24] I. Freeman, The Dynamics of a Roll of Tape, Am. J. Phys. 14, 124 (1946),

http://kirkmcd.princeton.edu/examples/mechanics/freeman_ajp_14_124_46.pdf

[25] K. Wolf, Lehrbuch der technischen Mechanik starrer Systeme (Springer, 1947), pp. 297- 299.

[26] J.P. den Hartog, Mechanics (McGraw-Hill, 1948), pp. 192-193,

http://kirkmcd.princeton.edu/examples/mechanics/denhartog_48.pdf

[27] G. Hamel, Theoretische Mechanik (Springer, 1949), pp. 643-645,

http://kirkmcd.princeton.edu/examples/mechanics/hamel_mechanik_49.pdf

[28] J.S. Miller, The Weight of a Falling Chains, Am. J. Phys. 19, 63 (1951),

http://kirkmcd.princeton.edu/examples/mechanics/miller_ajp_19_63_51.pdf

[29] J. Satterly, Falling Chains, Am. J. Phys. 19, 383 (1951),

http://kirkmcd.princeton.edu/examples/mechanics/satterly_ajp_19_383_51.pdf

[30] A.W. Davis, Error in the Vibrating Chain Problem, Am. J. Phys. 20, 112 (1952),

http://kirkmcd.princeton.edu/examples/mechanics/davis_ajp_20_112_52.pdf

[31] G.F. Hull, Can the Impact of a Falling Chain be Measured by a Balance? Am. J. Phys.

20, 243 (1952), http://kirkmcd.princeton.edu/examples/mechanics/hull_ajp_20_243_52.pdf

[32] L.A. Pars, Introduction to Dynamics (Cambridge U. Press, 1953), Chap. 9, especially p. 171, http://kirkmcd.princeton.edu/examples/mechanics/pars_dynamics_53.pdf

[33] R.A. Becker, Introduction to Theoretical Mechanics (McGraw-Hill, 1954), pp. 184-191,

http://kirkmcd.princeton.edu/examples/mechanics/becker_mechanics_pp184-191.pdf

[34] W.A. Heywood, H. Hurwitz and D.Z. Ryan, Whip effect in a falling chain, Am. J. Phys.

23, 279 (1955), http://kirkmcd.princeton.edu/examples/mechanics/heywood_ajp_23_279_55.pdf

[35] B. Bernstein, D.A. Hall and H.V. Trent, On the Dynamics of a Bull Whip, J. Acous.

Soc. Am. 30, 1112 (1958),

http://kirkmcd.princeton.edu/examples/mechanics/bernstein_jasa_30_1112_58.pdf

[36] M.S. Tiersten, Force, Momentum Change and Motion, Am. J. Phys. 37, 82 (1969),

http://kirkmcd.princeton.edu/examples/mechanics/tiersten_ajp_37_82_69.pdf

[37] E.J. Saletan and A.H. Cromer, Theoretical Mechanics (Wiley, 1971), pp. 25-28,

http://kirkmcd.princeton.edu/examples/mechanics/saletan_mechanics_pp25-28.pdf

[38] S. Siegel, More about Variable Mass Systems, Am. J. Phys. 40, 183 (1972),

http://kirkmcd.princeton.edu/examples/mechanics/siegel_ajp_40_183_72.pdf

[39] M. Reeken, The Equation of Motion of a Chain, Math. Z. 155, 219 (1977),

http://kirkmcd.princeton.edu/examples/mechanics/reeken_mz_155_219_77.pdf

[40] R.M. Rosenberg, Analytical Dynamics of Discrete Systems, (Plenum Press, 1977), pp. 332-334, 347, http://kirkmcd.princeton.edu/examples/mechanics/rosenberg_dynamics.pdf

[41] J.R. Sanmartin and M.A. Vallejo, Widespread error in a standard problem of the dynamics of deformable bodies, Am. J. Phys. 46, 949 (1978),

http://kirkmcd.princeton.edu/examples/mechanics/sanmartin_ajp_46_949_78.pdf

[42] W. Chester, Mechanics (Allen & Unwin, 1979), Prob. 8.30, p. 241,

http://kirkmcd.princeton.edu/examples/mechanics/chester_mechanics_79.pdf

[43] M. Kuipers, On the rectilinear motion of an inextensible string, J. Eng. Mech. 13, 249 (1979), http://kirkmcd.princeton.edu/examples/mechanics/kuipers_jem_13_249_79.pdf

[44] I.E. Irodov, Problems in General Physics (Mir, 1981, Russian ed., 1979), probs. 157, 184, http://kirkmcd.princeton.edu/examples/mechanics/irodov_problems_81.pdf A.K. Singh, Solutions to Irodov’s Problems in General Physics, Vol. 1, 4^{th} ed. (Wiley, 2014), http://kirkmcd.princeton.edu/examples/mechanics/singh_irodov_v1.pdf

[45] D. Prato and R.J. Gleiser, Another look at the uniform rope sliding over the edge of a smooth table, Am. J. Phys. 50, 536 (1982),

http://kirkmcd.princeton.edu/examples/mechanics/prato_ajp_50_536_82.pdf

[46] G.K. Mikhailov, The Dynamics of Mechanical Systems with Variable Masses as Developed at Cambridge during the Second Half of the Nineteenth Century, Bull. Inst. Math. Appl. 20, 13 (1984), http://kirkmcd.princeton.edu/examples/EM/mikhailov_bima_20_13_84.pdf

[47] M.G. Calkin and R.H. March, The Dynamics of a falling chain: I, Am. J. Phys. 57, 154 (1989), http://kirkmcd.princeton.edu/examples/mechanics/calkin_ajp_57_154_89.pdf

[48] M.G. Calkin, The Dynamics of a falling chain: II, Am. J. Phys. 57, 157 (1989),

http://kirkmcd.princeton.edu/examples/mechanics/calkin_ajp_57_157_89.pdf

[49] J. Matolyak and G. Matous, Simple Variable Mass Systems: Newton’s Second Law, Phys. Teach. 28, 328 (1990),

http://kirkmcd.princeton.edu/examples/mechanics/matolyak_pt_28_328_90.pdf

[50] J. Vrbik, Chain sliding off a table, Am. J. Phys. 61, 258 (1993),

http://kirkmcd.princeton.edu/examples/mechanics/vbrik_ajp_61_258_93.pdf

[51] W. Steiner and H. Troger, On the equations of motion of the folded inextensible string, Z. angew. Math. Phys. 46, 960 (1995),

http://kirkmcd.princeton.edu/examples/mechanics/steiner_zamp_46_960_95.pdf

[52] E.B. Crellin et al., On the Balance and Variational Formulations of the Equation of Motion of a Body Deploying Along a Cable, J. Appl. Mech. 64, 369 (1997),

http://kirkmcd.princeton.edu/examples/mechanics/crellin_jam_64_369_97.pdf

[53] P. Krehl, S. Engemann and D. Schwenkel,, The puzzle of whip cracking uncovered by a correlation of whip-tip kinematics with shock wave emission, Shock Waves 8, 1 (1998),

http://kirkmcd.princeton.edu/examples/mechanics/krehl_sw_8_1_98.pdf

[54] M. Schagerl et al., On the paradox of the free falling folded chain, Acta Mech. 125, 155 (1997), http://kirkmcd.princeton.edu/examples/mechanics/schagerl_am_125_155_97.pdf

[55] M. Schagerl, On the dynamics of the folded and free falling inextensible string, Z.

Angew. Math. Mech. 78 (Suppl. 2), 701 (1998).

[56] O.M. OReilly and P.C. Varadi, A treatment of shocks in one-dimensional thermomechanical media, Cont. Mech. Thermo. 11, 339 (1997),

http://kirkmcd.princeton.edu/examples/mechanics/oreilly_cmt_11_339_99.pdf

[57] W.H. van den Berg, Force Exerted by a Falling Chain, Phys. Teach. 36, 44 (1998),

http://kirkmcd.princeton.edu/examples/mechanics/vandebberg_pt_36_44_98.pdf

[58] D. Chandler, Newton’s Second Law for Systems with Variable Mass, Phys. Teach. 38, 396 (2000), http://kirkmcd.princeton.edu/examples/mechanics/chandler_pt_38_396_00.pdf

[59] D. Keiffer, The falling chain and energy loss, Am. J. Phys. 69, 385 (2000),

http://kirkmcd.princeton.edu/examples/mechanics/keiffer_ajp_69_385_01.pdf

[60] H. Irschik and H.J. Holl, The equations of Lagrange written for a non-material volume, Acta Mech. 153, 231 (2002),

http://kirkmcd.princeton.edu/examples/mechanics/irschik_am_153_231_02.pdf

[61] F.O. Eke and T.C. Mao, On the dynamics of variable mass systems, Int. J. Mech. Eng.

Ed. 30, 123 (2002), http://kirkmcd.princeton.edu/examples/mechanics/eke_ijmee_30_123_02.pdf

[62] A. Goriely and T. McMillen, Shape of a Cracking Whip, Phys. Rev. Lett. 88, 24430145 (2002), http://kirkmcd.princeton.edu/examples/mechanics/goriely_prl_88_244301_02.pdf

[63] T. McMillen and A. Goriely, Whip waves, Physica D 184, 192 (2003),

http://kirkmcd.princeton.edu/examples/mechanics/mcmillen_physica_d184_192_03.pdf

[64] C.A. de Sousa and V.H. Rodrigues, Mass redistribution in variable mass systems, Eur.

J. Phys. 25, 41 (2004),

http://kirkmcd.princeton.edu/examples/mechanics/desousa_ejp_25_41_04.pdf

[65] S.T. Thornton and J.B. Marion, Classical Dynamics of Particles and Systems, 5^{th} ed.

(Cengage Learning, 2003), pp. 333-335, 362, 380-381,

http://kirkmcd.princeton.edu/examples/mechanics/thornton_dynamics_03.pdf

[66] H. Irschik and H.J. Holl, Mechanics of variable-mass systemsPart 1: Balance of mass and linear momentum, Appl. Mech. Rev. 57, 140 (2004),

http://kirkmcd.princeton.edu/examples/mechanics/irschik_amr_57_140_04.pdf

[67] G.R. Fowles and G.L. Cassidy, Analytical Mechanics, 7^{th} ed. (Thomson, 2004), pp. 312- 321, http://kirkmcd.princeton.edu/examples/mechanics/fowles_mechanics_04_pp312-321.pdf

[68] T. McMillen, On the falling (or not) of the folded inextensible string (Jan. 18, 2005),

http://kirkmcd.princeton.edu/examples/mechanics/mcmillen_string_05.pdf

[69] V. Šima and J. Podolský, Buquoy’s problem, Eur. J. Phys. 26, 1037 (2005),

http://kirkmcd.princeton.edu/examples/mechanics/sima_ejp_26_1037_05.pdf

[70] W. Tomaszewski and P. Pieranski, Dynamics of ropes and chains: I. the fall of the folded chain, New J. Phys. 7, 45 (2005),

http://kirkmcd.princeton.edu/examples/mechanics/tomaszewski_njp_7_45_05.pdf

[71] C.W. Wong and K. Yasui, Falling chains, Am. J. Phys. 74, 460 (2006),

http://kirkmcd.princeton.edu/examples/mechanics/wong_ajp_74_490_06.pdf

[72] W. Tomaszewski, P. Pieranski and J.-C. Geminard, The motion of a freely falling chain tip, Am. J. Phys. 74, 776 (2006),

http://kirkmcd.princeton.edu/examples/mechanics/tomaszewski_ajp_74_776_06.pdf

[73] C.W. Wong, S.H. Youn and K. Yasui, The falling chain of Hopkins, Tait, Steele and Cayley, Eur. J. Phys. 28, 385 (2007),

http://kirkmcd.princeton.edu/examples/mechanics/wong_ejp_28_385_07.pdf

[74] C.P. Pesce and L. Casetta, Variable Mass Systems Dynamics in Engineering Mechanics Education, 19^{th} Int. Cong. Mech. Eng. (Brasilia, Nov. 5-9, 2007),

http://kirkmcd.princeton.edu/examples/mechanics/pesce_icme19_07.pdf

[75] E. Hamm and J.-C. Géminard, The weight of a falling chain, revisited, Am. J. Phys.

78, 828 (2010), http://kirkmcd.princeton.edu/examples/mechanics/hamm_ajp_78_828_10.pdf

[76] Z. K. Silagadze, Sliding rope paradox, Lat. Am. J. Phys. Ed. 4, 294 (2010),

http://kirkmcd.princeton.edu/examples/mechanics/szilagadze_lajpe_4_294_10.pdf

[77] A. Grewal, P. Johnson and A. Ruina, A chain that speeds up, rather than slows, due to collisions: How compression can cause tension, Am. J. Phys. 79, 723 (2011),

http://kirkmcd.princeton.edu/examples/mechanics/grewal_ajp_79_723_11.pdf

[78] K.T. McDonald, Wagon in the Rain (Oct. 22, 2011),

http://kirkmcd.princeton.edu/examples/wagon.pdf

[79] C.A. de Sousa, P.M. Gordo and P. Costa1, Falling chains as variable-mass systems:

theoretical model and experimental analysis, Eur. J. Phys. 33, 1007 (2012),

http://kirkmcd.princeton.edu/examples/mechanics/desousa_ejp_33_1007_12.pdf

[80] J.A. Hanna and C.D. Santangelo, Slack Dynamics on an Unfurling String, Phys. Rev.

Lett. 109, 134301 (2012),

http://kirkmcd.princeton.edu/examples/mechanics/hanna_prl_109_134301_12.pdf

[81] H. Irschik, The Cayley Variational Principle for Continuous-Impact Problems: A Continuum Mechanics Based Version in the Presence of a Singular Surface, J. Theor. Appl. Mech. 50, 717 (2012), http://kirkmcd.princeton.edu/examples/mechanics/irschik_jtam_50_717_12.pdf

[82] B. Samardz̆ija and S. S̆egan, Movement of a Body with Variable Mass, Publ. Astron.

Obs. Belgrade 91, 97 (2012),

http://kirkmcd.princeton.edu/examples/mechanics/samardzija_paob_91_97_12.pdf

[83] A.D. Cambou et al., Unwrapping Chains (Sept. 3, 2012), https://arxiv.org/abs/1209.0481

https://arxiv.org/src/1209.0481v1/anc/DFD12_end_9MB.mpg

[84] K.T. McDonald, “Hidden” Momentum in a Leaping Beaded Chain? (Aug. 19, 2013),

http://kirkmcd.princeton.edu/examples/chain.pdf

[85] J.S. Biggins and M. Warner, Understanding the chain fountain, Proc. Roy. Soc. London A 470, 20130689 (2014),

http://kirkmcd.princeton.edu/examples/mechanics/biggins_prsla_470_20130689.pdf

[86] J.S. Biggins, Growth and shape of a chain fountain, Europhys. Lett. 106, 44001 (2014),

http://kirkmcd.princeton.edu/examples/mechanics/biggins_epl_106_44001_14.pdf

[87] R. Moreno et al., Video analysis of sliding chains: A dynamic model based on variablemass systems, Am. J. Phys. 83, 500 (2015),

http://kirkmcd.princeton.edu/examples/mechanics/moreno_ajp_83_500_15.pdf

[88] E.G. Virga, Chain paradoxes, Proc. Roy. Soc. London A 471, 20140657 (2015),

http://kirkmcd.princeton.edu/examples/mechanics/virga_prsla_471_20140657.pdf

[89] J.A. Hanna, Jump conditions for strings and sheets from an action principle, Int. J.

Solids Struct. 62, 239 (2015),

http://kirkmcd.princeton.edu/examples/mechanics/hanna_ijms_62_239_15.pdf

[90] Y. Andrew et al., Non-linear dependence of the height of a chain fountain on drop height, Phys. Ed. 50, 564 (2015),

http://kirkmcd.princeton.edu/examples/mechanics/andrew_pe_50_564_15.pdf

[91] P.-T. Brun et al., The surprising dynamics of a chain on a pulley: lift off and snapping, Proc. Roy. Soc. London A 472, 20160187 (2016),

http://kirkmcd.princeton.edu/examples/mechanics/brun_prsla_472_20160187.pdf

[92] J. Pantaleone, A quantitative analysis of the chain fountain, Am. J. Phys. 85, 414 (2017), http://kirkmcd.princeton.edu/examples/mechanics/pantaleone_ajp_85_414_17.pdf

[93] O. Zubelevich, The Chain Fountain Again (July 31, 2016), https://arxiv.org/abs/1503.06663

[94] R. Martins, The (not so simple!) chain fountain (Dec. 20, 2016),

https://arxiv.org/abs/1612.09319

[95] H. Singh and J.A. Hanna, Pick-up and impact of flexible bodies, J. Mech. Phys. Solids 106, 46 (2017), http://kirkmcd.princeton.edu/examples/mechanics/singh_jmps_106_46_17.pdf

[96] O.M. O’Reilly, Modeling Nonlinear Problems in the Mechanics of Strings and Rods, (Springer, 2017), Chap. 2,

http://kirkmcd.princeton.edu/examples/mechanics/oreilly_strings.pdf

[97] K.T. McDonald, Buquoy’s Problem: Lifting a String from a Table (Nov. 29, 2017),

http://kirkmcd.princeton.edu/examples/string2.pdf

[98] N.A. Corbin et al., Impact-induced acceleration by obstacles (Dec. 15, 2017),

https://arxiv.org/abs/1712.05778

[99] C.E. Mungan, Newtonian Analysis of a Folded Chain Drop, Phys. Teach. 56, 298 (2018),

http://kirkmcd.princeton.edu/examples/mechanics/mungan_pt_56_298_18.pdf

[100] E.G. Flekkøy, M. Moura and K.J. Mȧløy, Mechanisms of the Flying Chain Fountain, Front. Phys. 6, 84 (2018), http://kirkmcd.princeton.edu/examples/mechanics/flekkoy_fp_6_0084_18.pdf

[101] J. Otto and K.T. McDonald, Torricelli’s Law for Large Holes (May 15, 2018),

http://kirkmcd.princeton.edu/examples/leaky_tank.pdf

[102] H. Yokoyama, Reexamining the Chain Fountain (Oct. 30, 2018),

https://arxiv.org/abs/1810.13008

[103] M. Denny, A uniform explanation of all falling chain phenomena, Am. J. Phys. 88, 94 (2020), http://kirkmcd.princeton.edu/examples/mechanics/denny_ajp_88_94_20.pdf