Spin-Orbit Coupling in the Earth-Moon System

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (November 2, 1982; updated July 12, 2013)

1 Problem

A prominent astronomical fact is that the Moon always shows the same face to the Earth. This means that the Moon rotates once about its axis each Earth month. It turns out that the “days” of Mercury and Venus are nearly equal to their respective “years,”^1 and that the periods of axial and orbital revolution are equal for most of the moons of Jupiter, Saturn, Uranus and Neptune. In 1879, George Darwin (son of Charles) proposed that this has come about due a coupling between the “day” and month/year via tidal friction [1]-[4] – resistance of the moon or planet to changes in shape induced by the 1/r^2 variation of gravity of the body at the focus of its orbit, and that eventually the Earth day will equal one month.^{2,3} In this problem you should deduce a kind of existence proof that a spin-orbit coupling mechanism leads to changes of the “day” and the “month/year” such that these can eventually become equal.

For simplicity, consider a point satellite of mass m that revolves with orbital angular velocity ω around a planet of mass M in a nearly circular orbit of radius R. The planet rotates about its axis with “spin” angular velocity Ω, its moment of inertia about this axis is I, and this axis is perpendicular to the plane of the satellite’s orbit.

Find expressions for the total angular momentum L of the system about its center of mass, and for the total (kinetic + potential) energy E. Eliminate R from these expressions to show that,

L = IΩ + C ω^{1/3}

, E =

IΩ^2 2 − Cω^{2/3} 2 , (1)

and deduce the value of C.

In general, the angular velocities ω and Ω are different. If ω ≠ Ω then tidal friction reduces the (kinetic + potential) energy E while conserving angular momentum. Show that there is a range of initial conditions such that eventually ω_0 = Ω_0.^4

For the Earth-Moon system, Ω_E is decreasing with time. Give an expression for R as a function of Ω (and not ω) to show that R increases as Ω decreases. Then, by Kepler’s law for the system, ω must be decreasing also.

Darwin noted that extrapolation of the above scenario into the past suggests there may have been a time when R = R_E and the Earth and Moon were part of a single protoplanet.^5

1Mercury’s “day” is 2/3 of its “year.”

2This hypothesis was first postulated by Kant (1754), pp. 6-9 of [5]. Kant’s (verbal) argument is that if the Earth’s day does not equal a month, then the tidal bulge caused by the Moon rotates with respect to the Earth and experiences tidal friction, which slows down the Earth’s rotation until the day equals a month. The present problem is a slight mathematical elaboration of Kant’s argument.

3That the length of a month is increasing seems to have been first noted by Halley (1695), p. 174 of [6]. 4Hint: Consider the variable x = C/ω^{1/3} = orbital angular momentum.

5For a popular review, see [7], and also [8]. Nowadays, the so-called impact-origin hypothesis enjoys

2 Solution

The center of mass of the planet-satellite system are at distances,

r_M = m M + m

R, and r_m = M M + m

R (2)

from the centers of these bodies, respectively, where R = r_M + r_m. The total angular momentum of the system (ignoring possible angular momentum associated with rotation of the satellite about its axis) in the rest frame of the center of mass of the system is the constant,

L = IΩ + (Mr^2_M + mr^2_m) ω = IΩ + μR^2ω, ω =

L − IΩ μR^2

, (3)

which provides a relation between the orbital angular velocity ω and the “spin” angular velocity Ω, where, μ = mM M + m (4) is the reduced mass of the system. The total kinetic + potential energy of the system is,

E = KE + P E =

IΩ^2 2 + (Mr^2_M + mr^2_m)ω^2 2 − GMm R = IΩ^2 2 + μR^2ω^2 2 − GMm R , (5)

where G is Newton’s gravitational constant.

The equations of motion,

Mr̈_M = −mr̈_m = −

GMmR R^2

, R = r_M − r_m, (6)

lead readily for circular orbits to,

μR^2ω^2 2 = GMm 2R = − P E 2 , R^3 = GMm μω^2

. (7)

The first form of eq. (7) is true in general for a 1/r^2 attractive force according to the so-called virial theorem,^6 while the second form is Kepler’s (3rd) law for the system when the orbits are nearly circular, as assumed here.

If we accept Kant’s comment that the eventual effect of tidal friction is to make the (final) “spin” angular velocity Ω_0 “locked” to the final orbital angular velocity ω_0, at which time the bodies are distance R_0 apart, then conservation of angular momentum (3) and Kepler’s 3rd law (7) that R^3_i ω^2_i = R^3_0ω^2_0 suffice to determine ω_0 and R_0, according to,

L = IΩ_i + μR^2_i ω_i = (I + μR^2_0)ω_0 ≈ μR^2_0ω_0 = μR^2_i ω_i ω^{1/3}_0 ω^{1/3}_i

. (8)

greater favor, although the issue remains unsettled. See, for example, [9, 10].

6See, for example, sec. 10 of [11].

Thus,

ω_0 = Ω_0 ≈ ω_i ( 1 + IΩ_i μR^2_i ω_i

)_2

for (I ≪ μR^2_0). (9)

For the Earth-Moon system, this analysis predicts that the eventual day/month will be 48 present days, as first computed in sec. 276 of [12]. The only known example of a two-body system that has evolved to a final state in which both “days” equal their common “month” is Pluto and Charon.

To establish analytically that a final state can exist with ω_0 = Ω_0, we use eq. (7) in eq. (3) to write,^7

L = IΩ +

(G^2μM^2m^2)^{1/3} ω^{1/3}

≡ IΩ + C ω^{1/3}

≡ IΩ + x, ω =

C^3 (L − IΩ)^3

, (10)

where x is the orbital angular momentum (which can be taken as positive by suitable choice of direction of the polar axis),

x = μR^2ω = C ω^{1/3}

> 0, C = (G^2μM^2m^2)^{1/3}, Ω =

L − x I . (11)

Since the angular momentum is constant we can write, 0 = dL dx = I dΩ dx + 1, dΩ dx = − 3ω^{4/3} C dΩ dω = − 1 I , (12)

which implies that if Ω decreases then so does ω.

The energy (5) can now be written as, E = IΩ^2 2 − GMm 2R = IΩ^2 2 − Cω^{2/3} 2 = IΩ^2 2 − C^3 2x^2 = (L − x)^2 2I − C^3 2x^2

. (13)

Note that E(x = 0) = −∞ and that E(x = ∞) = ∞, but that E(x) is not necessarily a monotonic function. Taking the derivative of eq. (13), we have that, dE dx = − L − x I + C^3 x^3

= −Ω + ω = x I + C^3 x^3 − L I . (14)

Hence, if an equilibrium exists, where dE(x_0)/dx = 0, we have that Ω_0(x_0) = ω_0(x_0), and the equilibrium “spin” and orbital angular velocities are “locked”.

If we suppose that M represents the Moon and m represents the Earth, the above argument suggests that the period of rotation of the Moon about its axis should be equal to its orbital period once a certain kind of equilibrium was established in the past.^8 However, we can also suppose that M represents the Earth and m represents the Moon, in which case we anticipate that the Earth-Moon system can evolve until the Earth day equals one month, and both the Earth and the Moon present the same face to one another at all times.

7The remainder of this note follows [1].

8If the Moon consists of matter somehow ejected from the Earth, it is probable that the Moon was created with the lunar day equal to a month (at that early time).

The equilibrium, dE/dx = 0, exists in eq. (14) only if, Min ( x I + C^3 x^3 ) = 4 ( C 3I )_{3/4} < L I , (15)

L = IΩ_i + x_i > L_{min} = 4I ( C 3I )_{3/4} = 4(3C^3I)^{1/4} 3 = 4x_{0,min} 3 > 0, (16)

noting that the minimum occurs for x_{0,min} = (3C^3I)^{1/4}. The requirement that L be positive (in the sense of the orbital angular momentum) means that if the “spin” angular momentum IΩ is opposite to the orbital angular momentum (μR^2ω = x) and large, no equilibrium will exist.^9 Furthermore, if the evolution is to involve increasing orbital angular momentum x, as in the Earth-Moon system, the initial “spin” angular momentum IΩ_i must be a substantial fraction of the total for eventual equilibrium with ω_0 = Ω_0 to exist.

In greater detail, the equilibrium value x_0 of the orbital angular momentum is a root of the quartic equation obtained by setting eq. (14) to zero,

x^4 − Lx^3 + C^3I = 0. (17)

When the condition (16) is satisfied, the so-called discriminant Δ of the quartic equation (17) is negative, which implies that there are two real roots and two complex roots.

The figure on the previous page, from [1], shows (among others) the lines labeled “curve of energy” which correspond to eq. (13); the curve on the left is for a case where no equilibrium exists, while for the curve on the right the stable equilibrium is at b, corresponding to the root x_0 of eq. (17), and the unstable equilibrium is at a, corresponding to the root x_1.

9In planetary systems where all objects have a common origin in an initial gas cloud, the sense of the angular momenta of all objects is typically the same.

When condition (16) is satisfied, the two real roots are,^{10}

x_{0,1} = L 4 − S ± √ 3L^2 4 + L^3 8S − 4S^2 , (18)

where, S = 1 2 √ L^2 4 + 1 3 ( Q + 81L^4_{min} 256Q ) , Q = ( 729L^4_{min} 256 )_{1/3} (

L^2 + √ L^4 − L^4_{min} 2 )_{1/3} . (19)

As tidal friction decreases the energy of the system, the equilibrium at x_0 (where ω_0 = Ω_0) can only be reached if the initial value of x is greater than x_1; otherwise the system evolves towards x = 0, which implies increasing ω, increasing Ω, and decreasing R until the two masses merge.^{11} Hence, we deduce a condition on the initial orbital angular velocity ω_i for the existence of an equilibrium final state where ω_0 = Ω_0,

ω_i <

C^3 x^3_1

. (20)

If ω_i < C^3/x^3_0, then as the energy decreases with time x decreases, ω increases, and R decreases; whereas if C^3/x^3_0 < ω_i < C^3/x^3_1, then as the energy decreases x increases, ω decreases, and R increases with time. The Earth-Moon system is of the latter type.

Lastly, we equate the expressions for ω in eqs. (3) and (10) to obtain, R = (L − IΩ)^2 μ^{1/2}C^{3/2} , dR dΩ = − 2I(L − IΩ) μ^{1/2}C^{3/2} = − 2μ^{1/2}IωR^2 C^{3/2}

, (21)

which implies that if Ω decreases then R increases. Taking the derivative of the first form of eq. (13), we find, dE dΩ = IΩ + GMm 2R^2 dR dΩ = I(Ω − ω), dΩ = dE I(Ω − ω)

. (22)

Hence, as tidal friction reduces the kinetic + potential energy E, the “spin” angular velocity Ω decreases if Ω > ω, as holds for the Earth-Moon system. At the same time, the Earth-Moon distance R increases according to eq. (21), and the orbital angular frequency ω decreases according to eq. (12).

Additional discussion of spin-orbit coupling and “locking” is given in, for example, [18]- [20] in addition to [7]-[10].^{12}

10We use the notation of https://en.wikipedia.org/wiki/Quartic_function 11This behavior has come to be called the satellite paradox, that the effect of an energy-dissipation mechanism in a (gravitational) two-body system can be to increase the kinetic energies of the bodies. For example, the effect of atmospheric drag on a satellite in a low orbit about the Earth is to increase the speed of the satellite as it slowly spirals inwards towards the Earth’s surface [13]-[17]. Thus, the intuitive argument of Kant [5], as seconded by Lord Kelvin [12], that tidal friction lengthens the “day” and the “month/year” is not true in general.

12Refs. [18, 19] also considered effects of tilts of the axes of the spinning bodies with respect to the orbital plane.

This simplified model leaves open the question of the very early history of the Earth- Moon system, when the Earth day was much shorter than at present, and the Earth-Moon distance was comparable to the Earth’s radius. The contemporary view that the Moon was ejected from the Earth during a collision with a large asteroid first gained prominence in [21].

References

[1] G.H. Darwin, The Determination of the Secular Effects of Tidal Friction by a Graphical Method, Proc. Roy. Soc. London 29, 168 (1879),

http://kirkmcd.princeton.edu/examples/astro/darwin_prsl_29_168_79.pdf

[2] G.H. Darwin, On the Precession of a Viscous Spheroid, and on the remote History of the Earth, Phil. Trans. Roy. Soc. London 170, 447 (1879),

http://kirkmcd.princeton.edu/examples/astro/darwin_ptrsl_170_447_79.pdf

[3] G.H. Darwin, On the Secular Changes in the Elements of the Orbit of a Satellite revolving about a Tidally distorted Planet, Phil. Trans. Roy. Soc. London 171, 713 (1880),

http://kirkmcd.princeton.edu/examples/astro/darwin_ptrsl_171_713_80.pdf

[4] G.H. Darwin, On the Analytical Expressions which give the History of a Fluid Planet of Small Viscosity, attended by a Single Satellite, Proc. Roy. Soc. London 30, 255 (1880),

http://kirkmcd.princeton.edu/examples/astro/darwin_prsl_30_255_79.pdf

[5] I. Kant, Whether the Earth Has Undergone an Alteration of Its Axial Rotation, Wöchentliche Frag- und Anzeigungs-Nachricten (Königsberg), Nos. 23-24 (1754); English translation in W. Hastie, Kant’s Cosmogony, (James Maclehose, Glasgow, 1900),

http://kirkmcd.princeton.edu/examples/astro/kant_cosmogony.pdf

[6] E. Halley, Some Account of the Ancient State of the City of Palmyra, Phil. Trans. Roy.

Soc. London 19, 160 (1695),

http://kirkmcd.princeton.edu/examples/astro/halley_ptrsl_19_160_1695.pdf

[7] P. Goldreich, Tides and the Earth-Moon system, Sci. Am. April, 42 (1972),

http://kirkmcd.princeton.edu/examples/astro/goldreich_sa_4_42_72.pdf

[8] C.L. Coughenour, A.W. Archer and K.J. Lacovara, Tides, tidalites, and secular changes in the Earth-Moon system, Earth-Sci. Rev. 97, 59 (2009),

http://kirkmcd.princeton.edu/examples/astro/coughenour_esr_97_59_09.pdf

[9] M. Ćuk and S.T. Stewart, Making the Moon from a Fast-Spinning Earth: A Giant Impact Followed by Resonant Despinning, Science 338, 1047 (2012),

http://kirkmcd.princeton.edu/examples/astro/cuk_science_338_1047_12.pdf

[10] I. Crawford, The Moon and the early Earth, A&G 54, 1.31 (2013),

http://kirkmcd.princeton.edu/examples/astro/crawford_ag_54_1.31_13.pdf

[11] L.D. Landau and E.M. Lifshitz, Mechanics, 3^{rd} ed. (Pergamon, 1976),

http://kirkmcd.princeton.edu/examples/mechanics/landau_mechanics.pdf

[12] W. Thomson and P.G. Tait, A Treatise on Natural Philosophy, (Cambridge U. Press, 1879, 1896), http://kirkmcd.princeton.edu/examples/astro/thomson_tait_sec276.pdf

[13] D.G. King-Hele, The Descent of an Earth-Satellite Through the Upper Atmosphere, J.

Brit. Interplanetary Soc. 15, 314 (1956),

http://kirkmcd.princeton.edu/examples/mechanics/king-hele_jbis_15_314_56.pdf

[14] R.H. Bacon, On the Retardation of a Satellite, Am. J. Phys. 27, 69 (1959),

http://kirkmcd.princeton.edu/examples/mechanics/bacon_ajp_27_69_59.pdf

[15] B.D. Mills, Jr., Satellite Paradox, Am. J. Phys. 27, 115 (1959),

http://kirkmcd.princeton.edu/examples/mechanics/mills_ajp_27_115_59.pdf

[16] L. Blitzer, Satellite Orbit Paradox: A General View, Am. J. Phys. 39, 887 (1971),

http://kirkmcd.princeton.edu/examples/mechanics/blitzer_ajp_39_887_71.pdf

[17] F.P.J. Rimrott and F.A. Salustri, Open Orbits in Satellite Dynamics, Tech. Mech. 21, 207 (2001), http://kirkmcd.princeton.edu/examples/mechanics/rimrott_tm_21_207_01.pdf

[18] P. Goldreich and S.J. Pearle, Resonant Spin States in the Solar System, Nature 209, 1078 (1966), http://kirkmcd.princeton.edu/examples/astro/goldreich_nature_209_1078_66.pdf The Dynamics of Planetary Rotations, Ann. Rev. Astro. Astrophys. 6, 287 (1968),

http://kirkmcd.princeton.edu/examples/astro/goldreich_araa_6_287_68.pdf

[19] P. Goldreich, History of the Lunar Orbit, Rev. Geophys. 4, 411 (1966),

http://kirkmcd.princeton.edu/examples/astro/goldreich_rg_4_411_66.pdf

[20] C. Clouse, A. Ferroglia and M.C.N. Fiolhais, Spin-orbit gravitational locking—an effective potential approach, Eur. J. Phys. 43, 035602 (2022),

http://kirkmcd.princeton.edu/examples/mechanics/clouse_ejp_43_035602_22.pdf

[21] W.A. Hartmann and D.R. Davis, Satellite-Sized Planetesimals and Lunar Origin, Icarus 24, 504 (1975), http://kirkmcd.princeton.edu/examples/astro/hartmann_icarus_24_504_75.pdf