Orbital and Spin Angular Momentum of Electromagnetic Fields

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (March 12, 2009; updated October 1, 2021)

1 Problem

Poynting [5] identified the flux of energy in the electromagnetic fields {E, B} (in a medium with relative permittivity ϵ = 1 and relative permeability μ = 1) with the vector, S = c 4π E × B, (1)

in Gaussian units, where c is the speed of light in vacuum. Thomson [8], Poincaré [15] and Abraham [18] recognized the additional role of the Poynting vector as being proportional to the density of linear momentum stored in the electromagnetic field,

p_{EM} = S c^2 = E × B 4πc , (2)

although these arguments most clearly show that the volume integral,

P_{EM} = ∫ p_{EM} dVol, (3)

rather than the integrand (2), has physical significance. This suggests that the density of angular momentum, and the total angular momentum, stored in the electromagnetic field can be written as,

l_{EM} = r × p_{EM} = r ×

E × B 4πc , and L_{EM} = ∫ r × p_{EM} dVol = ∫ r × E × B 4πc Vol . (4)

Show that the Helmholtz decomposition [2] of a vector field F into irrotational and rotational parts, F = F_{irr} + F_{rot}, (5) where, ∇ × F_{irr} = 0, and ∇ · F_{rot} = 0, (6) at all points in space, leads to alternative forms for the densities of momentum and angular momentum in the electromagnetic fields of a system of charges e_i of rest masses m_i and velocities v_i:

P_{total} = P_{mech} + P_{EM} = ∑ i p_{canonical, i} + ∫ p_{EM,orbital} dVol, (7)

and,

L_{total} = L_{mech} + L_{EM} = ∑ i l_{canonical, i} + ∫ l_{EM,orbital} dVol + ∫ l_{EM,spin} dVol, (8) where P_{mech} = ∑ i p_{mech,i} = ∑ i γ_i, m_iv_i, γ_i = 1/ √ 1 − v^2_i /c^2,

p_{canonical,i} = γ_imv_i + p_{EM,canonical, i} , p_{EM,canonical, i} = e_iA_{rot}(r_i) c , (9)

p_{EM,orbital} =

∑_3 j=1 E_{rot, j} ∇A_{rot, j} 4πc , (10)

L_{mech} = ∑ i l_{mech,i}, l_{mech,i} = r_i × p_{mech,i}, and,

l_{canonical, i} = r × p_{canonical, i} , l_{EM,orbital} = r × p_{EM,orbital}, l_{EM,spin} =

E_{rot} × A_{rot} 4πc , (11)

where A_{rot} is the rotational part of the (gauge-dependent) vector potential A, and A_{rot}(r_i) is the rotational part of the vector potential at charge i due to all other sources.^{1,2,3}

2 Solution

2.1 Some History (Sept. 22, 2021)

2.1.1 Darboux and Poincaré

In 1878, Darboux [4] noted that there is a constant of the motion in the interaction of an electric charge with a magnetic pole (approximated as the tip of a long, axially magnetized needle). Poincaré [12, 25, 118] later elaborated on this theme.

The first recognition of the invariant of Darboux and Poincaré as relating to angular momentum was by Banderet (1946) [44].

2.1.2 Righi and Sadowsky

In 1894, Righi [10] made a (negative) attempt to detect rotation of a plate that absorbed circularly polarized light.

In 1899, Sadowsky published two articles [13, 14] in an obscure Russian journal, arguing that circularly polarized light carries angular momentum, and reporting a (negative) experimental search for this (also citing Righi). Sadowsky’s papers were cited in [34, 36].

2.1.3 J.J. Thomson

In 1891, Thomson noted [7] that a sheet of electric displacement D (parallel to the surface) which moves perpendicular to its surface with velocity v must be accompanied by a sheet of magnetic field H = v/c × D according to the free-space Maxwell equation ∇ × H =

1It is claimed in eq. (B.26), p. 17, of [60] that A_{rot} (called A_⊥ there) is gauge invariant, but it can be modified by so-called restricted gauge transformations, as discussed in Appendix B.1 below (from [99]).

2The rotational electric field, E_{rot}, is nonzero only in time-dependent situations, according to eq. (37), so the quantities p_{EM,orbital}, l_{EM,orbital} and l_{EM,spin} are nonzero only in such cases.

3The various total momenta and angular momenta in eqs. (7)-(8) are the volume integrals of the densities in eqs. (9)-(11).

(1/c) ∂D/∂t.^4 Then, the motion of the energy density of these sheets implies there is also a momentum density, eqs. (2) and (6) of [7],

p^{(Thomson)}

EM =

D × H 4πc . (12)

In 1893, Thomson transcribed much of his 1891 paper into the beginning of Recent Researches [8], adding the remark (p. 9) that the momentum density (12) is closely related to the Poynting vector [5, 9],^{5,6} S = c 4π E × H. (13)

In vacuum, the field momentum density is simply,

p^{(E−B)}

EM =

E × B 4πc , (14)

which we consider now. Then, the total field momentum of a system is,

P^{(E−B)}

EM = ∫ E × B 4πc dVol. (15)

In 1904, Thomson [116, 20, 21, 22] considered the field momentum, and field angular momentum,

L^{(E−B)}

EM = ∫ r × E × B 4πc dVol, (16)

for various examples, including an electric charge together with a magnetic pole, both at rest. He computed that the field momentum in zero in the latter example according to eq. (14), while the field angular momentum is,

L^{(E−B)}

EM = − ep c r̂, (17)

according to eq. (15). That is, Thomson clarified in 1904 that the term −ep r̂/c in Poincaré’s sixth equation [12] has the physical significance of angular momentum stored in the electromagnetic field of the system. However, Thomson did not reference Poincaré in his discussion.

Thomson also discussed the case of an electric charge together with either an Ampèrian or Gilbertian magnetic dipole m, finding that,

P^{(G)}_{EM} = 0, P^{(A)}_{EM} =

E × m^{(A)} c ′ (18)

4Variants of this argument were given by Heaviside in 1891, sec. 45 of [6], and much later in sec. 18-4 of [48], where it was noted that Faraday’s law, ∇×E = −(1/c) ∂B/∂t, combined with the Maxwell equation for H implies that v = c in vacuum, which point seems to have been initially overlooked by Thomson, although noted in sec. 265 of [11].

5The idea that an energy flux vector is the product of energy density and energy flow velocity seems to be due to Umov [3], based on Euler’s continuity equation [1] for mass flow, ∇ · (ρv) = −∂ρ/∂t.

6Thomson argued, in effect, that the field momentum density (14) is related by p_{EM} = S/c^2 = uv/c^2 [7, 8]. See also eq. (19), p. 79 of [6], and p. 6 of [30].

Thomson did not compute the electromagnetic field angular momentum for these cases, but the result is,

L_{EM} = ∫ r × E × B 4πc dVol = r ×

E × m c , (19)

for both Ampèrian and Gilbertian magnetic dipoles.

Thomson’s insights, like those of Darboux and Poincaré on this topic, were ahead of their time, and also went largely unnoticed for many years.

2.1.4 Poynting

In 1909, Poynting [23] suggested that a beam of circularly polarized light carries angular momentum, but he did not relate this to his energy-flow vector (1).

Related discussions were given in [24, 26, 27, 28, 29].

2.1.5 Darwin

In 1932, Darwin [32] discussed the quantum theory of light and identified orbital spin and angular momenta in the Fourier expansion of the quantum wave function of light. He did not invert the Fourier transform to express the angular momentum in terms of (quantum) E and B fields.^7

Without reference to Darwin, Stewart (2004) [88] deduced that,

L_{EM} = ∫ d^3r r ×

E × B 4πc = L_{EM,orbital} + L_{EM,spin}, (20)

where,^8

L_{EM,orbital} = ∫ d^3r 4πc ∫ d^3r^′ 4πc r × r^′ |r − r|^3

B(r) ·

∂B(r^′) ∂t , (22)

L_{EM,spin} = ∫ d^3r 4πc ∫ d^3r^′ 4πc B(r) |r − r^′| × ∂B(r^′) ∂t . (23)

While the total field angular momentum can be expressed in terms of a local density, eq. (4), neither of the total orbital or spin angular momenta can be so written; they are global, not local entities.

An implication is that the separation of the angular momentum of (classical) electromagnetic fields into orbital and spin components not crisp in general — as perhaps is to be expected since the concept of intrinsic/spin angular momentum is not “classical”.

7A version of Darwin’s argument is given, without attribution, in Appendix VI of [52]. 8In 2010, Bialynicki-Birula [106] argued that Darwin’s Fourier decomposition for the total angular momentum of classical electromagnetic fields inverts to,

L_{EM,spin} = ∫ d^3r 4πc E(r) × ∫ d^3r^′ 4π ∇^′ × B(r^′) |r − r^′|

. (21)

2.1.6 Beth

The first direct experimental evidence of the angular momentum of light was obtained in 1934 by Beth [34, 36] (at Princeton University) by observations of small rotations of quartz plates on absorption of circularly polarized light.^9

2.1.7 Vector Spherical Harmonics

Multipoles of electromagnetic fields can be described via so-called vector spherical harmonics,^{10} typically with two indices, l and m. Versions with three indices, J (total angular momentum), L (orbital angular momentum) and M, have been described in sec. 7.3, p. 208 of [55].

Vector spherical harmonics have applications to radiation emitted by “point” sources such as atoms and nuclei. However, they have not found great utility in the description of the angular momentum of “beams” of light, which are generated by spatially extended sources (lasers, etc.).

2.1.8 Henriot, Rosenfeld and Humblet

The identification of orbital and spin parts, eqs. (10)-(11), of the electromagnetic angular momentum was anticipated by Henriot (1936) [37], but may be due to Rosenfeld (1940) [39, 41], who examined “classical” field theories of particles of various spin.^{11} For the latter, see also [38, 40]. The flux of orbital and spin angular momentum was considered by Humblet (1943) [42]. These considerations are little represented in treatises on classical electrodynamics, but they are well summarized in chap. 1 of [60] (which our secs. 2.3-2.5 largely follow). See also chap. 9 of [95], and [106].

2.1.9 Cohen-Tannoudji

Our decomposition (10)-(11) is discussed in Complement B_1, p. 45 of [60] (1989), which emphasizes reciprocal (Fourier) space.

However, the statement in sec. 1.B.4(ii), p. 17, that the rotational part A_{rot} (called A_⊥ in [60]) of the vector potential A is gauge invariant in misleading. There exists an infinite set of restricted gauge transformations that change A_{rot} while maintaining the Coulombgauge condition that ∇ · A = 0 (see Appendix B.1 below). Hence, the view that gaugeinvariant quantities are “physical/real” does not apply to A_{rot}, which is better thought of as “unphysical/unreal” although very useful mathematically.^{12}

9Direct experimental evidence for the momentum/radiation pressure of light was first given by Lebedev (1901) [16], and nearly simultaneously by Nichols and Hull [17, 19].

10Vector spherical harmonics were perhaps first introduced in [33] (1934), and independently in [35]. Pedagogic discussions include [58, 61] and secs. 9.7-9.8 of [82].

11A version of our eqs. (10)-(11) first appeared as eqs. (93)-(94) of [39].

12The great successes of quantum gauge theories based on 4-vector potentials (where a key feature is that the potentials can be varied “arbitrarily” with no affect on observable results) leads many people to consider these potentials to be “physical”, or even “real”. The present author does not subscribe to this view.

Likewise, the decomposition (10)-(11) gives the impression that L_{EM,orbital} and L_{EM,spin} can be expressed in terms of local densities. However, these densities are not gauge invariant, and so are not “physical” in the sense mentioned above.

2.1.10 Allen et al.

While “exact” descriptions of the angular momentum “beams” of light with an axis have proved elusive, great progress has been made using the so-called paraxial approximation, starting with the 1992 paper [62]. Here, the so-called Gaussian-Laguerre wavefunctions^{13} emphasize the total angular momentum, and its component along the beam axis. However, these functions do not conveniently distinguish between orbital and spin angular momenta.

Subsequent papers which emphasize the Gaussian-Laguerre wavefunctions include [65, 70, 72, 73, 76, 79, 80, 83].^{14}

2.1.11 Orbital and Spin Angular Momenta of Optical Beams

Discussions of the orbital and spin angular momentum of light, which are not simply separable, generally fall into two camps, that of Darwin (which uses only E and B fields) [63, 66, 67, 68, 69, 74, 75, 77, 81, 84, 85, 88, 89, 90, 92, 93, 96, 101, 102, 104, 108, 106, 107, 119, 120, 123], and of Rosenfeld (which uses E and A_{rot}) [45, 46, 51, 53, 59, 64, 78, 91, 97, 103, 105, 111, 114, 115, 122].

Of course, neither of these approaches leads to “simple” insights.

2.1.12 Laser Physics vs. Particle Physics

The contrasting points of view as to the orbital and spin angular momenta of light of the laser- and particle-physics communities has been reviewed by Leader [112, 121], and the many references therein. See also [113]. Leader favored the decomposition (10)-(11) (which he mistakenly called gauge invariant), apparently because successful computations can be made using it (in a particular gauge).

2.2 Helmholtz Decomposition of the Electromagnetic Fields and the Coulomb Gauge

Helmholtz [2, 99] showed (in a hydrodynamic context) that any vector field, say F, which vanishes suitably quickly at infinity can be decomposed according to eq. (5), where the irrotational and rotational (or solenoidal)^{15} components F_{irr} and F_{rot} obey eq. (6).

13Gaussian-Laguerre wavefunctions were introduced in the Appendix of [47] (1962). 14The author’s derivation of Gaussian-Laguerre beams as approximations to “exact” solutions of the Helmholtz equation in oblate-spheroidal coordinates is at [86].

15The irrotational and rotational/solenoidal components F_{irr} and F_{rot} are called the longitudinal and transverse components, F_‖ and F_⊥ respectively, by some people. The latter nomenclature derives from plane waves, F = F_0e^{i(k·r−ωt)}, to which the proof of Helmholtz decomposition does not formally apply, but which is readily written as F_{irr} = F_‖ = (F · k̂) k̂ and F_{rot} = F_⊥ = F − F_‖ such that F_⊥ · k = 0, and the irrotational/longitudinal and rotational/solenoidal/transverse components of F are parallel and perpendicular, respectively, to the wave vector k. However, k̂ is not defined for k = 0, and neglect of this

Helmholtz also showed that,^{16}

F_{irr}(r) = −∇ ∫ ∇^′ · F(r^′) 4πR dVol^′, and F_{rot}(r) = ∇ × ∫ ∇^′ × F(r^′) 4πR dVol^′, (25)

where R = |r − r^′|. Time does not appear in eq. (25), which indicates that the vector field F at some point r (and some time t) can be reconstructed from knowledge of its vector derivatives, ∇ · F and ∇ × F, over all space (at the same time t).

An important historical significance of the Helmholtz decomposition (5) and (24) was in showing that Maxwell’s equations, which give prescriptions for the derivatives of the electromagnetic fields E and B, are mathematically sufficient to determine those fields.

In this note we consider only media with relative permittivity ϵ = 1 and relative permeability μ = 1, so that Maxwell’s equations can be written (in Gaussian units) in terms of the macroscopic charge and current densities, ρ and J, as,

∇ · E = 4πρ, (26)

∇ × E = − 1 c ∂B ∂t , (27) ∇ · B = 0, (28)

∇ × B = 4π c J + 1 c ∂E ∂t , (29)

where c is the speed of light in vacuum.

It follows from eq. (28) that the magnetic field B is purely rotational in the sense of Helmholtz, B_{rot} = B. (30) In general, the electric field E has both irrotational and rotational components. In Appendix A it is shown that the irrotational part of E at time t is the static (Coulomb) field that would exist if the charge density ρ(r, t) had been unchanged for all earlier times,

E_{irr}(r, t) = E^{(C)} = ∫ ρ(r^′, t)R̂

R^2 dVol^′ = ∑ i e_i

R̂_i R^2_i

, (31)

where R = r−r^′, and in the microscopic view, e_i is the electric charge of particle i. Thus, the electric field can be purely rotational only if the macroscopic charge density ρ is everywhere zero; in the microscopic view E_{irr} = 0 only if all particles are electrically neutral.

can lead to misunderstandings, such as that mentioned in footnote 1.

The author prefers the terms irrotational and rotational to describe the global argument of Helmholtz, because the terms longitudinal and transverse fields commonly describe only local aspects of vector fields.

16Using the identity that (∇^′ × F(r^′))/R = ∇^′ × (F/R) + F × ∇^′(1/R) = ∇^′ × (F/R) + ∇(1/R) × F, we can also write,

F_{rot}(r) = ∇ × ∫ ∇^′ ×

F(r^′) 4πR dVol^′ + ∇ × ∇ × ∫ F(r^′) 4πR dVol^′ = ∇ × ∇ × ∫ F(r^′) 4πR dVol^′, (24)

for fields F that vanish quickly enough at infinity.

That the irrotational part of the electric field can be calculated from the instantaneous charge distribution cautions us that the Helmholtz decomposition (5) does not imply independent physical significance for the partial fields E_{irr} and E_{rot}. In general, only the total electric field E has the physical significance of propagation at the speed of light.

An explicit expression for the rotational part of the electric field can be given in the Darwin approximation (Appendix C), in which electrodynamics is considered only to order 1/c^2,

E_{rot} = − ∑ i e_i 2c^2R_i [ a_i + (a_i · R̂_i)R̂_i +

3(v_i · R̂_i)^2 − v^2_i R_i

R̂_i ] , (32)

where a_i and v_i are the acceleration and velocity of particle i.

The electric field E and the magnetic field B can be related to a scalar potential V and a vector potential A according to,

E = −∇V − 1 c ∂A ∂t , (33) B = ∇ × A. (34)

The vector field −∇V is purely longitudinal, but in general the vector potential A has both longitudinal and transverse components.

The potentials V and A are not unique, but can be redefined in a systematic way such that the fields E and B are invariant under such redefinition. A particular choice of the potentials is called a choice of gauge,^{17} and the relations (28)-(29) are said to be gauge invariant. The gauge transformation,

A → A + ∇χ, V → V − 1 c ∂χ ∂t , (35)

leaves the fields E and B unchanged.

If we work in the Coulomb gauge (see Appendix B), where ∇ · A^{(C)} = 0, then A^{(C)}_{irr} = 0 and A^{(C)}_{rot} = A^{(C)} = A^{(C)}_{rot} , so that,

E = −∇V^{(C)} −

∂A^{(C)} ∂t = −∇V^{(C)} −

∂A^{(C)}_{rot} ∂t = E_{irr} + E_{rot}, (36)

where,

E_{irr} = −∇V^{(C)}, E_{rot} = − 1 c ∂A^{(C)} ∂t = − 1 c ∂A^{(C)}_{rot} ∂t . (37)

If we work in some other gauge with potentials A and V where the vector potential has both irrotational and rotational parts, A = A_{irr} + A_{rot}, then the decomposition of the electric field is,^{18} E_{irr} = −∇V − 1 c ∂A_{irr} ∂t , E_{rot} = − 1 c ∂A_{rot} ∂t . (38)

17More precisely, a particular set of potentials is said to satisfy a gauge condition on ∇ · A, and in general there exists a restricted set of gauge-transformation functions χ that lead to alternative potentials which also satisfy the gauge condition.

18Equations (37)-(38) imply that a general A_{rot} can differ from A^{(C)}_{rot} by a time-independent vector field.

The decomposition (36)-(38) of the electric field E into irrotational and rotational fields E_{irr} and E_{rot} is gauge invariant, but the simplicity of eq. (37) gives a special importance to the Coulomb gauge. However, one must remain cautious about assigning a direct physical significance to A_{rot} because it leads to the field E_{rot} which has components that propagate instantaneously.^{19}

2.3 Total Energy of an Electromagnetic System

The electromagnetic energy U_{EM} of a system of charges can be written as,

U_{EM} = ∫ E^2 + B^2 8π dVol. (39)

Using the Parseval-Plancherel identity (96), we can write the electric part of the field energy as, U_E = ∫ E · E 8π d^3r = ∫~ E^⋆ · Ẽ 8π d^3k = ∫ (Ẽ^⋆_{irr} + Ẽ^⋆_{rot}) · (Ẽ_{irr} + Ẽ_{rot}) 8π d^3k = ∫~ E^⋆_{irr} · Ẽ_{irr} + Ẽ^⋆_{rot} · Ẽ_{rot} 8π d^3k = ∫ E^2_{irr} + E^2_{rot} 8π d^3r ≡ U_{E,irr} + U_{E,rot}. (40)

Since ∇ · E_{irr} = 4πρ and E_{irr} = −∇V^{(C)} (Appendix B), the field energy U_{E,irr} can be transformed in the usual way to the instantaneous Coulomb energy,

U_{E,irr} = ∫ −E_{irr} · ∇V^{(C)} 8π dVol = ∫ ρV^{(C)} 2 dVol = 1 2 ∑ i≠j

e_iV^{(C)}(r_i) = 1 2 ∑ i≠j

e_ie_j R_{ij}

= U^{(C)},

(41) where V^{(C)}(r_i) is the instantaneous Coulomb potential at charge i due to other charges. Also, since B = B_{rot}, the field energy can be written as, U_{EM} = U^{(C)} + U_{E,rot} + U_{B,rot} = U^{(C)} + U_{EM,rot} , (42) where U_{EM,rot} = U_{E,rot} + U_{B,rot}.

2.3.1 Total Energy in the Darwin Approximation

In the Darwin approximation the total energy of a system of particles of rest masses m_i and electric charges e_i is given by eq. (112), U = ∑ i m_iv^2_i 2 + ∑ i 3m_iv^4_i 8c^2 + 1 2 ∑ i≠j

e_ie_j R_{ij} + 1 2 ∑ i≠j

e_ie_j 2c^2R_{ij}

[v_i · v_j + (v_i · n̂_{ij})(v_j · n̂_{ij} )] . (43)

In this quasistatic approximation the rotational field energies are,

U_{E,rot} = 0, U_{M,rot} = 1 2 ∑ i e_iv_i · A_{rot}(r_i) c = 1 2 ∑ i≠j

e_ie_j 2c^2R_{ij}

[v_i · v_j + (v_i · n̂_{ij} )(v_j · n̂_{ij})] , (44)

referring to eqs. (125)-(126), where A_{rot}(r_i) is the rotational part of the vector potential at charge i due to other charges.

19See, for example, [109].

2.4 Total Momentum of an Electromagnetic System

The total momentum associated with electromagnetic fields E and B is,

P_{EM} = ∫ S c^2 dVol = ∫ E × B 4πc dVol, (45)

where S = (c/4π)E × B is the Poynting vector. We do not consider the Helmholtz decomposition of the Poynting vector, but rather a form based on the Helmholtz decomposition of the electric field, S = S_1 + S_2 = c 4π E_{irr} × B_{rot} + c 4π E_{rot} × B_{rot}. (46)

Then, using the Parseval-Plancherel identity (96) and eqs. (88), (91) and (93),

P_{EM,1} = ∫ S_1 c^2 dVol = ∫ E_{irr} × B_{rot} 4πc d^3r = ∫~ E^⋆_{irr} × B̃_{rot} 4πc d^3k = ∫ ρ̃(k)

4πik̂ k × ik × Ã 4πc d^3k = ∫ ρ̃(k)[Ã − (Ã · k̂) k̂] c d^3k = ∫ ρ̃(k)Ã_{rot} c d^3k = ∫ ρA_{rot} c d^3r = ∑ i e_iA_{rot}(r_i) c = P_{EM,canonical} , (47)

where A_{rot}(r_i) is the rotational part of vector potential at particle i due to all other charges.^{20,21} Thus, we recognize P_{EM,1} as the electromagnetic part, P_{EM,canonical}, of the total (gaugeinvariant) canonical momentum of the system,

P_{canonical} = ∑ i ( p_i + e_iA_{rot}(r_i) c ) = P_{mech} + P_{EM,canonical} = P_{mech} + P_{EM,1}, (48)

where p_i = γ_im_iv_i is the (relativistic) mechanical momentum of particle i. It is often convenient to consider that the electromagnetic part of the canonical momentum of a charge is associated with the charge, although it is more correct to consider this term to be an effect of the interaction between the electromagnetic fields of that charge and the fields of other charges.

The part of the electromagnetic momentum associated with the rotational part of the electric field is,

P_{EM,2} = ∫ E_{rot} × B 4πc dVol = ∫ E_{rot} × (∇ × A_{rot}) 4πc dVol = ∫ ∑3_{j=1} E_{rot, j}∇A_{rot, j} − (E_{rot} · ∇)A_{rot} 4πc dVol

20The rotational vector potential A_{rot} is not unique as any gauge transformation with a gauge function χ that obeys ∇^2χ = 0 leads to another rotational vector potential.

21While the vector potential A_{rot} can be nonzero in situations where the electric charge density is everywhere zero, for P_{EM,1} = P_{EM,canonical} to be nonzero requires a nonzero charge density, i.e., at least one charge e not balanced by neighboring charges. Then, the electric field is nonzero, the Poynting vector is nonzero, and P_{EM} according to eq. (45) is nonzero.

= ∫ ∑3_{j=1} E_{rot, j}∇A_{rot, j} + (∇ · E_{rot})A_{rot} 4πc dVol = ∫ 3∑ j=1 E_{rot, j}∇A_{rot, j} 4πc dVol ≡ ∫ p_{EM,orbital} dVol = P_{EM,orbital} , (49)

where looking ahead to eq (70) we define the momentum density,

p_{EM,orbital} = 3∑ j=1 E_{rot, j}∇A_{rot, j} 4πc . (50)

The total momentum of the system can now be written as,

P_{total} = P_{canonical} + P_{EM,orbital} = ∑ i ( p_i + e_iA_{rot}(r_i) c ) + ∫ 3∑ j=1 E_{rot, j}∇A_{rot, j} 4πc dVol

= P_{mech} + P_{EM} = P_{mech} + P_{EM,1} + P_{EM,2}. (51)

It is often convenient to consider that the electromagnetic part, eq. (47), of the canonical momentum of a charge is associated with the charge, although it is more correct to consider this term to be an effect (“dressing”) of the interaction between the electromagnetic fields of that charge and the fields of other charges. In the former view, the momentum P_{EM,2} associated with the rotational part of the electric field is the only momentum that is “purely” associated with the fields themselves. A pulse of electromagnetic radiation that no longer overlaps with its source charges and currents can be considered as having a purely rotational electric field, such that P_{EM,2} describes all of the momentum of the pulse.

2.4.1 Momentum of a Circularly Polarized Plane Wave

As an example, consider a circularly polarized electromagnetic plane wave defined by the potentials (which satisfy the conditions for the Coulomb, Gibbs and Lorentz gauges),

A = A_{rot} = A_0(x̂ ± iŷ)e^{i(kz−ωt)}, V = 0, (52)

for which the electromagnetic fields are,

E = E_{rot} = − 1 c ∂A_{rot} ∂t = ikA_{rot} = ikA_0(x̂ ± iŷ)e^{i(kz−ωt)}, (53)

and, B = ∇ × A_{rot} = ik × A_{rot} = k̂ × E, (54) where k = k ẑ. The time-average density of electromagnetic momentum associated with the (rotational) electric field is (since no electric charge is associated with the “free” plane wave),

⟨p_{EM,1}⟩ = 0, ⟨p_{EM,2}⟩ = 1 2 3∑ j=1 Re(E^⋆_{rot, j}∇A_{rot, j}) 4πc = k^2A^2_0 4πc k̂. (55)

The time-average density of electromagnetic energy is,

⟨u⟩ = 1 2 |E|^2 + |B|^2 8π = k^2A^2_0 4π , (56)

so that, ⟨p_{EM}⟩ = c 8π Re(E^⋆ × B) = ⟨p_{EM,2}⟩ = ⟨u⟩ c k̂, (57)

as expected.

2.4.2 Is There Such a Thing as “Spin Linear Momentum”?

Equations (45), (47) and (49) suggest that densities of momentum stored in an electromagnetic field can be defined as,

p_{EM} = p_{EM,canonical} + p_{EM,orbital} = ρA_{rot} c + 3∑ j=1 E_{rot, j}∇A_{rot, j} 4πc , (58)

although only the volume integrals of these densities have clear physical significance.

On comparing eqs. (50) and (69), it is suggestive to identify a density of “spin linear momentum” as, p_{EM,spin} = −

(E_{rot} · ∇)A_{rot} 4πc . (59)

However, the significance of this identification is questionable, since the volume integral of p_{EM,spin} is zero. Furthermore, p_{EM,spin} = 0 for a circularly polarized plane wave (52)-(54) whose characterization as carrying spin angular momentum is a primary motivation for the entire present analysis. Hence, we will not consider the notion of “spin linear momentum” further, although this concept has its advocates [101].

2.4.3 Total Momentum in the Darwin Approximation

In the Darwin approximation the total momentum of a system of charges is given by eq. (110),

P_{total} = P_{canonical} = P_{mech} + P_{EM} = ∑ i m_iv_i + ∑ i m_iv^2_i 2c^2 v_i + ∑ i e_iA_{rot}(r_i) c (60)

In this quasistatic approximation, P_{EM,2} = 0, and all the electromagnetic momentum of the system can be associated with charges via the electromagnetic part of their canonical momenta, which are of order 1/c^2 since the vector potential is of order 1/c. Only when electrodynamic effects are considered at higher orders do they include a nonzero contribution to the electromagnetic momentum from the rotational part of the electric field. For example, the (rotational) radiation fields of an oscillating dipole are of order 1/c^2, so the electromagnetic momentum associated with a pulse of radiation is of order 1/c^5.

Another result in the Darwin (quasistatic) approximation is based on the simplification of the wave equation (102) for the vector potential to the static equation,

∇^2A_{rot} ≈ − 4π c J_{rot}. (61)

Then [50, 94],

P_{EM,canonical} = ∫ E_{irr} × B_{rot} 4πc dVol = − ∫ ∇V^{(C)} × B_{rot} 4πc dVol = ∫ V^{(C)}∇ × B_{rot} 4πc dVol = ∫ V^{(C)}∇ × (∇ × A_{rot}) 4πc dVol = ∫ V^{(C)}[∇(∇ · A_{rot}) − ∇^2A_{rot}] 4πc dVol ≈ ∫ V^{(C)}J_{rot}

c^2 dVol, (62)

where V^{(C)} is the instantaneous (Coulomb) potential.

2.4.4 Potential Momentum and “Hidden” Momentum

It is sometimes considered paradoxical that a static electromagnetic system can have nonzero electromagnetic momentum (45). See, for example, [71].

The present analysis offers the perspective that in static configurations the electric field is purely irrotational, so the electromagnetic momentum (45) can be rewritten as,

P_{EM} = P_{EM,canonical} = ∑ i e_iA_{rot}(r_i) c . (63)

This momentum is a kind of electrical potential momentum [56, 98] associated with a charge being at a location with nonzero vector potential (due to other sources). The potential momentum eA/c of a charge e can be combined with the electrical potential energy eV of that charge, where V is the scalar potential at the location of the charge (due to other sources), into a potential energy-momentum 4-vector,

U_{potential, μ} = ( eV, eA c c ) = (eV, eA) = eA_μ . (64)

The implication is that if the vector potential drops to zero, the charge takes on a mechanical momentum (in addition to any initial mechanical momentum) equal to its initial electrical potential momentum.

However, this effect is obscured in many apparently simple examples because of the fact [49] that if the center of energy,

r_U = ∫ r u_{total} dVol ∫ u_{total} dVol

, (65)

of a system with total-energy density u_{total} is at rest, then the total momentum of the system must be zero. If a static system is at rest (except for the steady currents that generate the vector potential), its center of energy will also be at rest, and the total momentum of the system must be zero. Such a system must posses a nonzero mechanical momentum equal and opposite to the electrical potential momentum (63). If the vector potential drops to zero in such a way that the center of energy remains at rest, then the mechanical momentum of the system drops to zero as well. In such cases the electrical potential momentum and the mechanical momentum are “hidden” [110].

2.5 Total Angular Momentum of an Electromagnetic System

The angular momentum of the electromagnetic fields of a system of charges can be written in terms of the Poynting vector as,

L_{EM} = ∫ r × S c^2 dVol = ∫ r × (E × B) 4πc dVol, (66)

As for the linear momentum of the fields, it is of interest to consider separately the contribution associated with the irrotational and rotational parts of the electric field.

The part of the electromagnetic angular momentum associated with E_{irr} = −∇V^{(C)}, for which ∇ · E_{rot} = 4πρ, is,

L_{EM,1} = ∫ r × (E_{irr} × B) 4πc dVol = ∫ r × [E_{irr} × (∇ × A_{rot})] 4πc dVol = ∫ ∑3_{j=1} E_{irr, j}(r × ∇)A_{rot, j} − r × (E_{irr} · ∇)A_{rot} 4πc dVol = ∫ ∑3_{j=1} E_{irr, j}(r × ∇)A_{rot, j} − (E_{irr} · ∇)(r × A_{rot}) + E_{irr} × A_{rot} 4πc dVol = ∫ ∑3_{j=1} E_{irr, j}(r × ∇)A_{rot, j} − (E_{irr} · ∇)(r × A_{rot}) + E_{irr} × A_{rot} 4πc dVol = ∫ ∑3_{j=1} E_{irr, j}(r × ∇)A_{rot, j} + (∇ · E_{irr})(r × A_{rot}) + E_{irr} × A_{rot} 4πc dVol = ∫ − ∑3_{j=1}(∇_jV_{(C)})(r × ∇)A_{rot, j} + 4πρ (r × A_{rot}) − (∇V_{(C)}) × A_{rot} 4πc dVol = ∫ ∑3_{j=1} V_{(C)}∇_j(r × ∇)A_{rot, j} + 4πρ (r × A_{rot}) + V_{(C)}(∇ × A_{rot}) 4πc dVol = ∫ V^{(C)}(r × ∇)(∇ · A_{rot}) − V^{(C)}(∇ × A_{rot}) + 4πρ (r × A_{rot}) + V^{(C)}(∇ × A_{rot}) 4πc dVol = ∫ r × ρ A_{rot} c dVol = ∑ i r_i × e_iA_{rot}(r_i) c = ∑ i r_i × P_{EM,canonical,i} ≡ L_{EM,canonical} . (67)

assuming the various surface integrals that result from integrations by parts vanish for fields the fall off sufficiently quickly at infinity. The sum of L_{EM,1} = L_{EM,canonical} and the mechanical angular momentum of the system is,

L_{mech} + L_{EM,canonical} = ∑ i r_i × ( p_i + e_iA_{rot}(r_i) c ) = L_{canonical} , (68)

which is the canonical angular momentum of the particles of the system.

Turning to the electromagnetic angular momentum associated with the rotational part of the electric field, for which ∇ · E_{rot} = 0, we have,

L_{EM,2} = ∫ r × (E_{rot} × B) 4πc dVol = ∫ r × [E_{rot} × (∇ × A_{rot})] 4πc dVol

= ∫ ∑3_{j=1} E_{rot, j}(r × ∇)A_{rot, j} − r × (E_{rot} · ∇)A_{rot} 4πc dVol = ∫ ∑3_{j=1} E_{rot, j}(r × ∇)A_{rot, j} − (E_{rot} · ∇)(r × A_{rot}) + E_{rot} × A_{rot} 4πc dVol = ∫ ∑3_{j=1} E_{rot, j}(r × ∇)A_{rot, j} − (E_{rot} · ∇)(r × A_{rot}) + E_{rot} × A_{rot} 4πc dVol = ∫ ∑3_{j=1} E_{rot, j}(r × ∇)A_{rot, j} + (∇ · E_{rot})(r × A_{rot}) + E_{rot} × A_{rot} 4πc dVol = ∫ r × ∑_3

j=1 E_{rot, j}∇A_{rot, j} 4πc dVol + ∫ E_{rot} × A_{rot} 4πc dVol ≡ L_{EM,orbital} + L_{EM,spin} , (69)

where the orbital angular momentum,

L_{EM,orbital} = ∫ l_{EM,orbital} dVol, l_{EM,orbital} = r×

∑_3 j=1 E_{rot, j}∇A_{rot, j} 4πc = r×p_{EM,orbital} , (70)

depends on the choice of origin, while,

L_{EM,spin} = ∫ l_{EM,spin} dVol, l_{EM,spin} =

E_{rot} × A_{rot} 4πc (71)

is independent of the choice of origin and is therefore an intrinsic property of the fields, which we call the spin angular momentum.

2.5.1 Angular Momentum of a Circularly Polarized Plane Wave As an example, consider a circularly polarized electromagnetic plane wave, eqs. (52)-(54). The time-average density of spin angular momentum is, according to eq. (11),

⟨l_{EM,spin}⟩ = 1 2 Re(E^⋆_{rot} × A_{rot}) 4πc = Re(−ikA_0 (x̂ ∓ iŷ) × iA_0 (x̂ ± iŷ) 8πc = ± kA^2_0 4πc k̂. (72)

Thus, ⟨l_{EM,spin}⟩ = ± ⟨u⟩ ω k̂, (73)

in terms of the time-average density ⟨u⟩ = k^2A^2_0/4π, of electromagnetic energy, which is consistent with the quantum behavior of spin-1 photons.

The time-average density of orbital angular momentum is, according to eqs. (10)-(11),

⟨l_{EM,orbital}⟩ = r × 1 2 ∑ j Re(E^⋆_{rot, j}∇A_{rot, j}) 4πc = r × ⟨p_{EM,2}⟩ = r × ⟨p_{EM}⟩ = r × ⟨ E × B 4πc ⟩ , (74)

recalling eq. (55) for a plane wave. This suggests that the angular momentum integrals obey ⟨L_{EM,orbital}⟩ = ⟨L_{EM}⟩, with the implication that ⟨L_{EM,spin}⟩ = 0, in seeming contradiction with eq. (73). Of course, since the fields of an ideal plane wave do not vanish at infinity, the forms (10)-(11) do not necessarily apply to it.

In contrast, the (Darwin) prescription, eqs. (22)-(23), for field angular momentum based only on E and B yields L_{EM} = L_{EM,spin}, with L_{EM,orbital} = 0 for circular polarized plane waves, as discussed in sec. 4 of [88]. See also [89].

2.5.2 Is There “Really” Such a Thing as Classical Spin Angular Momentum?

Equation (66) suggests the we could define the density of angular momentum in the electromagnetic field as,

l_{EM} = r ×

E × B 4πc . (75)

Then, eq. (58) suggests that we can replace E × B/4πc by p_{EM,canonical} + p_{EM,orbital} to write,

l_{EM}^?= r × (p_{EM,canonical} + p_{EM,orbital}). (76)

In contrast, eqs. (67)-(71) suggest that we can also write,

l_{EM} = l_{EM,canonical} + l_{EM,orbital} + l_{EM,spin} = r × (p_{EM,canonical} + p_{EM,orbital}) + l_{EM,spin}

= r × ρA_{rot} c + r ×

∑_3 j=1 E_{rot, j}∇A_{rot, j} 4πc + E_{rot} × A_{rot} 4πc . (77)

The analysis that has led to the apparent contradiction between eqs. (76) and (77) assumed that the surface integrals that arise during the various integrations by parts can be neglected. This assumption is not valid for plane waves, or for monochromatic waves whose time dependence e^{−iωt} implies these waves exist at arbitrarily early and late times. Physical waves have existed only for a finite time, and hence are bounded in space such that the surface integrals are indeed negligible. That is, neglect of the integrals on distant surfaces is a good approximation for physical fields.

Thus, the transformations (47), (49), (67) and (69) do not justify equating the integrand E × B/4πc with p_{EM,canonical} + p_{EM,orbital}, or equating the integrand r × (E × B)/4πc to the form r × (p_{EM,canonical} + p_{EM,orbital}) + l_{EM,spin}. In particular, the argument that led to eq. (76) does not imply that the volume integral of r × (p_{EM,canonical} + p_{EM,orbital}) equals the total electromagnetic angular momentum (66) of the system. While care must be taken when using the densities of momentum and angular momentum introduced here (and elsewhere), there remains a valid domain of applicability of these concepts, including the “spin” angular momentum density (71).

A related issue is how we should regard the two forms of angular momentum density (75) and (77), both of whose volume integrals yield that same total electromagnetic angular momentum for a bounded system. The form (75) suggests that all electromagnetic angular momentum is “orbital”, while the form (77) includes the “intrinsic spin” angular momentum (66).

The situation here is similar to that concerning magnetostatics, where a classical model of, say, iron atoms is that each has a magnetic moment related to the microscopic current density J_{atom} within the atom,

M_{atom} = 1 2c ∫ atom

(r − r_{atom}) × J_{atom} dVol = ∫ atom

r × J_{atom} 2c dVol + r_{atom} 2c × ∫ J_{atom} dVol = ∫ atom

r × J_{atom} 2c dVol, (78)

which is independent of the choice of origin for steady current distributions J_{atom}.^{22} A ferromagnetic magnetic moment is considered to be an intrinsic property of the atom (and related to the “spin” angular momentum of the atom). We can calculate the total magnetic moment of a block of iron as the sum of all atomic moments, which can be transformed into an integral over the macroscopic current density J,

M_{total} = ∑ atoms

M_{atom} = 1 2c ∫ r × ∑ atoms

J_{atom} dVol = ∫ r × J 2c dVol, (79)

where J is obtained by averaging the atoms currents J_{atom} over volumes large compared to an atom but small compared to macroscopic scales. We now can define magnetization densities in two ways, microscopic and macroscopic:

m_{micro} =

M_{atom} Vol_{atom}

, and m_{macro} = r × J 2c , (80)

such that, M_{total} = ∫ m_{micro} dVol = ∫ m_{macro} dVol. (81)

However, the microscopic and macroscopic magnetization densities are very different; a uniform microscopic density is associated with a macroscopic density that is nonzero only on the surface of the iron block.

Returning to the case of electromagnetic angular momentum, we can certainly consider the form (75) to represent the macroscopic density of electromagnetic angular momentum.^{23} It is appealing to argue that the form (77) corresponds to a more microscopic description, in which the intrinsic angular momentum of “particles” of the electromagnetic field is described by the density (71) of “spin” angular momentum. Such an interpretation is not entirely justified by the usual premises of classical electrodynamics, but it is more acceptable from a quantum perspective.^{24,25}

22Noting that ∇ · (x_iJ) = J · ∇x_i = J_i, we have that ∫ J_i dVol = ∫ ∇ · (x_iJ) dVol = ∮ (x_iJ) · dArea = 0 for any current distribution that is bounded in space.

23Comparison with the case of a uniformly magnetized block of iron suggests that the macroscopic angular momentum of an electromagnetic field with uniform “spin” angular momentum resides on the surface of the field. In the case of a circularly polarized plane wave, the “surface” is at infinity, such that the macroscopic description omits the angular momentum by the neglect of the surface integrals.

24It is noteworthy that the formalism of “spin” electromagnetic field angular momentum arose in the context of classical field theories [38, 39] of particles with “spin”.

25For recent comments on this theme, see [115].

2.5.3 Comments (Oct. 1, 2021)

Despite the computational appeal of the decomposition (11) of the angular momentum of the electromagnetic field into “orbital” and “spin” components expressible as local densities in a particular gauge, this decomposition should not be regarded as “physical”. Rather, the gauge-invariant decomposition (22)-(23), following Darwin [32], can be regarded as the “physical” representation of the two types of electromagnetic angular momentum. It remains that Darwin’s decomposition does not provide a vision of these angular-momentum components as having local spatial densities (unlike the total electromagnetic angular momentum described by eq. (4)); rather, the “orbital” and “spin” angular momenta of the electromagnetic field are global concepts.

A Appendix: Fourier Transforms

The Fourier transform of a vector field F(r) in ordinary 3-space is the vector field F̃(k) in k-space defined by, F̃(k) = 1 (2π)^{3/2} ∫ F(r)e^{−i k·r} d^3r, (82)

and the corresponding Fourier integral representation of F is,

F(r) = 1 (2π)^{3/2} ∫ F̃(k)e^{i,k·r} d^3k. (83)

We symbolize the relations (82)-(83) by,

F(r) ↔ F(k). (84)

For example, 1 r ↔ 1 (2π)^{3/2} 4π k^2

, and r̂ r^2 ↔ 1 (2π)^{3/2}

−4πi k̂ k , (85)

where â is the unit vector a/a.

The curl and divergence of the field F have Fourier transforms,

∇ ⊙ F = 1 (2π)^{3/2} ∫ ∇ ⊙ (F̃(k)e^{i k·r}) d^3k = 1 (2π)^{3/2} ∫ i k ⊙ F̃ d^3k, (86)

where ⊙ represents either operation · or ×, which implies the relations,

∇ × F ↔ i k × F̃, ∇ · F ↔ i k · F̃, (87)

For example, B = ∇ × A ↔ B̃ = i k × Ã. (88) Then, from eq. (6) the Fourier transforms F̃_{irr} and F̃_{rot} of the irrotational and rotational parts, F_{irr} and F_{rot} of a vector field F obey,

k × F̃_{irr} = 0, k · F̃_{rot} = 0, F̃_{irr} · F̃_{rot} = 0, (89) which together with the relation,

F = F_{irr} + F_{rot} ↔ F̃ = F̃_{irr} + F̃_{rot} (90)

imply that, F̃_{irr} = (F̃ · k̂) k̂ = F̃_‖, F̃_{rot} = F̃ − F̃_{irr} = F̃_⊥. (91)

As an example, the Maxwell equation (26) has the Fourier transform,

i k · Ẽ = 4πρ̃(k), (92)

where ρ̃(k) is the transform of ρ(r), so the irrotational part of Ẽ is,

Ẽ_{irr} = ρ̃(k)−4πi k̂ k , (93)

which is the product of two Fourier transforms, F̃ = ρ̃(k) and G̃ = −4πi k̂/k. In general, the product F̃ (k)G̃(k) of the Fourier transforms of scalar fields F (r) and G(r) has the inverse transform, 1 (2π)^{3/2} ∫ F (r^′)G(r − r^′) d^3r^′, (94)

which is not F (r)G(r) but their spatial convolution. Using eqs. (93)-(94) together with eq. (85), we find the irrotational part of the electric field to be,

E_{irr} = ∫ ρ(r^′)R̂

R^2 d^3r^′ = E^{(C)}, (95)

where R = r − r^′. Thus, the irrotational part of the electric field E at time t is the instantaneous Coulomb field E^{(C)} of the electric charge density ρ(r, t), i.e., its “static” part, as would hold if the present charge density had never been different in the past.

We also note the Parseval-Plancherel identity for two scalar fields F (r) and G(r) with Fourier transforms F̃ (k) and G̃(k): ∫ F^⋆(r)G(r) d^3r = ∫ F̃^⋆(k)G̃(k) d^3k. (96)

B Appendix: Coulomb Gauge

The vector potential in the Coulomb gauge is chosen to be purely rotational/transverse,

∇ · A^{(C)} = 0, so that, A^{(C)} = A_{rot} (Coulomb). (97)

We restrict our discussion to media for which the relative permittivity is ϵ = 1 and the relative permeability is μ = 1. Then, using eq. (28) in the Maxwell equation ∇ · E = 4π, the scalar potential V in any gauge obeys,

∇^2V + ∂ ∂t ∇ · A = −4πρ, (98) and the Maxwell equation ∇ × B = (4π/c)J + ∂E/∂ct leads to,

∇^2A − 1 c^2

∂^2A ∂t^2 = − 4π c J + ∇ ( ∇ · A + 1 c ∂V ∂t ) (99)

for the vector potential in any gauge.

Thus, in the Coulomb gauge, eq. (98) becomes Poisson’s equation,

∇^2V^{(C)} = −4πρ, (100)

which has the formal solution,

V^{(C)}(r, t) = ∫ ρ(r^′, t) R dVol^′ (Coulomb), (101)

where R = |r − r^′|, in which changes in the charge distribution ρ instantaneously affect the potential V^{(C)} at any distance.

In the Coulomb gauge, eq. (99) becomes, using the continuity equation, ∇·J+∂ρ/∂t = 0,

∇^2A^{(C)} − 1 c^2

∂^2A^{(C)} ∂t^2 = − 4π c J + ∇ c ∂V^{(C)} ∂t = − 4π c J − 4π c ∇ ∫ ∇^′ · J(r^′, t) 4πR dVol^′ = − 4π c (J − J_{irr}) = − 4π c J_{rot}, (102)

using eqs. (25), (101) and the continuity equation, ∇ · J = −∂ρ/∂t. Thus, a formal solution for the (retarded, rotational) vector potential in the Coulomb gauge is,^{26}

A^{(C)}_{rot} (r, t) = A^{(C)}(r, t) = 1 c ∫ J_{rot}(r^′, t^′ = t − R/c) R dVol^′ (Coulomb), (104)

where the rotational part of the current density is given by,

J_{rot}(r, t) = 1 4π ∇ × ∫ ∇^′ × J(r^′, t) R dVol^′ = 1 4π ∇ × ∇ × ∫ J(r^′, t) R dVol^′, (105)

which goes to zero at large distance if the current density lies within a bounded volume.

26In case of steady currents, ∇ · J = 0, J_{rot} = J, and a formal solution is,

A^{(C)}(r) = 1 c ∫ J(r^′) R dVol^′ (Coulomb, static). (103)

Other forms of the Coulomb-gauge vector potential are possible, via the restricted gauge transformation A^′ = A + ∇χ, where the gauge-transformation function obeys Laplace’s equation,∇χ = 0. However, the uniqueness theorem for solutions to Laplace’s equation with Neumann boundary conditions (see sec. 1.9 of [82]), the only possible χ for which ∇χ = 0 at large distances is the trivial case χ = 0. Hence, any alternative Coulomb-gauge vector potential does not go to zero everywhere at infinity, and the static form (103) plays a somewhat special role.

B.1 Alternative Forms of the Coulomb-Gauge Potentials

While the potentials (101) and (104) can be considered to be the standard forms for the Coulomb gauge, they are not the only possible ones.

If the gauge-transformation function χ obeys Laplace’s equation, ∇^2χ = 0, then the vector potential of the gauge transformation A^{(C)} → A^{(C)} + ∇χ, V^{(C)} → V^{(C)} − ∂χ/∂t, also satisfies the Coulomb-gauge condition (97).^{27}

In quasistatic examples of charge and current densities within a bounded volume, and where radiation can be ignored, the standard potentials (101) and (104) go to zero at large distances. Then, all of the alternative Coulomb-gauge potentials, generated by a gauge function χ that obeys Laplace’s equation do not go to zero at infinity in all directions. This follows from the uniqueness theorem for solutions to Laplace’s equation with either Dirichlet or Neumann boundary conditions (see, for example sec. 1.9 of [82]), since the trivial case χ = 0 has both χ and its derivatives equal to zero (at large distances). So, when one adds the constraint that the Coulomb-gauge potentials must vanish at infinity, then the standard forms (101) and (104) are the only such solutions (if indeed they vanish at infinity).^{28} Of course, only for electro- and/or magnetostatic examples (or for those inside a bounded perfectly conducting surface) can there be potentials that vanish at infinity, so for all examples involving “radiation to infinity” (“real photons”), we must accept the nonuniqueness of Coulomb-gauge potentials.

C Appendix: Darwin’s Approximation

The Lagrangian for a charge e of mass m that moves with velocity v in an external electromagnetic field that is described by (Coulomb-gauge) potentials V^{(C)} and A^{(C)} can be written (see, for example, sec. 16 of [54]),

L = −mc^2 √ 1 − v^2/c^2 − eV^{(C)} + e v c · A^{(C)}. (106)

Darwin [31] worked in the Coulomb gauge, and kept term only to order v^2/c^2. Then, the scalar and vector potentials due to a charge e that has velocity v can be taken as (see sec. 65 of [54] or sec. 12.6 of [82]),

V^{(C)} = e R , A^{(C)} = e[v + (v · n̂)n̂] 2cR , (107)

27For example, the gauge functions χ = ±Bxy/2 lead from the axially symmetric vector potential, A^{(C)} = BR^2 ϕ̂/2ρ, of a uniform magnetic field B ẑ inside an axially symmetric current distribution on a cylinder of radius R about the z-axis, to the so-called “Landau” potentials, which are nonzero at ρ = √ x^2 + y^2 = ∞.

See also sec. 2.1 of [117].

28It is claimed in eq. (B.26), p. 17, of [60] that A_{rot} (called A_⊥ there) is gauge invariant, since the Fourier transform of the gauge transformation A → A^′ = A + ∇χ is A^′_k = A_k + ik χ_k. This makes it appear that the term ik χ_k contributes only to the irrotational part of A^′, since the Fourier transform of A_{irr} is A_{k,irr} = (k̂ · A_k) k̂ (as in eq. (B.14a) of [60]), such that A^′_{rot} = A_{rot}. However, k̂ is undefined for k = 0, such that the Fourier component A_{k=0} is entirely rotational. Then, if ∇^2χ = 0, its Fourier transform is 0 = −k^2χ_k = ik · (ik χ_k), such that ik χ_k can be nonzero for k = 0, in which case ∇χ contributes to A^′_{rot} and this differs from A_{rot}.

where n̂ is directed from the charge to the observer, whose (present) distance is R.

Combining equations (106) and (107) for a collections of charged particles, and keeping terms only to order v^2/c^2, we arrive at the Darwin Lagrangian, L = ∑ i m_iv^2_i 2 + ∑ i m_iv^4_i 8c^2 − ∑ i>j e_ie_j R_{ij} + ∑ i>j e_ie_j 2c^2R_{ij}

[v_i · v_j + (v_i · n̂_{ij} )(v_j · n̂_{ij})] , (108)

where we ignore the constant sum of the rest energies of the particles.

The Lagrangian (108) does not depend explicitly on time, so the corresponding Hamiltonian, H = ∑ i p_i · v_i − L = ∑ i p^2_i 2m_i − ∑ i p^4_i 8m^3_i c^2 + ∑ i>j e_ie_j R_{ij} − ∑ i>j e_ie_j 2m_im_j c^2R_{ij}

[p_i · p_j + (p_i · n̂_{ij} )(p_j · n̂_{ij} )] , (109)

is the conserved energy of the system, where,

p_i = ∂L ∂v_i

= m_iv_i + m_iv^2_i 2c^2 v_i + ∑ j≠i

e_ie_j 2c^2R_{ij}

[v_j + n̂_{ij} (v_j · n̂_{ij} )]

= = m_iv_i + m_iv^2_i 2c^2 v_i + e_iA^{(C)}(r_i) c (110)

is the canonical momentum of particle i, and,

A^{(C)}(r_i) = ∑ j≠i

e_ie_j 2c^2R_{ij}

[v_j + n̂_{ij} (v_j · n̂_{ij} )] (111)

is the vector potential at charge i due to the other charges. Hence, the energy/Hamiltonian is, U = ∑ i m_iv^2_i 2 + ∑ i 3m_iv^4_i 8c^2 + ∑ i>j e_ie_j R_{ij} + ∑ i>j e_ie_j 2c^2R_{ij}

[v_i · v_j + (v_i · n̂_{ij} )(v_j · n̂_{ij} )] , (112)

as first derived by Darwin [31].

The part of this Hamiltonian/energy associated with electromagnetic interactions is,

U_{EM} = 1 2 ∑ i≠j

e_ie_j R_{ij} + 1 2 ∑ i≠j

e_ie_j 2c^2R_{ij}

[v_i · v_j + (v_i · n̂_{ij})(v_j · n̂_{ij} )]

= 1 2 ∑ i e_i ( V^{(C)}(r_i) + v_i · A^{(C)}(r_i) c ) , (113)

where, V^{(C)}(r_i) = ∑ j≠i

e_j R_{ij}

(114)

is the electric scalar potential at charge i due to other charges.^{29}

29The integral form of eq. (113),

U_{EM} = 1 2 ∫ ( ρV^{(C)} +

J · A^{(C)} c ) dVol, (115)

C.1 Direct Calculation of the Interaction Electromagnetic Energy in the Darwin Approximation

The interaction electromagnetic energy associated with a set {i} of charges e_i can be written,

U_{EM} = ∑ i>j ∫ E_i · E_j + B_i · B_j 4π dVol. (116)

The electric and magnetic fields of a charge e at distance R from an observer follow in the Darwin approximation from the potentials (110),

E = −∇V^{(C)} −

∂A^{(C)} ∂ct = e R^2 n̂ − e 2c^2R [ a + (a · n̂)n̂ +

3(v · n̂)^2 − v^2 R n̂ ]

≡ E^{(C)} + E_{rot}, (117)

B = ∇ × A^{(C)} = ev × n̂ cR^2

, (118)

where a = dv/dt is the (present) acceleration of the charge,^{30} and,

E^{(C)} = e R^2 n̂ , E_{rot} = − e 2c^2R [ a + (a · n̂)n̂ +

3(v · n̂)^2 − v^2 R n̂ ] . (119)

See [43] for applications of these relations to considerations of electromagnetic momentum rather than energy.

The potentials (107) are in the Coulomb gauge, so that ∇ · A^{(C)} = 0, and hence, ∇ · E_{rot} = 0. (120) The electric part of the energy (112) can be written,

U_E = ∑ i>j e_ie_j ∫ n̂_i · n̂_j 4πR^2_i R^2_j dVol + ∑ i>j ∫ (e_in̂_i · E_{′j}

4πR^2_i + e_jn̂_j · E^′_i 4πR^2_j ) dVol + O ( 1 c^4 ) . (121)

It is well known (see, for example, the Appendix of [87]), that, ∫ n̂_i · n̂_j 4πR^2_i R^2_j dVol = 1 R_{ij}

. (122)

For the second integral in eq. (117), we integrate by parts to find,^{31} ∫ n̂_i · E_{rot, j} R^2_i dVol = − ∫ E_{rot, j} · ∇ ( 1 R_i ) dVol = ∫ 1 R_i

∇ · E_{rot, j} dVol = 0. (124)

shows the possibly surprising result that the electromagnetic energy in the Darwin approximation has the form of that for a system of quasistatic charge and current densities ρ and J (which implies use of the Coulomb gauge; see, for example, sec. 5.16 of [82] or secs. 31 and 33 of [57]).

30Sec. 65 of [54] shows that in the Darwin approximation the Liénard-Wiechert potentials (Lorenz gauge) reduce to V^{(L)} = e/R + (e/2c^2)∂^2R/∂t^2 and A^{(L)} = ev/cR, from which eqs. (113)-(115) also follow.

31The surface integral resulting from the integration by parts in eq. (124) vanishes as follows: ∫ E_{rot, j}

R_i

· dArea = − ∫ [a_j + (a_j · n̂)n̂]

2c^2R_iR_j

· dArea + ∫ (· · ·) R_iR^2_j

· dArea → − ∫ a_j · n̂ c^2 dΩ = 0. (123)

Thus, the electric part of the interaction energy is,

U_E = ∑ i>j e_ie_i R_{ij}

, (125)

which holds for charges of any velocity when we work in the Coulomb gauge.

The magnetic part of the energy (112) is,

U_M = ∑ i>j ∫ B_i · B_j 4π dVol = ∑ i>j ∫ B_i · ∇ × A(C)_j 4π dVol = ∑ i>j ∫ A(C)_j · ∇ × B_i 4π dVol

= ∑ i>j e_iv_i · A^{(C)}_j (r_i) c = ∑ i>j e_ie_j 2c^2R_{ij}

[v_i · v_j + (v_i · n̂_{ij} )(v_j · n̂_{ij})] , (126)

where we note that B · ∇ × A = ϵ_{lmn}B_l∂A_n/∂x_m, so that integration by parts leads to −ϵ_{lmn}A_nB_m∂B_l/∂x_m = ϵ_{nml}A_n∂B_l/∂x_m = A · ∇ × B (and not to −A · ∇ × B), and that,^{32}

∇ × B_i = 4π c J_i +

∂E_i ∂ct = 4πe_iv_i c δ(r − r_i) − ∇

∂V^{(C)}_i ∂ct − ∂^2A^{(C)}_i ∂(ct)^2

. (128)

Thus, we again find the interaction electromagnetic energy U_{EM} = U_E + U_M to be given by eq. (110).

References

[1] L. Euler, Principes généraux du mouvement des fluides, Acad. Roy. Sci. Belles-Lett.

Berlin (1755), http://kirkmcd.princeton.edu/examples/fluids/euler_fluids_55_english.pdf

[2] H. Helmholtz, Über Integrale der hydrodynamischen Gleichungen, welche den Wirbelbewegungen entsprechen, Crelles J. 55, 25 (1858),

http://kirkmcd.princeton.edu/examples/fluids/helmholtz_jram_55_25_58.pdf

http://kirkmcd.princeton.edu/examples/fluids/helmholtz_jram_55_25_58_english.pdf

On Integrals of the Hydrodynamical Equations, which express Vortex-motion, Phil. Mag. 33, 485 (1867), http://kirkmcd.princeton.edu/examples/fluids/helmholtz_pm_33_485_67.pdf

[3] N. Umow, Ableitung der Bewegungsgleichungen der Energie in continuirlichen Körpern, Zeit. Math. Phys. 19, 418 (1874),

http://kirkmcd.princeton.edu/examples/EM/umow_zmp_19_97,418_74.pdf
http://kirkmcd.princeton.edu/examples/EM/umov_theorem.pdf

32In greater detail, the integrand A_j · ∇ × B_i includes the term A_j · ∂^2A_i/∂(ct)^2 which is of order 1/c^4, while the integral of the term A_j · ∇∂ϕ_i/∂ct vanishes according to, − ∫ A_j · ∇

∂ϕ_i ∂ct dVol = − ∫ ∂ϕ_i ∂ct A_j · dArea + ∫ ∂ϕ_i ∂ct ∇ · A_j dVol = ∫ v_i · n̂_i cR^2_i

A_j · dArea → 0. (127)

[4] G. Darboux, Problème de Mécanique, Bull. Sci. Math. Astro. 2, 433 (1878),

http://kirkmcd.princeton.edu/examples/EM/darboux_bsma_2_433_78.pdf

[5] J.H. Poynting, On the Transfer of Energy in the Electromagnetic Field, Phil. Trans.

Roy. Soc. London 175, 343 (1884),

http://kirkmcd.princeton.edu/examples/EM/poynting_ptrsl_175_343_84.pdf

[6] O. Heaviside, Electromagnetic Theory, Vol. 1 (Electrician Publishing Co., 1891),

http://kirkmcd.princeton.edu/examples/EM/heaviside_electromagnetic_theory_1.pdf

[7] J.J. Thomson, On the Illustration of the Properties of the Electric Field by Means of Tubes of Electrostatic Induction, Phil. Mag. 31, 149 (1891),

http://kirkmcd.princeton.edu/examples/EM/thomson_pm_31_149_91.pdf

[8] J.J. Thomson, Recent Researches in Electricity and Magnetism (Clarendon Press, 1893), p. 9, http://kirkmcd.princeton.edu/examples/EM/thomson_recent_researches_in_electricity.pdf

[9] O. Heaviside, Electrical Papers, Vol. 1 (Macmillan, 1894),

http://kirkmcd.princeton.edu/examples/EM/heaviside_electrical_papers_1.pdf

See p. 438 for the Poynting vector. Heaviside wrote the momentum density in the Minkowski form D × B/4πc on p. 108 of [6].

[10] A. Righi, Sulle oscillazioni elettriche a piccola lunghezza d’onda e sul loro impiego nella produzione di fenomeni analoghi ai principali fenomeni dell’ottica, Mem. Acc. Sci. Bologna 4, 487 (1894), http://kirkmcd.princeton.edu/examples/EM/righi_masb_4_487_94.pdf

[11] J.J. Thomson, Elements of the Mathematical Theory of Electricity and Magnetism (Cambridge U. Press, 1895), http://kirkmcd.princeton.edu/examples/EM/thomson_EM_1st_ed_95.pdf

[12] H. Poincaré, Remarques sur une expèrience de M. Birkeland, Comptes Rendus Acad.

Sci. 123, 530 (1896), http://kirkmcd.princeton.edu/examples/EM/poincare_cras_123_530_96.pdf

http://kirkmcd.princeton.edu/examples/EM/poincare_cras_123_530_96_english.pdf

[13] A.I. Sadowsky, Acta Comm. Imp. U. Jurievensis 7(1), B1 (1899),

http://kirkmcd.princeton.edu/examples/EM/sadowsky_aciuj_7-1b_1_99.pdf
http://kirkmcd.princeton.edu/examples/EM/sadowsky_aciuj_7-1b_99_english.pdf

[14] A.I. Sadowsky, Acta Comm. Imp. U. Jurievensis 8(2), A1 (1900),

http://kirkmcd.princeton.edu/examples/EM/sadowsky_aciuj_8-2a_1_00.pdf

[15] H. Poincaré, La Théorie de Lorentz et la Principe de Réaction, Arch. Neer. 5, 252 (1900), http://kirkmcd.princeton.edu/examples/EM/poincare_an_5_252_00.pdf Translation: The Theory of Lorentz and the Principle of Reaction,

http://kirkmcd.princeton.edu/examples/EM/poincare_an_5_252_00_english.pdf

[16] P. Lebedew, Untersuchungen über die Druckkräfte des Lichtes, Ann. d. Phys. 6, 433 (1901), http://kirkmcd.princeton.edu/examples/EM/lebedew_ap_6_433_01.pdf

[17] E.F. Nichols and G.F. Hull, A Preliminary Communication on the Pressure of Heat and Light Radiation, Phys. Rev. 13, 307 (1901),

http://kirkmcd.princeton.edu/examples/EM/nichols_pr_13_307_01.pdf

[18] M. Abraham, Prinzipien der Dynamik des Elektrons, Ann. Phys. 10, 105 (1903),

http://kirkmcd.princeton.edu/examples/EM/abraham_ap_10_105_03.pdf

[19] E.F. Nichols and G.F. Hull, The Pressure Due to Radiation, Phys. Rev. 17, 26 (1903),

http://kirkmcd.princeton.edu/examples/EM/nichols_pr_17_26_03.pdf

[20] J.J. Thomson, Electricity and Matter (Charles Scribner’s Sons, 1904), pp. 25-35,

http://kirkmcd.princeton.edu/examples/EM/thomson_electricity_matter_04.pdf

[21] J.J. Thomson, On Momentum in the Electric Field, Phil. Mag. 8, 331 (1904),

http://kirkmcd.princeton.edu/examples/EM/thomson_pm_8_331_04.pdf

[22] J.J. Thomson, Elements of the Mathematical Theory of Electricity and Magnetism, 3^{rd} ed. (Cambridge U. Press, 1904), http://kirkmcd.princeton.edu/examples/EM/thomson_EM_3rd_ed_04.pdf

[23] J.H. Poynting, The Wave Motion of a Revolving Shaft, and a Suggestion as to the Angular Momentum in a Beam of Circularly Polarised Light, Proc. Roy. Soc. London A 82, 560 (1909), http://kirkmcd.princeton.edu/examples/EM/poynting_prsla_82_560_09.pdf

[24] S. Pokrowsky, Anwendung des Prinzips virtueller Verschiebungen auf die in eine Strahlung versenkten Systeme, Phys. Z. 12, 1118 (1911),

http://kirkmcd.princeton.edu/examples/EM/pokrowsky_12_1118_11.pdf

[25] H. Poincaré, La dynamique de l’électron (Paris, 1913),

http://kirkmcd.princeton.edu/examples/EM/poincare_electron_13.pdf

[26] P.S. Epstein, Die ponderomotorischen Drehwirkungen einer Lichtwelle und die Impulssätze der Elektronentheorie, Ann. Phys. 44, 593 (1914),

http://kirkmcd.princeton.edu/examples/EM/epstein_ap_44_593_14.pdf

[27] K. Schaposchnikow Die ponderomotorische Wirkung des zirkular-polarisierten Strahles, Phys. Z. 15, 454 (1914), http://kirkmcd.princeton.edu/examples/EM/schaposchnikow_pz_15_454_14.pdf

[28] H. Busch, Ein allgemeiner Satz über die ponderomotorische Wirkung des Drehfeldes, ins besondere der zirkularpolarisierten Welle, Phys. Z. 15, 455 (1914),

http://kirkmcd.princeton.edu/examples/EM/busch_pz_15_455_14.pdf

Über die von der zirkularpolarisierten Welle ausgeübten Drehmomente und die Emissions theorie des Lichtes, Phys. Z. 15, 457 (1914).

[29] M. Abraham, Der Drehimpuls des Lichtes, Phys. Z. 15, 914 (1914),

http://kirkmcd.princeton.edu/examples/EM/abraham_pz_15_914_14.pdf

[30] H. Bateman, The Mathematical Analysis of Electrical and Optical Wave Motion, (Cambridge U. Press, 1915), http://kirkmcd.princeton.edu/examples/EM/bateman_wave_motion_15.pdf

[31] C.G. Darwin, The Dynamical Motions of Charged Particles, Phil. Mag. 39, 537 (1920),

http://kirkmcd.princeton.edu/examples/EM/darwin_pm_39_537_20.pdf

[32] C.G. Darwin, Notes on the Theory of Radiation, Proc. Roy. Soc. London A 136, 36 (1932), http://kirkmcd.princeton.edu/examples/QED/darwin_prsla_136_36_32.pdf

[33] W.W. Hansen, A New Type of Expansion in Radiation Problems, Phys. Rev. 47, 139 (1935), http://kirkmcd.princeton.edu/examples/EM/hansen_pr_47_139_35.pdf

[34] R.A. Beth, Direct Detection of the Angular Momentum of Light, Phys. Rev. 48, 471 (1935), http://kirkmcd.princeton.edu/examples/EM/beth_pr_48_471_35.pdf

[35] W. Heitler, On the Radiation Emitted by a Multipole and its Angular Momentum, Proc. Camb. Phil. Soc. 32, 1129 (1936),

http://kirkmcd.princeton.edu/examples/QED/heitler_pcpc_32_112_36.pdf

[36] R.A. Beth, Mechanical Detection and Measurement of the Angular Momentum of Light, Phys. Rev. 50, 115 (1936), http://kirkmcd.princeton.edu/examples/optics/beth_pr_50_115_36.pdf

[37] E. Henriot, Les couples de radiation et les moments électromagnétiques, Mem. Sci. Phys.

30, (1936); translated as Radiation couples and electromagnetic moments,

http://kirkmcd.princeton.edu/examples/EM/henriot_moments_36_english.pdf

[38] F.J. Belinfante, On the Current and the Density of the Electric Charge, the Energy, the Linear Momentum and the Angular Momentum of Arbitrary Fields, Physica, 7, 449 (1940), http://kirkmcd.princeton.edu/examples/EM/belinfante_physica_7_449_40.pdf

[39] L. Rosenfeld, Sur le tenseur dimpulsion-energie, Mem. Acad. Roy. Belg. 18(6), 1 (1940);

translated as On the Energy-Momentum Tensor in Selected Papers of Leon Rosenfeld, ed. by R.S. Cohen and J.J. Stachel (D. Reidel, Dordrecht, 1979),

http://kirkmcd.princeton.edu/examples/EM/rosenfeld_marb_8_6_1_40.pdf

[40] J. Serpe, Remarques sur le Champ de Rayonnement Mesique, Physica, 8, 748 (1941),

http://kirkmcd.princeton.edu/examples/EM/serpe_physica_8_748_41.pdf

[41] L. Rosenfeld, Sur la definition du spin dun champ de rayonnement, Bull. Acad. Roy.

Belg. 28, 562 (1942), http://kirkmcd.princeton.edu/examples/EM/rosenfeld_barb_28_568_42.pdf

[42] J. Humblet, Sur le Moment D’Impulsion d’une Onde Électromagnetique, Physica, 10, 585 (1943), http://kirkmcd.princeton.edu/examples/EM/humblet_physica_10_585_43.pdf

http://kirkmcd.princeton.edu/examples/EM/humblet_physica_10_585_43_english.pdf

[43] L. Page and N.I. Adams, Jr., Action and Reaction Between Moving Charges, Am. J.

Phys. 13, 141 (1945), http://kirkmcd.princeton.edu/examples/EM/page_ajp_13_141_45.pdf

[44] P.P. Banderet, Zur Theorie singulärer Magnetpole, Helv. Phys. Acta 19, 503 (1946),

http://kirkmcd.princeton.edu/examples/QED/banderet_hpa_19_503_46.pdf

[45] W. Heitler, Quantum Theory of Radiation (Dover, 1954), p. 404,

http://kirkmcd.princeton.edu/examples/QED/heitler_54_a1.pdf

[46] J.M. Jauch and F. Rohrlich, The Theory of Photons and Electrons (Addison-Wesley, 1955), p. 34, http://kirkmcd.princeton.edu/examples/QED/jauch_76_s2-5_2-8.pdf

[47] G.D. Boyd and H. Kogelnik, Generalized Confocal Resonator Theory, Bell Sys. Tech.

J. 41, 1347 (1962), http://kirkmcd.princeton.edu/examples/optics/boyd_bstj_41_1347_62.pdf

[48] R.P. Feynman, R.B. Leighton and M. Sands, The Feynman Lectures on Physics, Vol. II (Addison-Wesley, 1964), http://www.feynmanlectures.caltech.edu/II_17.html#Ch17-S4

http://www.feynmanlectures.caltech.edu/II_18.html#Ch18-S2

[49] S. Coleman and J.H. Van Vleck, Origin of “Hidden Momentum” Forces on Magnets, Phys. Rev. 171, 1370 (1968), http://kirkmcd.princeton.edu/examples/EM/coleman_pr_171_1370_68.pdf

[50] W.H. Furry, Examples of Momentum Distributions in the Electromagnetic Field and in Matter, Am. J. Phys. 37, 621 (1969),

http://kirkmcd.princeton.edu/examples/EM/furry_ajp_37_621_69.pdf

[51] G. Baym, Lectures on Quantum Mechanics (Gordon and Breach, 1969), pp. 14-17,

http://kirkmcd.princeton.edu/examples/QM/baym_69.pdf

[52] J.W. Simmons and M.J. Guttmann, States, Waves and Photons: A Modern Introduction to Light (Addison-Wesley, 1970).

[53] J.D. Jackson, Classical Electrodynamics, 2^{nd} ed. (Wiley, 1975), prob. 7.19, p. 333,

http://kirkmcd.princeton.edu/examples/EM/jackson_ce2_75.pdf

[54] L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields, 4^{th} ed. (Butterworth- Heinemann, 1975), http://kirkmcd.princeton.edu/examples/EM/landau_ctf_71.pdf

[55] D.A. Varshalovich, A.N. Moskalev and V.K. Khersonskii, Quantum Theory of Angular Momentum (Nauka, 1975; World Scientific, 1988),

http://kirkmcd.princeton.edu/examples/QM/varshalovich_88.pdf

[56] E.J. Konopinski, What the electromagnetic vector potential describes, Am. J. Phys. 46, 499 (1978), http://www.kirkmcd.princeton.edu/examples/EM/konopinski_ajp_46_499_78.pdf

[57] L.D. Landau and E.M. Lifshitz and L.P. Pitaevskii, Electrodynamics of Continuous Media, 2^{nd} ed. (Butterworth-Heinemann, 1984),

http://kirkmcd.princeton.edu/examples/EM/landau_ecm2.pdf

[58] R.G. Barrera, G.A. Estevez and J. Giraldo, Vector spherical harmonics and their application to magnetostatics, Eur. J. Phys. 6, 287 (1985),

http://kirkmcd.princeton.edu/examples/EM/barrera_ejp_6_287_85.pdf

[59] H.C. Ohanian, What is spin? Am. J. Phys. 54, 500 (1986),

http://kirkmcd.princeton.edu/examples/QED/ohanian_ajp_54_500_86.pdf

[60] C. Cohen-Tannoudji, J. Dupont-Roc and G. Grynberg, Photons and Atoms. Introduction to Quantum Electrodynamics (Wiley, New York, 1989),

http://kirkmcd.princeton.edu/examples/QM/cohen-tannoudji_89.pdf

[61] B. Carrascal et al., Vector spherical harmonics and their application to classical electrodynamics, Eur. J. Phys. 12, 184 (1991),

http://kirkmcd.princeton.edu/examples/EM/carrascal_ejp_12_184_91.pdf

[62] L. Allen, M.W. Beijersbergen, R.J.C. Spreeuw and J.P. Woerdman, Orbital angular momentum of light and the transformation of Laguerre-Gaussian laser modes, Phys. Rev. A 45, 8185 (1992), http://kirkmcd.princeton.edu/examples/optics/allen_pra_45_8185_92.pdf

[63] S.J. van Enk and G. Niehuis, Eigenfunction description of laser beams and orbital angular momentum of light, Opt. Comm. 94, 147 (1992),

http://kirkmcd.princeton.edu/examples/QED/vanenk_oc_94_147_92.pdf

[64] H.A. Haus and J.L. Pan, Photon spin and the paraxial wave equation, Am. J. Phys.

61, 818 (1993), http://kirkmcd.princeton.edu/examples/EM/haus_ajp_61_818_93.pdf

[65] E. Abramochkin and V. Volostnikov, Spiral-type beams, Opt. Comm. 102, 336 (1993),

http://kirkmcd.princeton.edu/examples/optics/abramochkin_oc_102_336_93.pdf

[66] I. Bialynicki-Birula, On the Wave Function of the Photon, Acta Phys Pol. A 86, 97 (1994), http://kirkmcd.princeton.edu/examples/QED/bialynicki_appa_86_97_94.pdf

[67] S.J. van Enk and G. Niehuis, Spin and Orbital Angular Momentum of Photons, Eur.

Phys. Lett. 25, 497 (1994), http://kirkmcd.princeton.edu/examples/QED/vanenk_epl_25_497_94.pdf

[68] S.J. van Enk and G. Niehuis, Commutation rules and eigenvalues of spin and orbital angular momentum of radiation fields, J. Mod. Opt. 41, 963 (1994),

http://kirkmcd.princeton.edu/examples/QED/vanenk_jmo_41_963_94.pdf

[69] S.M. Barnett and L. Allen, Orbital angular momentum and nonparaxial light beams, Opt. Comm. 110, 670 (1994), http://kirkmcd.princeton.edu/examples/EM/barnett_oc_110_670_94.pdf

[70] M.J. Padgett et al., An experiment to observe the intensity and phase structure of LaguerreGaussian laser modes, Am. J. Phys. 64, 77 (1996),

http://kirkmcd.princeton.edu/examples/optics/padgett_ajp_64_77_96.pdf

[71] R.H. Romer, Electromagnetic field momentum, Am. J. Phys. 63, 777 (1995),

http://kirkmcd.princeton.edu/examples/EM/romer_ajp_63_777_95.pdf

[72] E. Abramochkin and V. Volostnikov, Spiral-type beams: optical and quantum aspects, Opt. Comm. 125, 302 (1996),

http://kirkmcd.princeton.edu/examples/optics/abramochkin_oc_125_302_96.pdf

[73] M.J. Padgett and L. Allen, The Poynting vector in Laguerre-Gaussian laser modes, Opt.

Comm. 121, 36 (1995), http://kirkmcd.princeton.edu/examples/optics/padgett_oc_121_36_95.pdf

[74] I. Bialynicki-Birula, The Photon Wave Function, in Coherence and Quantum Optics VII, Eds. J.H. Eberly, L. Mandel and E. Wolf (Plenum, 1996), p. 313,

http://kirkmcd.princeton.edu/examples/QED/bialynicki_cqo_8_313_96.pdf

[75] I. Bialynicki-Birula, Photon Wave Function, Prog. Opt. 36, 245 (1996),

http://kirkmcd.princeton.edu/examples/QED/bialynicki_po_36_245_96.pdf

[76] N.B. Simpson, K. Dholakia, L. Allen and M.J. Padgett, Mechanical equivalence of spin and orbital angular momentum of light: an optical spanner, Opt. Lett. 22, 52 (1997),

http://kirkmcd.princeton.edu/examples/EM/simpson_ol_22_52_97.pdf

[77] M.S. Soskin et al., Topological charge and angular momentum of light beams carrying optical vortices, Phys. Rev. A 56, 4064 (1997),

http://kirkmcd.princeton.edu/examples/EM/soskin_pra_56_4064_97.pdf

[78] M.V. Berry, Paraxial beams of spinning light, Proc. SPIE 3487, 6 (1997),

http://kirkmcd.princeton.edu/examples/EM/berry_pspie_3487_6_97.pdf

[79] F. Gori et al., Orbital angular momentum of light: a simple view, Eur. J. Phys. 19, 439 (1998), http://kirkmcd.princeton.edu/examples/optics/gori_ejp_19_439_98.pdf

[80] M.J. Padgett and J. Courtial, Poincaré-sphere equivalent for light beams containing orbital angular momentum, Opt. Lett. 24, 430 (1999),

http://kirkmcd.princeton.edu/examples/optics/padgett_ol_24_430_99.pdf

[81] L. Allen, M.J. Padgett and M. Babiker, The Orbital Angular Momentum of Light, Prog.

Opt. 39, 291 (1999), http://kirkmcd.princeton.edu/examples/EM/allen_po_39_291_99.pdf

[82] J.D. Jackson, Classical Electrodynamics, 3^{rd} ed. (Wiley, 1999),

http://kirkmcd.princeton.edu/examples/EM/jackson_ce3_99.pdf

[83] L. Allen and M.J. Padgett, The Poynting vector in Laguerre-Gaussian beams and the interpretation of their angular momentum density, Opt. Comm. 184, 67 (2000),

http://kirkmcd.princeton.edu/examples/EM/allen_oc_184_67_00.pdf

[84] S.M. Barnett, Optical angular-momentum flux, J. Opt. B 4, S7 (2001),

http://kirkmcd.princeton.edu/examples/EM/barnett_job_4_S7_01.pdf

[85] L. Allen and M.J. Padgett, Does a plane wave carry spin angular momentum? Am. J.

Phys. 70, 567 (2002), http://kirkmcd.princeton.edu/examples/EM/allen_ajp_70_567_02.pdf

[86] K.T. McDonald, Gaussian Laser Beams via Oblate Spheroidal Waves (Oct. 19, 2002),

http://kirkmcd.princeton.edu/examples/oblate_wave.pdf

[87] F.J. Castro Paredes and K.T. McDonald, A Paradox Concerning the Energy of A Dipole in a Uniform External Field (May 3, 2004),

http://kirkmcd.princeton.edu/examples/dipoleparadox.pdf

[88] A.M. Stewart, Angular momentum of light, J. Mod. Opt. 52, 1145 (2005),

http://kirkmcd.princeton.edu/examples/EM/stewart_jmo_52_1145_05.pdf

[89] A.M. Stewart, Angular momentum of the electromagnetic field: the plane wave paradox resolved, Eur. J. Phys. 26, 635 (2005),

http://kirkmcd.princeton.edu/examples/EM/stewart_ejp_26_635_05.pdf

[90] A.M. Stewart, Equivalence of two mathematical forms for the bound angular momentum of the electromagnetic field, J. Mod. Opt. 52, 2695 (2005),

http://kirkmcd.princeton.edu/examples/EM/stewart_jmo_52_2695_05.pdf

[91] G.F. Calvo, A. Picón and E. Bagan, Quantum field theory of photons with orbital angular momentum, Phys. Rev. A 73, 013805 (2006),

http://kirkmcd.princeton.edu/examples/QED/calvo_pra_73_013805_06.pdf

[92] I. Bialynicki-Birula, Beams of electromagnetic radiation carrying angular momentum:

The RiemannSilberstein vector and the classicalquantum correspondence, Opt. Comm. 264, 342 (2006), http://kirkmcd.princeton.edu/examples/QED/bialynicki_oc_264_342_06.pdf

[93] A.M. Stewart, Derivation of the paraxial form of the angular momentum of the electromagnetic field from the general form, J. Mod. Opt. 53, 1947 (2006),

http://kirkmcd.princeton.edu/examples/EM/stewart_jmo_53_1947_06.pdf

[94] J.D. Jackson, Relation between Interaction terms in Electromagnetic Momentum ∫ d^3x E × B/4πc and Maxwell’s eA(x, t)/c, and Interaction terms of the Field Lagrangian L_{em} = ∫ d^3x [E^2 −B^2]/8π and the Particle Interaction Lagrangian, L_{int} = eϕ− ev · A/c (May 8, 2006), http://kirkmcd.princeton.edu/examples/EM/jackson_050806.pdf

[95] D.E. Soper, Classical Field Theory (Dover, 2008),

http://kirkmcd.princeton.edu/examples/EM/soper_08.pdf

[96] A.Y. Bekshaev and M.S. Soskin, Transverse energy flows in vectorial fields of paraxial beams with singularities, Opt. Comm. 271, 332 (2007),

http://kirkmcd.princeton.edu/examples/EM/bekshaev_oc_271_332_07.pdf

[97] X.-S. Chen et al., Spin and Orbital Angular Momentum in Gauge Theories: Nucleon Spin Structure and Multipole Radiation Revisited, Phys. Rev. Lett. 100, 232002 (2008),

http://kirkmcd.princeton.edu/examples/QED/chen_prl_100_232002_08.pdf

[98] D.J. Raymond, Potential Momentum, Gauge Theory, and Electromagnetism in Introductory Physics, (Feb. 2, 2008), https://arxiv.org/abs/physics/9803023

[99] K.T. McDonald, The Helmholtz Decomposition and the Coulomb Gauge (Apr. 17, 2008), http://kirkmcd.princeton.edu/examples/helmholtz.pdf

[100] S. Franke-Arnold, L. Allen and M. Padgett, Advances in optical angular momentum, Laser Photon Rev. 2, 299 (2008),

http://kirkmcd.princeton.edu/examples/optics/franke_lpr_2_299_08.pdf

[101] M.V. Berry, Optical Currents, J. Opt. A 11, 094001 (2009),

http://kirkmcd.princeton.edu/examples/EM/berry_joa_11_094001_09.pdf

[102] C.-F. Li, Spin and orbital angular momentum of a class of nonparaxial light beams having a globally defined polarization, Phys. Rev. A 80, 063814 (2009),

http://kirkmcd.princeton.edu/examples/EM/li_pra_80_063814_09.pdf

[103] S.M. Barnett, Rotation of electromagnetic fields and the nature of optical angular momentum, J. Mod. Opt. 57, 1339 (2010),

http://kirkmcd.princeton.edu/examples/EM/barnett_jmo_57_1339_10.pdf

[104] K.Y. Bliokh et al., Angular momenta and spin-orbit interaction of nonparaxial light in free space, Phys. Rev. A 82, 063825 (2010),

http://kirkmcd.princeton.edu/examples/EM/bliokh_pra_82_063825_10.pdf

[105] A.M. Stewart, Comparison of Different Forms for the “Spin” and “Orbital” Components of the Angular Momentum of Light, Int. J. Opt., 728350 (2011),

http://kirkmcd.princeton.edu/examples/EM/stewart_ijo_728350_11.pdf

[106] I. Bialynicki-Birula and Z. Bialynicka-Birula, Canonical separation of angular momentum of light into its orbital and spin parts, J. Opt. 13, 064014 (2011),

http://kirkmcd.princeton.edu/examples/EM/bialynicka-birula_jo_13_064014_11.pdf

[107] S.M. Barnett, On the six components of optical angular momentum, J. Opt. 13, 064010 (2011), http://kirkmcd.princeton.edu/examples/EM/barnett_jo_13_064010_11.pdf

[108] M. Mansuripur, Spin and orbital angular momenta of electromagnetic waves in free space, Phys. Rev. A 84, 033838 (2011),

http://kirkmcd.princeton.edu/examples/EM/mansuripur_pra_84_033838_11.pdf

[109] B.J. Wundt and U.D. Jentschura, Sources, Potentials and Fields in Lorenz and Coulomb Gauge: Cancellation of Instantaneous Interactions for Moving Point Charges, Ann. Phys. (N.Y.) 327, 1217 (2012),

http://kirkmcd.princeton.edu/examples/EM/wundt_ap_327_1217_12.pdf
http://arxiv.org/abs/1110.6210

[110] K.T. McDonald, On the Definition of “Hidden” Momentum (July 9, 2012),

http://kirkmcd.princeton.edu/examples/hiddendef.pdf

[111] K.Y. Bliokh, A.Y. Bekshaev and F. Nori, Dual electromagnetism: helicity, spin, momentum and angular momentum, New J. Phys. 15, 033026 (2013),

http://kirkmcd.princeton.edu/examples/EM/bliokh_njp_15_033026_13.pdf

[112] E. Leader and C. Lorcé, The angular momentum controversy: What’s it all about and does it matter? Phys. Rep. 541, 163 (2014),

http://kirkmcd.princeton.edu/examples/QED/leader_pr_541_163_14.pdf

[113] M. Wakamatsu, Is gauge-invariant complete decomposition of the nucleon spin possible? Int. J. Mod. Phys. A 29, 1430012 (2014),

http://kirkmcd.princeton.edu/examples/EP/wakamatsu_ijmpa_29_1430012_14.pdf

[114] K.Y. Bliokh, J. Dressel and F. Nori, Conservation of the spin and orbital angular momenta in electromagnetism, New J. Phys. 16, 093037 (2014),

http://kirkmcd.princeton.edu/examples/EM/bliokh_njp_16_093037_14.pdf

[115] M. Ornigotti and A. Aiello, Surface angular momentum of light beams, Opt. Ex. 22, 6586 (2014), http://kirkmcd.princeton.edu/examples/EM/ornigotti_oe_22_6586_14.pdf

[116] K.T. McDonald, J.J. Thomson and “Hidden” Momentum (Apr. 30, 2014),

http://kirkmcd.princeton.edu/examples/thomson.pdf

[117] K.T. McDonald, Electromagnetic Field Angular Momentum of a Charge at Rest in a Uniform Magnetic Field (Dec. 21, 2014), http://kirkmcd.princeton.edu/examples/lfield.pdf

[118] K.T. McDonald, Birkeland, Darboux and Poincaré: Motion of an Electric Charge in the Field of a Magnetic Pole (April 15, 2015),

http://kirkmcd.princeton.edu/examples/birkeland.pdf

[119] K.Y. Bliokh and F. Nori, Transverse and longitudinal angular momenta of light, Phys.

Rep. 592, 1 (2015), http://kirkmcd.princeton.edu/examples/EM/bliokh_pr_592_1_15.pdf

[120] K.Y. Bliokh et al., Spin-orbit interactions of light, Nat. Phot. 9, 796 (2015),

http://kirkmcd.princeton.edu/examples/EM/bliokh_np_9_796_15.pdf

[121] E. Leader, The photon angular momentum controversy: Resolution of a conflict between laser optics and particle physics, Phys. Lett. B 756, 303 (2016),

http://kirkmcd.princeton.edu/examples/QED/leader_pl_b756_303_16.pdf

[122] S.M. Barnett et al., On the natures of the spin and orbital parts of optical angular momentum, J. Opt. 18, 064004 (2016),

http://kirkmcd.princeton.edu/examples/EM/barnett_jo_18_064004_16.pdf

[123] I. Bialynicki-Birula and Z. Bialynicka-Birula, Quantum-mechanical description of optical beams, J. Opt. 19, 12501 (2017),

http://kirkmcd.princeton.edu/examples/QED/bialynicki_jo_19_125201_17.pdf