Space Charge in Ionization Detectors

Sandro Palestini Physics Department, CERN, CH-1211, Genève 23, Switzerland

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544

(March 25, 2007; updated July 15, 2016)

1 Problem

The effect on the operation of a vacuum diode of a spatially varying distribution of free electrons, commonly called space charge, was first considered by Child [1] and Langmuir [2]. In that example electrons are released from a hot cathode at low velocity, and then drift freely under the influence of the local electric field as modified by the drifting electrons.^1 In this problem, deduce the steady-state electric field distribution E = E(x) x̂ in an ionization detector (whose nominal field, E_0 x̂, is uniform over the length D of the detector) as affected by the positive-ion space-charge density ρ(x). Suppose that ionization is created uniformly throughout the volume of the detector (by cosmic rays or by secondary particles from a particle accelerator) at a volume rate of K ion pairs/volume/sec. The ionization electrons are quickly collected at the anode and the associated electron space-charge density can be ignored. That is, you may assume the positive-ion space-charge density is not so great as to prevent the ionization electrons from reaching the anode. The positive ions drift slowly to the cathode with a velocity given by

v = μE, (1)

where the positive-ion mobility μ is independent of the electric field strength.^2

2 Solution

The solution follows [5]. The related problem of charging of insulators in the ionization medium is discussed in [6].

This problem is technically somewhat simpler than the case of the vacuum diode because the positive-ion velocity, rather than acceleration, is related to the electric field strength by eq. (1).

Although total charge is conserved, the assumption of rapid clearing of ionization electrons out of the volume of the ionization detector onto its anode leads to an apparent creation of positive charge density ρ according to a modified form of the continuity equation,

∇ · J + ∂ρ ∂t = ∇ · ρv + ∂ρ ∂t = K, (2)

1For a related example of a laser-driven vacuum photodiode, see [3].

2The velocity (1) of the positive ions can be less than the velocity of convective motion due to thermal gradients in the case of liquid-noble-gas ionization detectors [4].

where J = ρv is the current density of the positive ions, and K is the volume rate of creation of ion pairs.

We consider an ionization detector whose geometry is that of a parallel-plate capacitor with electrode planes perpendicular to the x axis with separation D between anode and cathode. We seek a steady-state solution, in the approximation that the electric field and the ion velocity are in the x direction,^3 so that eq. (2) simplifies to dρv dx = K, (3)

whose solution can be written ρv = Kx, (4) taking the anode to be at x = 0 and the cathode at x = D. This result has the interpretation that the steady-state ion density ρ = Kx/v in a volume element at position x is equal to the positive ion density created in that volume element during time x/v, which is the time during which positive ions have drifted from the anode to their present position. Ions created at an earlier time within the ionization detector (0 < x < D) will have already drifted past position x.

We can eliminate the velocity v = v x̂ from eq. (4) in favor of the electric field E = E x̂ using eq. (1) for the ion mobility μ, which leads to ρ = Kx μE . (5)

Another relation between the charge density ρ and the electric field E is the Maxwell equation (in MKS units) ∇ · E = dE dx = ρ ϵ , (6)

supposing that the electric field points only in the x direction, and where ϵ = ϵ_{relative} ϵ_0 is the (relative) dielectric constant of the ionization medium. Combining eqs. (5) and (6) we find

dE^2 dx = 2Kx ϵμ , (7)

whose solution is

E(x) = √ E^2_A +

Kx^2 ϵμ = E_0

( E_A E_0

)_2 + Kx^2 ϵμE^2_0

≡ E_0

( E_A

E_0

)_2

+ α^2 x^2 D^2

≈ E_A [ 1 + 1 2 ( αE_0x E_AD

)_2] , (8) where E_A = E(x = 0) is the electric field at the anode, E_0 = V/D is the nominal electric field in the absence of space charge, V is the voltage difference between the anode and cathode, and α is the dimensionless parameter α = D E_0 √ K ϵμ , (9)

3In general, the steady state of eq. (2) is that ∇ · ρv = ∇· ρμE = K, using eq. (1). We can eliminate ρ in favor of E using eq. (6) to find ∇ · [E(∇ · E)] = K/ϵμ. If E = E(x) x̂, this simplifies to d^2E^2/dx^2 = 2K ϵμ, which integrates to eq. (7).

and the approximation holds when αE_0x/E_AD ≪ 1, which requires α ≪ 1.

An analytic expression for the field E_A can be obtained from eq. (8) by calculating the voltage between the anode and cathode,

V = E_0D =

∫_D 0 E dx = αE_0 D ∫_D 0 x^2 +

( DE_A αE_0

)_2 dx

= αE_0D 2 1 + ( E_A αE_0

)_2 + ( E_A αE_0

)_2 ln αE_0 E_A + 1 + ( αE_0 E_A

)_2

. (10)

This expression is cumbersome, but we see that if α = 2 then the quantity in brackets must be 1, which implies that E_A = 0. If the field at the anode goes to zero, the electrons are no longer collected there, and we cannot ignore space charge due to electrons. Thus, the present solution is valid only for α < 2, outside of which region the ionization detector would not function effectively.

A plot of the ratio E_A/E_0 = E-anode/E_0 as a function of α is shown below [5].^4

Also shown on the plot is the ratio E_C /E_0 = E-cathode/E_0 of the field at the cathode to the nominal field. The cathode is at x = D, so from eq. (8) we have,

E_C E_0 = α^2 +

( E_A E_0

)_2

. (11)

Using eqs. (5) and (8), the positive-ion charge density ρ(x) can be written as,

ρ(x) = Kx μE_0 √( E_A E_0

)_2

+ α^{2 x2}_{D2} ≈ Kx μE_A ( 1 − α^2 2 x^2 D^2

E^2_0 E^2_A ) ≈ Kx μE_0 ( 1 + α^2 6 − α^2 2 x^2 D^2 ) . (12)

4From the approximation to eq. (8) for small α, we find that E_A/E_0 ≈ 1 − α^2/6.

For further discussion of positive-ion space charge in ionization chambers at particle accelerators, see [5].

The above discussion assumed that the electric field was entirely along the x-direction, and that the potential V (x) could have nonlinear dependence. However, in most drift chambers the potential is constrained to have a linear dependence on x along the edges of the drift volume due to field-shaping electrodes there. In such devices, the field distortions are less than those found here, which therefore represent only an upper limit to what will be observed in practice.

However, the field distortions due to space charge in a 3-dimensional detector result in the electric field lines becoming curved, particularly near the cathode plane, such that straight tracks will appear to be curved in a reconstruction that does not include corrections for the space charge. The need for these corrections in the track-reconstruction algorithms will be the main practical impact of space charge on the physics output of the detector.

Example: Space Charge in a Large Liquid Argon Detector at the Earth’s Surface Following the successful commissioning of the ICARUS T600 liquid-Argon time projection chamber in Pavia, Italy in 2001 [7], very large liquid Argon detectors have been considered both underground [8, 9] and at the Earth’s surface [10, 11]. For detectors with drifts longer than 1.5 m (as used in the ICARUS T600), space-charge effects from ionization by cosmic-ray muons become important if the detector is at the Earth’s surface [9].

We consider liquid-argon detectors operated at a nominal electric field of E_0 = 500 V/cm. The positive-ion mobility is roughly μ = 0.0016 cm^2/V/s = 1.6 × 10^{−7} m^2/V/s [12], so the nominal drift velocity is v_0 = 0.8 cm/s. That is, the positive ions take 125 s to drift 1 m, so the accumulation of positive-ion charge density can be significant.

The relative dielectric constant of liquid argon is 1.6 [12], so ϵ = 1.4 × 10^{−11} MKS units. The flux of cosmic rays at the Earth’s surface is roughly (see eq. (5) of [14], which is based on [13]), dR d cos θ ≈ 0.05 cos^2 θ/cm^2/s (0 < θ < π/2),

0 (π/2 < θ < π),

(13)

which implies that the total path length in cm of cosmic-ray muons in one second inside a cube of volume 1 cm^3 is [14]

∫_1 0 1 cos θ dR d cos θ d cos θ ≈ 0.025. (14)

The effective number of ion pairs created by cosmic rays muons is about 50,000/cm [7], so the rate of creation of positive-ion density is 1,250/cm^3/s = 1.25 × 10^9/m^3/s. Expressed in Coulombs, this is K = 2 × 10^{−10} C/m^3/s.^5

At a nominal electric field E_0 = 500 V/cm = 50,000 V/m, the parameter α for liquid argon at the Earth’s surface is, for distance D in meters, α = D E_0 √ K ϵμ = 0.18D, (15)

5This implies, for example, that the positive-ion current in a volume 6 × 6 × 6 m^3, as for the CERN ProtoDUNE detectors, will be ≈ 40 nA (with an equal electron current), ignoring recombination.

for detector thickness D in meters. A detector at the Earth’s surface with D = 12 m would be rendered nonfunctional by the positive-ion space charge, and, referring to the figure on p. 3, even for D = 2.5 m (as in the μBooNE detector) effects of cosmic-ray-induced space charge will be noticeable.

The actual situation in a large liquid Argon detector will be complicated by thermalinduced convective motion, for which the liquid flow velocity has been estimated [15, 16] to be an order of magnitude larger than the positive-ion drift velocity of 0.8 cm/s.

References

[1] C.D. Child, Discharge from Hot CaO, Phys. Rev. 32, 492 (1911),

http://physics.princeton.edu/~mcdonald/examples/EM/child_pr_32_492_11.pdf

[2] I. Langmuir, The Effect of Space Charge and Residual Gases on Thermionic Currents in High Vacuum, Phys. Rev. 2, 450 (1913),

http://physics.princeton.edu/~mcdonald/examples/EM/langmuir_pr_2_450_13.pdf

The Pure Electron Discharge and Its Applications in Radio Telegraphy and Telephony, Proc. Inst. Radio Eng. 3, 261 (1915),

http://physics.princeton.edu/~mcdonald/examples/EM/langmuir_pire_3_261_15.pdf

[3] K.T. McDonald, The Laser-Driven Vacuum Photodiode (Sept. 26, 1986),

http://physics.princeton.edu/~mcdonald/examples/vacdiode.pdf

[4] T.H. Dey and T.J. Lewis, Ion mobility and liquid motion in liquefied argon, Brit. J.

Appl. Phys. 1, 1019 (1968),

http://physics.princeton.edu/~mcdonald/examples/detectors/dey_bjap_1_1019_68.pdf

[5] S. Palestini et al., Space charge in ionization detectors and the NA48 electromagnetic calorimeter, Nucl. Instr. and Meth. A 421, 75 (1999),

http://physics.princeton.edu/~mcdonald/examples/detectors/palestini_nim_a421_75_99.pdf

[6] K.T. McDonald, Charging of an Insulator in a Liquid Argon Detector (May 26, 2016),

http://physics.princeton.edu/~mcdonald/examples/insulator.pdf

[7] S. Amerio et al., Design, construction and tests of the ICARUS T600 detector, Nucl.

Instr. and Meth. A 527, 329 (2004),

http://physics.princeton.edu/~mcdonald/examples/detectors/amerio_nim_a527_329_04.pdf

[8] D.B. Cline, F. Sergiampietri, J.G. Learned and K.T. McDonald, LANNDD, A Massive Liquid Argon Detector for Proton Decay, Supernova and Solar Neutrino Studies, and a Neutrino Factory Detector, Nucl. Instr. and Meth. A 503, 136 (2003),

http://arxiv.org/abs/astro-ph/0105442

[9] A. Bueno et al., Nucleon Decay Searches with large Liquid Argon TPC Detectors at Shallow Depths: atmospheric neutrinos and cosmogenic backgrounds, JHEP04, 041 (2007), http://physics.princeton.edu/~mcdonald/examples/detectors/bueno_jhep04_041_07.pdf

http://arxiv.org/abs/hep-ph/0701101

[10] K.T. McDonald, On the Feasibility of a Very Large Liquid Argon Detector for Neutrino Oscillation Physics (July 4, 2002),

http://physics.princeton.edu/~mcdonald/nufact/neutrinotrans13.pdf

[11] D. Finley et al., A Large Liquid Argon Time Projection Chamber for Long-baseline, Off-Axis Neutrino Oscillation Physics with the NuMI Beam, Fermilab Note: FN-0776-E (Sep. 21, 2005), http://physics.princeton.edu/~mcdonald/examples/detectors/finley_fn-0776-e_05.pdf

[12] Liquid Argon Properties,

http://atlas.web.cern.ch/Atlas/GROUPS/LIQARGEXT/TDR/html.1812/LARG-TDR-690.html

[13] T.K. Gaisser et al., Cosmic Rays, http://pdg.lbl.gov/2006/reviews/cosmicrayrpp.pdf

[14] H. Jostlein and K.T. McDonald, Path Length of Muons in an Arbitrary Volume (March 24, 2007), http://physics.princeton.edu/~mcdonald/examples/muonpath.pdf

[15] Z. Tang, Liquid Argon in Large Tank – Some Thermodynamic Calculations (Nov. 4, 2004), http://physics.princeton.edu/~mcdonald/examples/detectors/tang_110404.pdf

[16] E. Voirin, LBNF Liquid Argon Flow Simulations (Oct. 5, 2015),

http://physics.princeton.edu/~mcdonald/examples/detectors/voirin_151005.pdf