Some Mechanics of Toys

K.T. McDonald Princeton U.

kirkmcd.princeton.edu

November 29, 2000 Seminar at Cornell University

Based on examples at

http:/kirkmcd.princeton.edu/examples/

Motion of a Leaky Tank Car

The water exits the tank car through a drain at one end. The water leaves the drain vertically – from the point of view of the tank car.

Ignore rolling friction.

What is the motion of the leaky tank car?

Motion of a Leaky Tank Car

No horizontal force on the system ⇒ center of mass remains fixed at x = 0.

Water initially leaks out at x > 0, ⇒, c.m. of tank initially moves in negative x direction.

But if the tank keeps rolling in the −x direction, the total momentum of tank + water will become negative.

So, the tank must reverse direction and move in the +x direction after a while!

The water inside the tank moves relative to the tank in the +x direction, and pushes the tank in this direction.

Eventually this push is sufficient to reverse the initial negative velocity of the tank.

Motion of a Leaky Tank Car Let x(t) be the horizontal coordinate of the center of the tank car. m = mass of tank car (without water). x_{drain} = d relative to center of tank car.

M(t) is the mass of the water remaining in the tank. dM(t^′) = amount of water that drained out in the interval dt^′ centered on an earlier time t^′.

X(t, t^′) = horizontal coordinate at time t of the water that drained out at time t^′.

The center of mass of the entire system must remain at the origin, 0 = (m + M(t))x(t) +^∫ dM(t^′)X(t, t^′).

Motion of a Leaky Tank Car In the interval dt^′ at an earlier time t^′, mass −Ṁ(t^′)dt^′ of water drains out with horizontal velocity ẋ(t^′) in the lab frame. At time t^′ the drain was at x(t^′) + D, so at time t the element dM is at X(t, t^′) = x(t^′) + D + ẋ(t^′)(t − t^′). Thus the c.m. of the whole system, 0 = (m+M(t))x(t)−t^{∫ t}_0 dt^′Ṁ(t^′)ẋ(t^′)−^{∫ t}_0 dt^′Ṁ(t^′)[x(t^′)+D−t^′ẋ(t^′)]. Take time derivatives, First derivative : 0 = (m+M)ẋ−^{∫ t}_0 dt^′Ṁ(t^′)ẋ(t^′)−ṀD, ⇒ Total momentum of system is zero.

Second derivative: 0 = (m + M)ẍ − M̈D, ⇒ The force on the tank + water is just the reaction force M̈D of the acceleration of the water relative to the tank. This can be integrated for simple hypotheses as to the velocity of the water as it leaves the drain....

Kirk T. McDonald November 29, 2000 7

Mechanics of a Washing Machine

The drum and symmetrical part of the load have mass M. The shaft of the drum is at (r, θ) and is connected to the origin by a zero-length spring of constant k (and damping factor γ). An unbalanced load of mass m lies at distance a from the center of the drum and at angle ϕ with respect to a fixed direction in the laundromat.

The washer motor turns the drum with angular velocity ϕ̇ = Ω.

Kirk T. McDonald November 29, 2000 8

Mechanics of a Washing Machine

Equations of motion: Mr̈ + mr̈_m = −k r − γ ṙ, where r_m = (r + a cos(ϕ − θ)) r̂ + a sin(ϕ − θ) θ̂, r component : r̈ = r θ̇^2 + b Ω^2 cos(ϕ − θ) − ω^2_0 r − Γ ṙ,

θ component : r θ̈ = −2ṙ θ̇ + b Ω^2 sin(ϕ − θ) − Γ r θ̇,

where ω_0 = k m + M

, b = m m + M a , Γ = γ m + M .

b = distance from shaft of drum to c.m. b Ω^2 = centrifugal force. −2ṙθ̇ = Coriolis force.

Mechanics of a Washing Machine

Steady Motion: ṙ = 0, r̈ = 0 and θ̈ = 0.

The shaft of the drum moves in a circle of radius r_0 and the mass m is at constant azimuth ϕ_0 = ϕ − θ relative to the azimuth of the shaft.

r_0 = b Ω^2 √ (ω^2_0 − Ω^2)^2 + Γ^2Ω^2

, tan ϕ_0 = ΓΩ ω^2_0 − Ω^2 . Balanced load ⇒ m = 0, ⇒ b = r_0 = 0. Unbalanced load:

Low spin, Ω ≪ ω_0, ⇒ ϕ_0 ≈ 0, High spin, Ω ≫ ω_0, ⇒ ϕ_0 ≈ π. A kind of inverted pendulum! r_{cm} = b ω^2_0 √ (ω^2_0 − Ω^2)^2 + Γ^2Ω^2 . At high spin, the center of mass of the system approaches the origin, although the shaft of the drum is off center in the lab.

Mechanics of a Washing Machine

An unbalanced load would be unstable for Ω > ω_0 if only radial motion of the shaft were possible.

ϕ − θ = ϕ_0 ⇒ θ̇ = Ω ⇒ r̈ = (Ω^2 − ω^2_0)r + b Ω^2 cos ϕ_0 − Γṙ. Stability against perturbations is due to the Coriolis force! At high spin, the perturbed motion is a circle of radius r_0 whose center is displaced by a small amount for the center of the machine in the lab frame.

Try it yourself sometime!

A Toy with a Gravitational Critical Radius

A particle on a surface of revolution r = −k/z (z < 0) about a vertical axis experiences an inward horizontal force kg/r^2.

Such toys appear in science museums to illustrate orbital motion under the influence of gravity.

Is there a surface of revolution, r = r(z) ≥ 0, such that circular orbits are unstable for r < r_{critical}?

The surface may have a nonzero minimum radius R at which the slope dr/dz is infinite. Then the motion of a particle with r < r_{critical} rapidly leads to excursions to the minimum radius R, after which the particle falls off the surface.

A Toy with a Gravitational Critical Radius

A stability analysis shows that the frequency ω of small oscillations about a circular orbit of radius r_0 on a surface of revolution r(z) is related by ω^2 = Ω^2

3r^{′2}_0 − r_0r^{′′}_0 1 + r^{′2}_0 , where Ω is the angular frequency of the circular motion at r_0.

The orbit is unstable when ω^2 < 0, i.e., when r_0r^{′′}_0 > 3r^{′2}_0 .

Equivalently, the orbit is unstable wherever (1/r^2)^{′′} < 0, i.e., where the function 1/r^2 is concave inwards. Examples:

Hyperboloid of revolution : r^2 − z^2 = R^2, r_{min} = R, r_{critical} = 2 √ 3R 3 = 1.15r_{min}.

Modified k z : r = − k z √ 1 − z^2

, (−1 < z < 0),

r_{min} = 2k, r_{critical} = 6k√ 5 = 1.34r_{min}.

Static Equilibrium in a Force Field

Impossible if F = ∇V , and ∇^2V = 0.

Trans. Camb. Phil. Soc. 7, 97 (1842).

What provides the horizontal stability?

Levitation in a Fluid Jet

Consider the example of styrofoam balls in an air jet. Three forces:

• Gravity: F_g = −mgẑ = −^4_3πa^3ρ_{ball}gẑ, (∇^2ϕ_{gravity} = 0). • High-speed air drag: F_{drag} =^{CD}_2 ρ_{air}πa^2v^2v̂.

• Pressure-gradient effects: F_{∇P,u} ≈ −^4_3πa^3P^′ =^2_3πa^3ρ_{air}^{∂v2}_{∂u} , using Bernoulli’s law, P + ρ_{air}v^2/2 = P_0.

Only the third force can provide horizontal stability. Velocity of the jet: v_z ≈ A z e^{−r2/2β2z2} ≈ A z 1 − r^2 2β^2z^2 , ∇ · v = 0 ⇒ v_r ≈ − r 2 ∂v_z ∂z ≈ Ar 2z^2 , where β = cone angle of jet. [Need ∇ × v ≠ 0, so ∇^2v ≠ 0.] [This is a viscous flow pattern (Schlichting, Landau).]

Kirk T. McDonald November 29, 2000 16

Levitation in a Fluid Jet

Vertical equilibrium: 0 = F_g + F_{drag,z} + F_{∇P,z} = − 4 3 πa^3ρ_{ball}g + πa^2ρ_{air}v^2 + 2 3 πa^3ρ_{air} dv^2 dz ⇒ 1 z^2_0 1 − 4a 3z_0 = 4aρ_{ball}g 3A^2ρ_{air} .

Vertical stability : ω_{vert} =

−F^′(z_0) m = 2πa^2A^2ρ_{air}

mz^3_0 1 − 2a z_0 , so stable when z_0 > 2a = diameter of ball.

Horizontal stability: F_r(r, z_0) = F_{drag,r} + F_{∇P,r}

= πa^2ρ_{air}vv_r + 2 3 πa^3ρ_{air}

∂v^2 ∂r ≈ − 4πa^3A^2ρ_{air}r

3β^2z^4_0 1 − β^2 4 − 3β^2z_0 8a = −mω^2_{horiz}r.

β < 1 is the cone angle.

For βz_0 ≈ 2a, (...) ≈ 1 − β^2 > 0, ⇒ stable oscillations.

z_0 ≫ a, βz_0 = 2a, ⇒ ω_{horiz} ω_{vert} ≈ z_0 6a ≈ 1 ⇒ “jumpy”.

The Levitron^{TM}

A magnetic dipole ⃗μ of mass m in a gravtiational and a magnetic field has energy U(r, z) = mgz − ⃗μ · B(r, z).

For a stable equilibrium we need

F_z = −

∂U(0, z_0) ∂z = 0 = −mg + ⃗μ ·

∂B(0, z_0) ∂z , F_r = −

∂U(0, z_0) ∂r = 0 = ⃗μ ·

∂B(0, z_0) ∂r . For an equilibrium above a source with B_z > 0, we have ∂B_z/∂z < 0, so ⃗μ must be opposite to B. But in magnetostatics, ⃗μ will align with B. ⇒ Need a dynamic mechanism to keep ⃗μ opposite to B. Mechanical spin of the dipole provides the mechanism to defeat Earnshaw’s theorem.

http://www.physics/ucla.edu/marty/levitron/

Kirk T. McDonald November 29, 2000 18

The Levitron^{TM}

Torque equation : dL dt = ⃗μ × B ,

“Large” spin ω ⇒ L = I⃗ω = Iω ⃗μ μ ,

⇒ d⃗μ dt = − μB Iω × ⃗μ .

⇒ L precesses about B with angular velocity

Ω = − μB Iω ,

⇒ ⃗μ · B = const = μB cos θ_0 ,

where θ_0 is the (constant) angle ≈ 180^∘ between ⃗μ and B.

If ω too small, the dipole “falls over”;

If ω too big, then Ω < ω_{osc}, ⇒ ⃗μ can’t stay aligned with B. 1 r_{gyration} μB_0 m 1/2 <∼ ω <∼ 1 gr^2_{gyration} μB_0 m 3/2 , ω_{max} ω_{min}

≈ 3.

The Levitron^{TM}

Stability requires (in addition to ω_{min} < ω < ω_{max}) ∂^2U(0, z_0)

∂z^2

= −⃗μ ·

∂^2B(0, z_0) ∂z^2

> 0,

∂^2U(0, z_0)

∂r^2

= −⃗μ ·

∂^2B(0, z_0) ∂r^2

> 0.

⃗μ opposite to local B ⇒ need

∂^2B(0, z_0)

∂z^2 = ∂^2B_z(0, z_0) ∂z^2

> 0 , using

∂B_r(0, z) ∂z = 0, and ∂^2B(0, z_0) ∂r^2 = ∂^2B_z(0, z_0)

∂r^2 + 1 B_0

∂B_r(0, z_0) ∂r 2 > 0 ,

where B =^√B^2_r + B^2_z and B_0 = B_z(0, z_0).

Magnetic field due to a uniformly magnetized disk of radius a

⇒ Stable for a 2 < z_0 < a√ 2.5 . (Berry)

Magnetic field due to a current loop of radius a

⇒ Stable for a 2 < z_0 < a√ 2 .

H.K. Moffatt

Kirk T. McDonald November 29, 2000 21

Euler’s Disk

Center of disk at rest ⇒ ^3 is the instantaneous axis of rotation.

⇒ Angular velocity = ⃗ω = ω^3, and L = I_{33}ω^3 = kma^2ω^3.

F = mgẑ, ⇒ N = a^3 × mgẑ = dL dt ,

⇒ dL dt = ⃗Ω × L, where ⃗Ω = − g akω ẑ .

Also, ⃗ω = Ωẑ + ω_{rel}^1 = (ω_{rel} − Ω cos α)^1 − Ω sin α^3 = ω^3,

⇒ ω = −Ω sin α, ω_{rel} = Ω cos α, Ω^2 = g ak sin α .

Euler’s Disk As α → 0, the velocity of the point of contact becomes large, ⇒ One hears a high-frequency sound.

But, one sees the rotation of the figure on the face of the disk, whose angular velocity Ω − ω_{rel} = Ω(1 − cos α) → 0. The total angular velocity ω also vanishes as α → 0. Can v_{contact} exceed the speed of sound? Does air drag become important as α → 0, Ω → ∞?

Euler’s Disk

Energy : U = 1 2 mḣ^2 + 1 2 I_{33}ω^2 + mgh ≈ 1 2 ma^2α̇^2 + 3 2 magα,

⇒ Power : P = dU dt ≈ ma^2α̇α̈ + 3 2 magα̇ ≈ 5 2 magα̇.

Rolling friction?

Inelastic collisions with bumps of spacing δ, height ϵδ,

⇒ Dissipated power : P = − mgϵδ δ/aΩ

= −ϵmagΩ.

General velocity dependent friction : P = −ϵmagΩ^β,

β = 1-2 for rolling friction (Ruina); β = 4 for air drag (Moffatt).

⇒ Ω(t) =

5g/ϵ(β + 2)ak t_0 − t

1/(β+2) ≡ C t_0 − t

1/(β+2) . Ω(t) appears to have a singularity at a finite time t_0.

Can we determine β by experiment?

Euler’s Disk

Euler’s Disk

Ω_{max} = 680 Hz

C ≈ 0.0055

Euler’s Disk

Ambiguity in determining t_0.

When exactly one cycle is left, t_0 − t = 2π/Ω(t). β = 2 ⇒ Ω = (C/2π)^{1/3} ≈ 580 Hz, t_0 − t ≈ 0.011 s.

Euler’s Disk

Avoid use of t_0 via the relation dΩ dt ∝ Ω^{β+3}. (Chatterjee) dΩ/dt calculated via second differences, ⇒ greater error.

Results are not definitive, but it appears that P_{dissipated} ≈ Ω^2 as for rolling friction.

It is not excluded that during the last few cycles P_{dissipated} ≈ Ω^4, but such an effect is not very prominent.

Kirk T. McDonald November 29, 2000 28

The Globe of Death

There exist stable, horizontal orbits entirely above the equator on the inside of the Globe of Death.

In some motorcycle acts, the globe splits apart at the equator with one or more bikes moving inside the upper hemisphere.

The Globe of Death

Ω^2 = g cot α (2k + 1)r^′ + ka cos α = g cot α (2k + 1)r sin θ − (k + 1)a cos α , where k = 1/4 for a uniform disk, = 1/2 for a hoop, etc..

Coda

“It is not that the phenomena, though familiar and often interesting, are held to be specially important, but it was regarded rather as a point of honour to shew how the mathematical formulation could be effected, even if the solution should prove to be impracticable, or difficult of interpretation.” – Horace Lamb, Higher Mechanics (1920), Sec. 66, “Rolling of a Solid on a Fixed Surface”.