Expanding Spherical Shell of Charge

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (August 22, 2014; updated November 1, 2018)

1 Problem

Discuss the electromagnetic fields and the radiation of an expanding (or contracting) spherical shell of electric charge.

Dec. 9, 2023. Comment also on “gravity” associated with an expanding or contracting shell of mass/energy.

2 Solution

The electrical charges move purely radially as the shell expands, assuming perfect spherical symmetry. Then, the electric and magnetic fields must also have spherical symmetry, which is only possible for radial vector fields. This is fine for the electric field,

E(r > a) = Q r^2 r̂ E(r < a) = 0, i.e., E = Q r^2 θ(r, a(t)) r̂ (1)

in Gaussian units and in spherical coordinates where a(t) is the radius of the shell, Q is the total surface charge, and θ(x, x_0) =

∫_x −∞ δ(x^′ − x_0) dx^′ is the Heaviside step function.

However, magnetic charges do not exist, so we cannot have a radial magnetic field of the form (1). That is, the magnetic field is zero, B = 0 everywhere, no matter what is the time dependence a(t) of the radius of the shell.^1

Since there is no magnetic field, there is no Poynting vector, S = (c/4π) E × B = 0, and there is no radiation. This result was first crisply noted by Ehrenfest [3],^2 and is an example where accelerated charges are not accompanied by electromagnetic radiation.^3

1Maxwell’s equations for the fields E and B can be combined into wave equations of the form,

∇^2E − 1 c^2

∂^2E ∂t^2

= 4π∇ρ + 4π c^2 ∂J ∂t , ∇^2B − 1 c^2

∂^2B ∂t^2 = − 4π c ∇ × J, (2)

in terms of source charge and current densities ρ and J, which for the present example are, ρ = Q 4πr^2 δ(r − a(t)), J = Qȧ 4πr^2 δ(r − a(t)) r̂ ≡ J_r r̂. (3)

Since ∇ × J = 0 in this case, there is no source term for the B field, and so B = 0. Also, the form (1) for E = E_r(r, t) r̂ obeys ∂^2E_r/∂t^2 = −4π ∂J_r/∂t and (∇^2E)_r = (1/r) ∂^2(rE_r )/∂r^2 − 2E_r/r^2 = 4π ∂ρ/∂r.

Note that if a spherical region around the origin is source free, the only nonsingular, spherically symmetric solution to the vector wave equations (2) is that the fields are zero in this region. And, in a source-free, spherical region not containing the origin, the only spherically symmetric solution is the time-independent form r̂/r^2. See, for example, sec. 7.11 of [1] or sec. 9.7 of [2].

2Earlier discussions of (non)radiation by radially oscillating charges include [4]-[10]. 3Another simple example of acceleration without radiation is a loop of steady (DC) electrical current in

The electric field (1) remains static as the shell expands, except that the field is nonzero only outside the shell. As such, the electrostatic field energy drops as the radius r increases,

U_E (r) =

∫_∞ r E^2 8π dVol =

Q^2 8π ∫_∞ r 4πr^2 dr r^4 = Q^2 2r . (4)

Energy is conserved because the electric field does work on the surface charge density σ = Q/4πr^2 = E/4π as the shell expands. The (radial) surface force density is f = σE/2 = E^2/8π = Q^2/8πr^4, as follows from the Maxwell stress tensor (Arts. 630-646 of [13], and from more elementary arguments as well). The work done as the shell expands from radius r_1 to r_2 is, W = ∫_{r2}

r_1

4πr^2f dr =

Q^2 2 ∫_{r2}

r_1 dr r^2 = Q^2 2r_1 − Q^2 2r_2

= U_E (r_1) − U_E(r_2). (5)

This confirms that no field energy is radiated away during the expansion of the spherical shell, for any time dependence of the expansion.

This result is often summarized by saying that there is no monopole electromagnetic radiation, and that the “simplest” form is (electric or magnetic) dipole radiation.^4 Dec. 9, 2023. In general relativity there are no monopole or dipole gravitational waves, with quadrupole waves being the simplest possible. As such, any spherically symmetric configuration must have a static metric (i.e., the Schwarzschild metric) outside the region of nonzero mass/energy, as noted by Birkhoff in sec XV.7, p. 253 of [15]. In case of a shell of mass/energy, spacetime is flat inside the shell, which is a region of zero “gravity”.^5

A Appendix: Electromagnetic Potentials

This problem was solved without the use of electromagnetic potential V and A, but we now give some examples of potentials in various gauges.

The present example is spherically symmetric, so we expect the vector potential A in any gauge, like the electric field E, to have only a radial component, which insures that B = ∇ × A = 0.

a resistive wire. The Poynting vector is nonzero, but flows from the battery to the resistive wire [11], and there is no flow of electromagnetic field energy away from the circuit, so it is usual to say that there is no radiation here (although the author prefers to identify any nonzero Poynting vector with “radiation” [12].

A closed loop of steady current of a single sign of charge also does not radiate energy to infinity, in the limit of a continuous current [14].

4In a multipole expansion of the potentials there is no monopole term for the vector potential A (since ∇ · B = 0 implies that magnetic monopoles don’t exist), while the monopole term of the (retarded) scalar potential for a charge density with fixed total charge Q at all times is just V_{monopole} = Q/r, where r is the distance to the observer to the origin (which typically is somewhere inside the charge distribution). That is V_{monopole} has no time dependence, so the electric field E_{monopole} = −∇V_{monopole} − ∂A_{monopole}/∂ct has no time dependence, and there is no radiation associated with monopole potentials.

5Birkhoff’s “theorem” is often characterized as implying that the metric of a spherically symmetric configuration is static, but this is not accurate, since the region of nonzero mass/energy can be time dependent, as for a collapsing/expanding spherically symmetric configuration.

A.1 Coulomb Gauge

In the Coulomb gauge, where ∇·A^{(C)} = 0,^6 the scalar potential is the instantaneous Coulomb potential,

V^{(C)}(r, t) = ∫ ρ(r^′, t) |r − r^′| dVol^′ = Q

1/a (r < a) 1/r (r > a)

(Coulomb). (6)

And, we can set the vector potential to zero,^7

A^{(C)} = 0 (Coulomb). (9)

A.2 Gibbs Gauge

In the Gibbs gauge [18, 19] (also called the Hamiltonian or temporal gauge [20]), the scalar potential is identically zero,

V^{(G)} = 0 (Gibbs), (10)

so the electric field is related to the vector potential according to,

E = − 1 c ∂A^{(G)} ∂t . (11)

Thus,

A^{(G)}(r, t) = −c

∫_t

t_0

E(r, t^′) dt^′ (Gibbs). (12)

In the present example, the electric field, and the Gibbs-gauge vector potential, have only a radial component (in spherical coordinates). To complete the integral, we consider the example that t_0 = 0, and,

a(t) = a_0 (t < 0), a_0 + vt (t > 0).

(13)

6In sec. 98 of [16], Maxwell noted that if potentials V_0, A_0 do not obey ∇ · A_0 = 0, then a function χ can be found such that the potentials V = V_0 − (1/c) ∂χ/∂t, and A = A_0 + ∇χ obey ∇ · A = 0 (Coulomb gauge), which he thereafter considered to be the proper type of potentials.

7One justification follows from eq. (12) of [17], that,

A^{(C)}(r, t) = ∇ × ∫ B(r^′, t) 4π |r − r^′| dVol^′ = 0 (Coulomb), (7)

since B = 0 everywhere. More tediously, we can use the classic prescription involving the transverse current density J_t (see, for example, sec. 6.3 of [2]),

A^{(C)}(r, t) = ∫ [J_t] c |r − r^′| dVol^′, J_t(r, t) = 1 4π ∇ × ( ∇ × ∫ J(r^′, t) c |r − r^′| dVol^′ ) (Coulomb). (8)

In the present example, J is spherically symmetric and radial, so ∫ [J(r^′, t)/c |r − r^′|] dVol^′ is also spherically symmetric and radial, such that its curl is zero, J_t is zero, and finally A^{(C)} = 0.

The electric field is zero for r < a_0 and t < 0, while for t > 0 it vanishes for t < (r − a_0)/v; otherwise E_r = Q/r^2. Hence,

A^{(G)}_r (r, t) =

0 (r < a_0, t < 0) and (r < a_0 + vt, t > 0) −^{c Q t}_{r2} (r > a_0, t < 0) and (r > a_0 + vt, t > 0)

(Gibbs). (14)

A.3 Lorenz Gauge

The argument in this section is due to Vladimir Onoochin.

The electromagnetic potentials in the Lorenz Gauge [21] obey the condition,

∇ · A^{(L)} + 1 c ∂V^{(L)} ∂t = 0 (Lorenz), (15)

and the wave equations,

∇^2V^{(L)} − 1 c^2

∂^2V^{(L)}

∂t^2

= −4πρ, ∇^2A^{(L)} − 1 c^2

∂^2A^{(L)} ∂t^2 = − 4π c J (Lorenz). (16)

The wave equations (16) have formal solutions as the famous retarded potentials, where t^′ = t − |r − r^′| /c,

V^{(L)}(r, t) = ∫ ρ(r^′, t^′) |r − r^′| dVol^′, A^{(L)}(r, t) = ∫ J(r^′, t^′) c |r − r^′| dVol^′ (Lorenz). (17)

The retarded vector potential is spherically symmetric, A^{(L)}(r, t) = A^{(L)}(r, t) r̂, such that the magnetic field is zero, B = ∇ × A^{(L)} = 0.

Likewise, the retarded scalar potential is spherically symmetric, V^{(L)}(r, t) = V^{(L)}(r, t), so the electric field is,

E = −∇V^{(L)} − 1 c ∂A^{(L)} ∂t = − ∂V^{(L)} ∂r r̂ − 1 c ∂A^{(L)} ∂t r̂. (18)

The functions V^{(L)}(r, t) and A^{(L)}(r, t) are complicated, and it is not immediately evident that eq. (18) actually has the simple form of eq. (1).

A.4 Poincaré Gauge

In cases where the fields E and B are known, we can compute the potentials in the so-called Poincaré gauge^8 (see sec. 9A of [20] and [22, 23, 24]),

V^{(P)}(r, t) = −r ·

∫_1 0 du E(ur, t), A^{(P)}(r, t) = −r ×

∫_1 0 u du B(ur, t) (Poincaré). (19)

8The Poincaré gauge is also called the multipolar gauge [25].

These forms are remarkable in that they depend on the instantaneous value of the fields only along a line between the origin and the point of observation.^9

The Poincaré-gauge condition can be stated as,

r · A^{(P)} = 0 (Poincaré). (20)

In the present example the magnetic field is everywhere zero, so the Poincaré-gauge vector potential is also zero, A^{(P)} = 0. The scalar potential is given by,

V^{(P)} = −r

∫_1 0 du E_r(ur) = −Q

∫_r 0 d(ur) (ur)^2 θ(ur, a) = ( Q r − Q a ) θ(r, a(t)) (Poincaré). (21)

References

[1] J.A. Stratton Electromagnetic Theory (McGraw-Hill, 1941),

http://kirkmcd.princeton.edu/examples/EM/stratton_electromagnetic_theory.pdf

[2] J.D. Jackson, Classical Electrodynamics, 3^{rd} ed. (Wiley, 1999),

http://kirkmcd.princeton.edu/examples/EM/jackson_ce3_99.pdf

[3] P. Ehrenfest, Ungleichförmige Elektrizitätsbewegung ohne Magnet- und Strahlungsfeld, Phys. Z. 11, 708 (1910), http://kirkmcd.princeton.edu/examples/EM/ehrenfest_pz_11_708_10.pdf

[4] G. Herglotz, Zur Elektronentheorie, Nachr. Gesell. Wiss. Göttingen, 357 (1903),

http://kirkmcd.princeton.edu/examples/EM/herglotz_ngwg_357_03.pdf

[5] P. Hertz, Untersuchungen über unstetige Bewegungen eines Elektrons, Dissertation (Göttingen, 1904), http://kirkmcd.princeton.edu/examples/EM/hertz_dissertation_04.pdf

[6] A. Sommerfeld, Zur Elektronentheorie. I. Allgemeine Untersuchung des Feldes eines beliebig bewegten Elektrons, Nachr. Gesell. Wiss. Göttingen, 99 (1904),

http://kirkmcd.princeton.edu/examples/EM/sommerfeld_ngwg_99_04.pdf

[7] A. Sommerfeld, Zur Elektronentheorie. II. Grundlagen für eing allgemeine Dynamik des Elektrons, Nachr. Gesell. Wiss. Göttingen, 363 (1904),

http://kirkmcd.princeton.edu/examples/EM/sommerfeld_ngwg_363_04.pdf

[8] A. Sommerfeld, Zur Elektronentheorie. III. Ueber Lichtgeschwindigkeits- und Ueberlichtgeschwindigkeits-Elektronen, Nachr. Gesell. Wiss. Göttingen, 203 (1905),

http://kirkmcd.princeton.edu/examples/EM/sommerfeld_ngwg_203_05.pdf

[9] P. Hertz, Die Bewegung eines Elektrons unter dem Einflusse einer stets gleich gerichteten Kraft, Math. Ann. 65, 1 (1907), http://kirkmcd.princeton.edu/examples/EM/hertz_ma_65_1_07.pdf

9The potentials in the Poincaré gauge depend on the choice of origin. If the origin is inside the region of electromagnetic fields, then the Poincaré potentials are nonzero throughout all space. If the origin is to one side of the region of electromagnetic fields, then the Poincaré potentials are nonzero only inside that region, and in the region on the “other side” from the origin.

[10] G. Herglotz, Über die Integralgleichungen der Elektronentheorie, Math. Ann. 65, 87 (1907), http://kirkmcd.princeton.edu/examples/EM/herglotz_ma_65_87_07.pdf

[11] K.T. McDonald, Momentum in a DC Circuit (May 26, 2006),

http://kirkmcd.princeton.edu/examples/loop.pdf

[12] K.T. McDonald, On the Definition of Radiation by a System of Charges (Sept. 6, 2010),

http://kirkmcd.princeton.edu/examples/radiation.pdf

[13] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2 (Clarendon Press, 1873),

http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_73.pdf

Vol. 2, 3^{rd} ed. (Clarendon Press, 1892),

http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_92.pdf

[14] K.T. McDonald, Why Doesn’t a Steady Current Loop Radiate? (Dec. 1, 2001),

http://kirkmcd.princeton.edu/examples/steadycurrent.pdf

[15] G.D. Birkhoff, Relativity and Modern Physics (Cambridge U. Press, 1923),

http://kirkmcd.princeton.edu/examples/GR/birkhoff_23.pdf

[16] J.C. Maxwell, A Dynamical Theory of the Electromagnetic Field, Phil. Trans. Roy. Soc.

London 155, 459 (1865), http://kirkmcd.princeton.edu/examples/EM/maxwell_ptrsl_155_459_65.pdf

[17] K.T. McDonald, The Helmholtz Decomposition and the Coulomb Gauge (Apr. 17, 2008), http://kirkmcd.princeton.edu/examples/helmholtz.pdf

[18] J.W. Gibbs, Velocity of Propagation of Electrostatic Forces, Nature 53, 509 (1896),

http://kirkmcd.princeton.edu/examples/EM/gibbs_nature_53_509_96.pdf

[19] K.T. McDonald, Potentials of a Hertzian Dipole in the Gibbs Gauge (Aug. 23, 2012),

http://kirkmcd.princeton.edu/examples/gibbs.pdf

[20] J.D. Jackson, From Lorenz to Coulomb and other explicit gauge transformations, Am.

J. Phys. 70, 917 (2002), http://kirkmcd.princeton.edu/examples/EM/jackson_ajp_70_917_02.pdf

[21] L. Lorenz, Ueber die Identität der Schwingungen des Lichts mit den elektrischen Strömen, Ann. d. Phys. 207, 243 (1867),

http://kirkmcd.princeton.edu/examples/EM/lorenz_ap_207_243_67.pdf

On the Identity of the Vibration of Light with Electrical Currents, Phil. Mag. 34, 287 (1867), http://kirkmcd.princeton.edu/examples/EM/lorenz_pm_34_287_67.pdf

[22] D.H. Kobe, Gauge transformations and the electric dipole approximation, Am. J. Phys.

50, 128 (1982), http://kirkmcd.princeton.edu/examples/EM/kobe_ajp_50_128_82.pdf

[23] W. Brittin et al., Poincaré gauge in electrodynamics, Am. J. Phys. 50, 693 (1982),

http://kirkmcd.princeton.edu/examples/EM/brittin_ajp_50_693_82.pdf

[24] B.-S.K. Skagerstam et al., A note on the Poincaré gauge, Am. J. Phys. 51, 1148 (1983),

http://kirkmcd.princeton.edu/examples/EM/skagerstam_ajp_51_1148_83.pdf

[25] R.G. Woolley, The Electrodynamics of Atoms and Molecules, Adv. Chem. Phys. 33, 153 (1975), http://kirkmcd.princeton.edu/examples/EM/woolley_acp_33_153_75.pdf