Voltage Across the Terminals of a Receiving Antenna

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (June 25, 2007; updated February 26, 2018)

1 Problem

Deduce the no-load (open-circuit) voltage V_{oc} across the terminals of a short, center-fed linear dipole antenna of half height h when excited by a plane wave of wavelength λ ≫ h whose electric field vector E_{in} is parallel to the dipole antenna.

The ratio H_{eff} = |V_{oc}/E_{in}| is called the effective height of the antenna.^1 Also deduce the current I_{sc} that would flow between the terminals if they were short circuited. Then, according to Thévenin’s theorem the receiving antenna acts on any load connected to it like a voltage source V_{oc} with internal impedance Z_A = V_{oc}/I_{sc}.

You may assume that the antenna conductors have a diameter small compared to the height h, and that they are perfect conductors. The gap between the terminals is also small compared to h.

By dimensional analysis, the no-load voltage has amplitude of order E_0h, where E_0 is the amplitude of the incident wave. The problem is to show that to a good approximation the voltage is actually E_0h. This problem can be addressed using techniques that are simplifications of those appropriate for antennas comprised of thick wires with complex geometries.

2 Solution

The spirit of the solution is due to Pocklington [4], who extended the insights of Lorenz [5] and Hertz [6] that electromagnetic fields can be deduced from the retarded vector potential, by consideration of the boundary condition that the tangential component of the electric field must vanish at the surface of a good/perfect conductor. Furthermore, Pocklington noted that to a good first approximation for conductors that are thin wires, the vector potential at the surface of a wire depends only on the current in the wire at that point. Pocklington deduced an integral equation for the currents in the conductors, which equation has been elaborated upon by L.V. King [7], E. Hallén [8] and R.W.P. King [9]-[12] to become the basis of numerical electromagnetic codes such as NEC4 [13]. See also [14], on which this solution is based.

In the present example an incident electromagnetic wave with electric field,

E_{in} = E_0 e^{−i(kx−ωt)} ẑ (1)

excites an oscillating current distribution J(r, t) = J(r) e^{iωt} in the conductors of the receiving antenna. If this current distribution is known, then the retarded vector potential A(r, t) =

1Schelkunoff [1, 2] has defined an effective length vector H_{eff} for transmitting antennas in terms of their far-zone electric field E_0(θ, ϕ) e^{−i(kr−ωt)}/r as H_{eff} (θ, ϕ) = icE_0/kI_0, where the current at the antenna terminals is I_0 e^{iωt}, and E_0 and I_0 are complex quantities in general. For a linear antenna, the magnitude H_{eff} (θ = 90^∘) equals the effective height of eq. (15), as can be confirmed using eqs. (10) and (61) of [3].

A(r) e^{iωt} of the response fields can be calculated as,

A(r, t) = μ_0 4π ∫ J(r^′, t^′ = t − R/c) R dVol^′ = μ_0 4π ∫ J(r^′) e^{ikR} R dVol^′ e^{iωt} = A(r) e^{iωt}, (2)

where R = |r − r^′|, c is the speed of light, ω is the angular frequency, k = ω/c is the wave number, and the medium outside the conductors is vacuum whose permittivity is μ_0. In the present example the conductors are thin wires along the z axis, and we suppose that the current density J(r) is independent of azimuth in a cylindrical coordinate system (ρ, ϕ, z) and is well approximated by a current I(z). Then, the vector potential has only a z, component,

A_z(r) = μ_0 4π ∫ I(z^′) e^{−ikR} R dz^′. (3)

Since we work in the Lorenz gauge where,

∇ · A + 1 c^2 ∂V ∂t = 0, (4)

the scalar potential V (r, t) = V (r e^{iωt} of the response fields is related to the vector potential according to, V (r) = ic k ∂A_z (r) ∂z ≡ ic k ∂_z A_z(r). (5)

The response fields E(r, t) = E(r) e^{iωt} and B(r, t) = B(r) e^{iωt} can then be calculated from the vector potential A_z(r) as,

E(r) = −∇V (r) − iωA(r) = − ic k [∂^2_{rz}A_z(r) ρ̂ + (∂^2_z + k^2)A_z(r) ẑ], (6)

B(r) = ∇ × A(r) = −∂_ρA_z(r) ϕ̂. (7)

The key relation between the incident electric field E_{in} and the response field E is that the tangential component of the total electric field E_{in} + E must vanish at the surface of the conductors. In the thin-wire approximation for wire radius a much less that the antenna half height h, the constraint is essentially on the z-component of the response electric field on the z axis, E_z(0, 0, z) = −E_{in} = −E_0, (8) for the intervals [−h, −d/2] and [d/2, h] that contain the conductors of the antenna, where the gap between the terminals of the antenna has width d ≪ h. From eq. (6), we obtain a differential equation for the vector potential on these intervals,

(∂^2_z + k^2)A_z(0, 0, z) = ik c E_z(0, 0, z) = − ik c E_0. (9)

Two solutions to the homogeneous differential equation (∂^2_z +k^2)A_z(0, 0, z) = 0 are, of course, cos kz and sin kz. A solution to the particular equation is simply the constant −iE_0/kc. Hence, a general solution to eq. (9) on the interval [d/2, h] can now be written as,

A_z(0, 0, d/2 ≤ z ≤ h) = C_1 cos kz + C_2 sin kz − iE_0 kc . (10) since kd ≪ 1. We expect that the vector potential will be symmetric about z = 0, so the solution on the interval [−h, −d/2] can be written as,

A_z(0, 0, −h ≤ z ≤ −d/2) = C_1 cos kz − C_2 sin kz − iE_0 kc . (11)

To evaluate the constants of integration C_1 and C_2 we need additional conditions on the system. In particular, we note that for a no-load (open circuit) receiving antenna, the current I(z) must vanish at the ends of the conductors, i.e., at z = −h, −d/2, d/2 and h. In the thin-wire approximation, the vector potential on the wire is proportional to the current in the wire at that point, because of the 1/R dependence in eq. (3). In this approximation, the needed conditions on the vector potential are that it also vanishes at the ends of the conductors. From this we find,

C_1 = iE_0 kc , C_2 = − iE_0 kc 1 − cos kh sin kh

. (12)

Finally, from eq. (5) we obtain the open-circuit voltage across the terminals,

V_{oc} = V (0, 0, d/2) − V (0, 0, −d/2) = ic k (A^′_z(0, 0, d/2) − A^′_z(0, 0, −d/2))

= 2icC_2 = −

2E_0 k 1 − cos kh

sin kh

. (13)

For a short antenna with kh ≪ 1, the open-circuit voltage is,

V_{oc} = −E_0h (kh ≪ 1), (14)

in agreement with the estimate via dimensional analysis.

The effective height of the antenna is,

H_{eff} = | | | V_{oc} E_0 | | | = λ π 1 − cos(2πh/λ) sin(2πh/λ)

. (15)

3 Remarks

This example required a determination of the vector potential only at the antenna itself, and so is somewhat simpler than the task of determining the response fields in all space around the antenna. However, the method used here is readily extended to a full solution of the antenna problem.

In particular, equations (3), (8) and (9) can be combined into an integral equation that relates the incident electric field at the conductors to the response currents in those conductors, ∫ I(z^′)(∂^2_z + k^2) e^{−ikR} R dz^′ = −

4πik Z_0

E_{in}(z), (16)

where Z_0 = √ μ_0/ϵ_0 = 377 Ω. This is Pocklington’s integral equation [4], whose solution is implemented numerically in codes such as NEC4 [13].

3.1 Short-Circuit Current in a Receiving Antenna

For the receiving antenna, it is of interest to calculate the current across its terminals when they are shorted. Then, using Thévenin’s theorem [15], we could characterize the behavior of the antenna as part of the receiving circuit. An accurate calculation of the short-circuit current (or its equivalent, the antenna terminal impedance Z_A) can/must be made by solving the integral equation (16).

Here, we illustrate the limitations of the thin-wire approximation in estimating the antenna impedance. When the antenna terminals are shorted, the constraint (8) on the response field that the total, tangential electric field vanish at the surface of the wire now applies over the entire interval [−h, h]. Then, a symmetric solution to the differential equation (9) for the vector potential on this interval is,

A_z(0, 0, −h ≤ z ≤ h) = C cos kz − iE_0 kc . (17)

To determine the constant C we again require that the current, and hence the vector potential in the thin-wire approximation, vanish at the ends of the wire, z = ±h, such that,

A_z(0, 0, −h ≤ z ≤ h) = iE_0 kc cos kz − cos kh cos kh

. (18)

The thin-wire approximation to eq. (3) is that A_z(0, 0, z) ≈ μ_0I(z)/4π, so we estimate that the short-circuit current at the terminals of the receiving antenna is,

I_{sc} = 4π μ_0 iE_0 kc 1 − cos kh cos kh = 4πiE_0 kZ_0

1 − cos kh cos kh

, (19)

where Z_0 = √ μ_0/ϵ_0 = 377 Ω.^2

2(Nov. 28, 2020) Wrenn Wooten noted that eq. (18) implies that the current on a thin wire of length 2h parallel to E of the incident wave is given by,

I(|z| ≤ h) =

4πiE_0 kZ_0 cos kz − cos kh

cos kh

. (20)

If the conductor has resistance R, the rate of Joule heating is, P = 1 2 ∫ |I|^2 dR = 1 2 ∫_h −h |I|^2 R 2h dz =

4π^2RE^2_0 k^2Z_0 cos^2 kh ( 1 − 3 sin 2kh kh + 2 cos^2 kh ) ≈ 0.04RE^2_0 (kh)^4 k^2

, (21)

where the approximation holds for kh ≪ 1.

An application of this is to currents induced in metallic implants in humans during an MRI scan [16]. Very close to the conductors, the radial electric field E_ρ is related to the charge distribution q(z) e^{iωt} along the conductors by Gauss’ law, E_ρ(ρ >∼ a, ϕ, |z| ≤ h, t) ≈ q(z) e^{iωt} 2πϵ_0ρ

, (22)

in cylindrical coordinates (ρ, ϕ, z). The charge distribution can be obtained from the current distribution I(z) e^{iωt} via the continuity equation, ∂I ∂z = − ∂q ∂t = −iωq, (23)

so that, q(z) = i ω dI(z) dz = iI^′(z) ω . (24)

The internal impedance Z_A of the antenna is then, according to Thévenin’s analysis,

Z_A =

V_{oc} I_{sc} ≈ − iZ_0 2π cot kh. (26)

This correctly indicates that the reactance of a short linear antenna is capacitive and that the reactance vanishes for h ≈ λ/2, but the predicted divergence of the reactance for kh ≪ 1 is unphysical. Furthermore, the real part of the current, and also of the impedance, is neglected in the thin-wire approximation, so if the antenna were used as a transmitter, this analysis indicates that it would not consume any energy from the rf power source, i.e., the antenna would not radiate.^3

3.2 Receiving Antenna with Load Impedance Z_L

If the receiving antenna has a load impedance Z_L attached to it, then according to Thévenin’s analysis the current I_L through the load will be,

I_L =

V_{oc} Z_A + Z_L

. (27)

A difficulty with this approach is that the receiving antenna also scatters the incident electromagnetic field, so that the total power “dissipated” by the receiving antenna system includes the power in the load plus the scattered power. The scattered electromagnetic fields E_{scat} and B_{scat} can be computed from the current I_L which is also the terminal current of the antenna, now considering the antenna to be a transmitter. However, the power transmitted to “infinity” is described by the Poynting vector of the sum of the incident and scattered fields, so if we write, S = S_{in} + S_{scat}, (28)

then, S_{scat} =

E_{scat} × B_{scat} μ_0 + E_{scat} × B_{in} + E_{in} × B_{scat} μ_0

, (29)

which depends on details of the incident wave as well as of the receiving antenna.^4 Hence, the scattered power is not well accounted for in a Thévenin analysis, as discussed on p. 43

Thus, E_ρ(ρ >∼ a, ϕ, |z| ≤ h, t) ≈ iI^′(z) 2πϵ_0ωρ e^{iωt} = iI^′(z)Z_0 2πkρ e^{iωt}. (25)

The peak electric field at the surface of the conductor can be estimated using eq. (20) for the current distribution. The derivative I^′(z) is greatest at the end of the conductor, |z| = h, where I^′_{max} = 4πiE_0 tan(kh)/Z_0, and E_{max} = 2E_0 tan(kh)/ka ≈ 2E_0h/a.

3The real part of the antenna impedance, the so-called radiation resistance R_{rad}, can be well calculated using the relation ⟨P ⟩ = I^2_0 R_{rad}/2, where ⟨P ⟩ is the time-average radiated power in the far zone as deduced from an appropriate thin-wire approximation to the current distribution caused by the rf power source. See, for example, [3].

4If the cross terms in eq. (29) could be ignored, then the (time-average) scattered power would simply be the power associated with the scattered fields, |I_L|^2 ReZ_A/2, which is the power associated with impedance Z_A in the Thévenin analysis.

of [17] and in [18]-[23].^{5,6}

3.3 Transmitting Antenna

In the case of a transmitting antenna, the incident electric field is taken to be the internal field E_{in} = V_{in}/d of an rf generator that is located in the gap of width d between the terminals of the antenna. This internal field is the negative of the (response) field E_z in the gap in the more realistic case that the rf generator is located some distance from the antenna and connected to it via a transmission line. The incident electric field is zero elsewhere on the conductors of the antenna. Then, the relation (8) can be extended for a center-fed linear dipole antenna to read,

E_z(0, 0, z) = −E_{in}(z) =

0 (−h < z < −d/2),

−V_{in}/d (−d/2 < z < d/2),

0 (d/2 < z < h).

(30)

However, use of the extreme form of the thin-wire approximation to solve eq. (16) for the transmitting antenna leads to response currents that imply response fields with nonzero E_z along the antenna conductors. While this approximation turns out to be good at predicting the response fields in the far zone, greater care is required for a good understanding of the response fields close to the antenna [24].

A Appendix: “Electric” and “Magnetic” Antennas

Antennas are sometimes characterized as “electric” or “magnetic” depending on whether, when transmitting, their electric field E is greater or less than the magnetic field cB (SI units, or just B in Gaussian units) in the near zone (less than one wavelength from the center of the antenna).^7 For example, small linear dipole antennas are “electric”, while small loop antennas are “magnetic”.^8

When considering antennas as receivers of electromagnetic waves, we note that only the incident electric field is associated with a force on the conduction electrons that can change

5The current (27) in the load can also be computed in a Norton analysis where the receiving antenna is regarded as a current source of strength I_{sc} = V_{oc}/Z_A that is in parallel with the impedance Z_A as well as with the load impedance Z_L. However, the Norton analysis suggests that the current into the antenna terminals is I_LZ_L/Z_A which is not correct unless Z_A = Z_L. For this reason the author prefers the Thévenin analysis of a receiving antenna to the Norton analysis.

6If no load is attached to the receiving antenna (equivalently, Z_L = ∞), the antenna is being operated “open circuit” but there is still power scattered by the antenna, whereas the Thévenin analysis predicts I_L = I_A = 0 and hence no power dissipated by the antenna. Meanwhile, the Norton analysis predicts I_A = I_{sc} (and nonzero power dissipation by the antenna) even though the antenna is actually “open circuit”.

7The energy stored in the near field of an “electric” antenna is dominantly that in the electric field, such that the antenna’s terminal reactance is capacitative (impedance Z = R + iX with negative X), while the energy stored in the near field of a “magnetic” antenna is primarily in the magnetic field and the reactance is inductive (X > 0).

For comments on subtleties associated with antenna reactance, see [25]. 8This is illustrated in the figure in sec. 2.2 of [26].

their velocity/energy, since the magnetic force qv × B is perpendicular to v (whose direction is along the wires of the antenna).

A.1 Small Loop Antenna

The terminal voltage of a small, loop, receiving antenna is conveniently computed via the incident magnetic field B, which should be perpendicular to the plane of the loop for best reception. Then, the integral form of Faraday’s law tells us that the magnitude of the terminal voltage in a loop of radius r is, for, say, B = B_0 e^{i(kx−ωt)} ẑ with cB_0 = E_0,

V_{loop} = | | | |− dΦ_B dt | | | | ≈ | |iπr^2ωB_0 | | = πr^2ωE^0 c = E_0r

2π^2r λ . (31)

This is much smaller than the terminal voltage E_0r for a small linear antenna with arms of length r, as discussed in sec. 2 above.

Faraday’s law can also be written as,

V_{loop} = − dΦ_B dt = − d dt ∫ B · dArea = − ∫ ∂B ∂t · dArea = − ∫ ∇ × E · dArea = ∮ loop

E · dl, (32)

which latter form gives emphasis to E rather than B. That is, Faraday’s law, by itself, does not allow us to say that the terminal voltage is “caused” by E or by B. Thus, it is misleading

to imply that a “magnetic” receiving antenna couples only to the incident magnetic field, as at

https://en.wikipedia.org/wiki/Loop_antenna#Magnetic_vs._electrical_antennas.

To show that the terminal voltage in the loop can be computed from the incident electric field, we suppose the loop is in the x-y plane with its leftmost point at the origin, as in the figure on the next page. The magnetic field is in the z-direction, perpendicular to the loop, and the electric field is in the y-direction, E_y = E_0 cos(kx − ωt). The induced EMF is greatest when the time derivative of the incident magnetic (and electric) field is the greatest, such as for ωt = 3π/2, when the electric field varies in space as E_y = −E_0 sin(kx).

Self resonant antennas (with zero reactance) are neither “electric” nor ‘”magnetic”. Both linear and loop antennas of appropriate dimensions can be self resonant, such that not all linear antennas are “electric”, and not all loop antennas are “magnetic”.

Then, for r ≪ λ (kr ≪ 1), and noting that x = r(1 − cos θ) for a point on the loop,

V_{loop} = ∮ E · dl =

∫_{2π} 0 r dθ E_y cos θ = −rE_0

∫_{2π} 0 dθ sin(kx) cos θ

= −rE_0

∫_{2π} 0 dθ sin[kr(1 − cos θ)] cos θ ≈ −rE_0

∫_{2π} 0 dθ kr(1 − cos θ) cos θ

= πkr^2E_0 = E_0r

2π^2r λ , (33)

as previously found more simply in eq. (31).^9

References

[1] S.A. Schelkunoff, Electromagnetic Waves (Van Nostrand, New York, 1943), pp. 332-335,

http://kirkmcd.princeton.edu/examples/EM/schelkunoff_waves_43.pdf

[2] G. Sinclair, The Transmission and Reception of Elliptically Polarized Waves, Proc. IRE 138, 148 (1950), http://kirkmcd.princeton.edu/examples/EM/sinclair_pire_138_148_50.pdf

[3] K.T. McDonald, Radiation in the Near Zone of a Center-Fed Linear Antenna (June 21, 2004), http://kirkmcd.princeton.edu/examples/linearantenna.pdf

[4] H.C. Pocklington, Electrical Oscillations in Wires, Proc. Camb. Phil. Soc. 9, 324 (1897),

http://kirkmcd.princeton.edu/examples/pocklington_camb_9_324_97.pdf

9While the terminal voltage for a small loop antenna can be computed as above, the terminal voltage for a small linear antenna is not correctly computed by consideration of a “virtual” semicircular circuit to which Faraday’s law could be applied. Such a “virtual” circuit, consisting of the two arms of the antenna plus a half circle that connects the tips of these arms, was implicit in Fig. 86 of [27] by Poincaré, as shown below.

Taking the plane of the “virtual” circuit to be perpendicular to B of the incident wave, we could compute that,

V_{virtual circuit} = | | |− dΦ_B dt | | | ≈ | | | −iπh^2ωB_0 2 | | | = πh^2ωE_0 2c = E_0h π^2h λ ≪ E_0h. (34)

However, in sec. 2 above we argued that the terminal voltage due to an incident electromagnetic wave with E parallel to the arms of the antenna has peak value V_{linear} = E_0h. That is, the physics of the terminal voltage of a linear dipole antenna is different from that of the “virtual” circuit, in which the current on the semicircle is Maxwell’s displacement current rather than a conduction current.

The “virtual” circuit concept is, however, useful when estimating the capacitance of a small linear antenna, as in sec. 2.1.1 of [28].

[5] L. Lorenz, On the Identity of the Vibrations of Light with Electrical Currents, Phil.

Mag. 34, 287 (1867), http://kirkmcd.princeton.edu/examples/EM/lorenz_pm_34_287_67.pdf

[6] H. Hertz, Die Kräfte electrischer Schwimgungen, behandelt much der Maxwellschen Theorie, Ann. d. Phys. 36, 1 (1889),

http://kirkmcd.princeton.edu/examples/EM/hertz_ap_36_1_89.pdf

reprinted in chap. 9 of H. Hertz, Electric Waves (Dover, New York, 1962). A translation by O. Lodge appeared as The Forces of Electrical Oscillations Treated According to Maxwell’s Theory, Nature 39, 402 (1889),

http://kirkmcd.princeton.edu/examples/ph501lecture16/hertz.pdf

[7] L.V. King, On the Radiation Field of a Perfectly Conducting Base Insulated Cylindrical Antenna Over a Perfectly Conducting Plane Earth, and the Calculation of Radiation Resistance and Reactance, Phil. Trans. Roy. Soc. London A236, 381 (1937),

http://kirkmcd.princeton.edu/examples/EM/king_ptrsl_a236_381_37.pdf

[8] E. Hallén, Theoretical Investigations into the Transmitting and Receiving Qualities of Antennas, Nova Acta Regiae Soc. Sci. (Upsula) 11, 3 (Nov. 1938),

http://kirkmcd.princeton.edu/examples/EM/hallen_narssu_11_4_3_38.pdf

Electromagnetic Theory (Chapman and Hall, London, 1962).

[9] R. King and C.W. Harrison, Jr, The Distribution of Current Along a Symmetrical Center-Driven Antenna, Proc. Inst. Radio Eng. 31, 548 (1943),

http://kirkmcd.princeton.edu/examples/EM/king_procire_31_548_43.pdf

[10] R.W.P. King, The Theory of Linear Antennas (Harvard U. Press, Cambridge, MA, 1956), http://kirkmcd.princeton.edu/examples/EM/king_antennas_56.pdf The Linear Antenna – Eighty Years of Progress, Proc. IEEE 55, 2 (1967),

http://kirkmcd.princeton.edu/examples/EM/king_pieee_55_2_67.pdf

[11] R. King, Linear Arrays: Currents,Impedances, and Fields, I, IRE Trans. Ant. Prop. 7, S440 (1959), http://kirkmcd.princeton.edu/examples/EM/king_iretap_7_s440_59.pdf

[12] R.W.P. King and T.T. Wu, Currents, Charges and Near Fields of Cylindrical Antennas, Radio Science (J. Res. NBS/USNC-USRI) 69D, 429 (1965),

http://kirkmcd.princeton.edu/examples/EM/king_rs_69d_429_65.pdf

The Electric Field Very Near a Driven Cylindrical Antenna, Radio Science 1, 353 (1966),

http://kirkmcd.princeton.edu/examples/EM/king_rs_1_353_66.pdf

[13] G.J. Burke, Numerical Electromagnetic Code – NEC4, UCRL-MA-109338 (January, 1992), http://www.llnl.gov/eng/ee/erd/ceeta/emnec.html

http://kirkmcd.princeton.edu/examples/NEC_Manuals/NEC4TheoryMan.pdf
http://kirkmcd.princeton.edu/examples/NEC_Manuals/NEC4UsersMan.pdf

[14] S.J. Orfanidis, Currents on Linear Antennas, Chap. 21 of Electromagnetic Waves and Antennas, http://www.ece.rutgers.edu/~orfanidi/ewa/ch21.pdf

[15] D.H. Johnson, Origins of the Equivalent Circuit Concept: The Voltage-Source Equivalent, Proc. IEEE 91, 636 (2003),

http://kirkmcd.princeton.edu/examples/EM/johnson_pieee_91_636_03.pdf

Origins of the Equivalent Circuit Concept: The Current-Source Equivalent, Proc. IEEE 91, 817 (2003), http://kirkmcd.princeton.edu/examples/EM/johnson_pieee_91_817_03.pdf

[16] L. Winter et al., MRI-Related Heating of Implants and Devices: A Review, J. Mag.

Res. Imaging (2020), http://kirkmcd.princeton.edu/examples/EM/winter_jmri_20.pdf

[17] S. Silver, ed., Microwave Antenna Theory and Design, (McGraw-Hill, 1949),

http://kirkmcd.princeton.edu/examples/EM/mit_v12_silver.pdf

[18] J. Aharoni, Antennae, (Clarendon Press, 1946),

http://kirkmcd.princeton.edu/examples/EM/aharoni_secII-14.pdf

[19] A.F. Stevenson, Relations between the Transmitting and Receiving Properties of Antennas, Quart. Appl. Math. 5, 369 (1948),

http://kirkmcd.princeton.edu/examples/EM/stevenson_qam_5_369_48.pdf

[20] A.W. Love, Equivalent Circuit for Apperture Antennas, Elec. Lett. 23, 708 (1987),

http://kirkmcd.princeton.edu/examples/EM/love_el_23_708_87.pdf

[21] J. Van Bladel, On the Equivalent Circuit of a Receiving Antenna, IEEE Ant. Prop.

Mag. 44, 164 (2002), http://kirkmcd.princeton.edu/examples/EM/vanbladel_ieeeapm_44_164_02.pdf

[22] R.E. Collin, Limitations of the Thévenin and Norton Equivalent Circuits for a Receiving Antenna, IEEE Trans. Ant. Prop. 45, 119 (2003),

http://kirkmcd.princeton.edu/examples/EM/collin_ieeetap_45_119_03.pdf

[23] J. Van Bladel, Power Aspects of the Equivalent Circuit of an Antenna, IEEE Ant. Prop.

Mag. 49, 71 (2007), http://kirkmcd.princeton.edu/examples/EM/vanbladel_ieeeapm_49_71_07.pdf

[24] K.T. McDonald, Currents in a Center-Fed Linear Dipole Antenna (June 27, 2007),

http://kirkmcd.princeton.edu/examples/transmitter.pdf

[25] K.T. McDonald, Reactance of a Sinusoidally Driven Antenna (Nov. 15, 2010),

http://kirkmcd.princeton.edu/examples/reactance.pdf

[26] K.T. McDonald, Radiation in the Near Zone of a Hertzian Dipole (April 22, 2004),

http://kirkmcd.princeton.edu/examples/nearzone.pdf

[27] H. Poincaré and F.K. Vreeland, Maxwell’s Theory and Wireless Telegraphy (McGraw, New York, 1904), http://kirkmcd.princeton.edu/examples/EM/poincare_vreeland_04.pdf

[28] K.T. McDonald, Reactance of Small Antennas (June 3, 2009),

http://kirkmcd.princeton.edu/examples/cap_antenna.pdf