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43. Clebsch-Gordan coefficients 1
43. CLEBSCH-GORDAN COEFFICIENTS, SPHERICAL HARMONICS,
AND d FUNCTIONS
J o J
Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —/8/15. Notation: M M
1/2x1/2] ! 3 my My
+1] 1 0 YO = /= cosf 5/2 .
[F172+172] 1] o o ! 4m 2x1/2 +5/2| 5/2 3/2 My My | Coefficients
172 —1/2(1/72 172 1 . 3., 2] 1)3/2+4372
-1/2 +1/2 1/2-1/2}-1 Yl = — 8771' 81119(3“15 +2-1/2| 1/5 4/5| 5/2 3/2
[-172-172] 1 +1+1/2| 4/5-1/5|+1/2 +1/2
yo— 2 (3 2o L +1-1/2| 2/5 3/5| 5/2 3/2
1x1/2 [372 2 =\ gr \g " 2 0+1/2| 3/5-2/5|-1/2-1/2
x w3232 172 ® 0-1/2| 3/5 2/5| 572 372
|+'| +1/2) 1172 +1/72 Y21 — _ /87 SinecosgeiqS > -1+1/2| 2/5-3/5|-3/2 -3/2
+1-1/2| 173 2/3| 372 172 4 2%x1/2 -1-1/2) 4/5 1/51 5/2
0+1/2| 2/3-173|-1/2-172 1 /15 . 3/2x172 Loz [2a12| /5 -ass|-572
Y2 = =,/ =2 sin20 20 |#372 172 1] +1 +1 212 1
0-1/2[ 273 173 372] "2 T 3\ o
~1+1/2| 1/3-2/3|-3/2 +3/2 -1/2|1/4 3/4| 2 1
25113 — +1/2+1/2|3/4-1/4] 0 0
AR | ) [ 3/2x1 .25, w2z 2l 2
[F21] 1] +2 +2 (G2l 1|+3/2 4372 -1/2+1/2172 172 -1 1
+2 0|1/3 2/3 3 2 1 +3/2 0| 2/5 3/51 572 3/2 172 -1/2-1/2|3/4 1/4] 2
+1 +1(2/3 -1/3] +1  +1 +1 +1/2 +1| 3/5 =2/51+1/2 +1/2 +1/2 -3/2 +1/2| 1/4-3/4|-2
+2-111/15 1/3 3/5 +3/2-1[1/10  2/5 172 |=372-1/2] 1
1x1]2 +1 0[8/15 1/6-3/10[ 3 2 1 +1/2 0| 3/5 1/15 -1/3| 572 3/2 1/2
1 1+§ ? } 0+1| 2/5-1/2 1710 0 0 0 -1/2+1|3/10-8/15  1/6|-1/2 -1/2 -1/2
[+1+ ML +1-1[1/5 1/2 3/10 +1/2-1[3/10 8/15 1/6
+1 00172 172 2 1 0 0035 0-2/5| 3 2 1 -1/2 0| 3/5-1/15 -1/3| 5/2 3/2
0+11/2-1/2] 0 0 O “1+1|1/5-1/2 3/10) -1 -1 -1 -3/2+1|1/10 -2/5 1/2|-3/2 -3/2
+1-11/6 1/2 1/3 0-1 2/5 1/2 1/10 -1/2-1| 3/5 2/5| 5/2
0 023 o0-13] 2 1 -1 o[8/15-1/6-3/10| 3 2 -3/2 0| 2/5 -3/5|-5/2
“1+11/6-1/2 1/3] -1 1| _ -2+1|1/15-1/3  3/5| -2 -2 EZEINE
o-1172 172| 2 -1-1|2/3 1/3| 3
Y, "= (-1)mY ™ -1 01/2-1/2|-2 ; -2 0[1/3-2/3|-3 (jrjamime|jijaJ M)
7 - T i 2 1] 1 IR o
[l mo =1/ TR ims | = (=1)7912 (o imama |jaji TM)
j/ :(_1)m7m'd]' /:d] 3/2)(3/2 +g 3 > dl - 0 d1/2 o ql _1+COS€
e e 37253721 1]+2 +2 0,0 = ©08 1/21/2 = 985 1157
2x3/2 | et w3/2+172| 172 12 3 2 1 12 g1 sinf
[z372] _1lssr2+572 +1/243/2 ;Z‘:g A 1/2,-1/2 2 LA
+2+1/2| 3/7 4/7| 7/2 5/2 3/2 11/211/2 3/5 0 -2/5 3 2 1 0 1 1—COS6
+1+3/2| 4/7-3/7|+3/2  +3/2+3/2 e iso2 30l 0 o o o di_4 -
+2-1/2| 1/7 16/35 2/5 _
7 14172 47 1/35-2/5| 7/2  5/2 3/2 172 ﬁg jg ;fgg }fﬁ_?ﬁ%g_}ﬁ
2%2 a7 3 0+3/2| 2/7-18/35 1/5| +1/2 +1/2 +1/2 +1/2 172 1172 |9/20-1/4-1/20 1/4 3 > 1
[Z52 1] +3 +3 +2-3/2| 1/35 6/35 2/5 2/5 _3/2 +3/2|1/20-1/4 9/20-1/4| -1 -1 -1
+1-1/2|12/35 5/14 0 -3/10 +1/2-3/2| 1/5 1/2 3/10
oz el 32 0+1/2|18/35 =3/35-1/5  1/5[ 772 572 372 172] | 217527721 38 0 25 3 3
1+ ; 5 ;’/14 1';2 2';7 -1 +3/2| 4/35-27/70 2/5 -1/10| -1/2 -1/2-1/2 -1/2 ~3/2+1/21 1/5-1/2 3/10| -2 -2
+ 1 -3/2| 4/3527/70 2/5 1/10
#1447 0-3/7[ 4 3 2 1 0 212 18/35 5/35-1/3 ~1/5 BV R
0+2|3/14-1/2 2/7] +1  +1  +1  +1 -1 +1/212/35-5/14 0 3/10] 772 572 372 32 = =1/2}-3
2 —111/14 3/10 3/7 1/5 -2 +3/2| 1/35-6/35 2/5 -2/5|-3/2 -3/2-3/2 |—3/2—3/2 1
+1 O 3/7 1/5-1/14-3/10 0 -3/2| 2/7 18/35 1/5
0 +1| 3/7 -1/5-1/14 3/10 4 3 2 1 0 -1 -1/2| 4/7 =1/35-2/5] 7/2 572
-1 +2(1/14-3/10 3/7 -1/5 0 0 0O 0 0 “o 2l 171638 278l 52 _aro
SR
+1 = = = 2 — -
0 001835 0-2/7 0 1/5 2-1/2] 347 —4/7p7/e
-1 +1 | 8/35 =2/5 1/14 1/10 -1/5] 4 3 2 1 -2-3/2| 1
3/2 14cosd 6 -2 42 | 1/70-1/10 2/7 -2/5 1/5| -1 -1 -1 -1
d3gre =5 €055 +1 -2[1/14 3/10 3/7 1/5
o\ 2 0 -1| 3/7 1/5-1/14-3/10
3/2 14cosf . 0 q2. — 1+ cos -1 0| 3/7 -1/5-1714 3/10] 4 3 2
d3/51/2 :*\/572 sin o 227 D) -2 +1|1/14-3/10 3/7 -1/5| -2 -2 -2
. _ 1+ cosf . 0 -2(3/14 1/2 2/7
B2 gloeest O d3, = ——5——sin0 -1 1|47 0-3/7[ 4 3
3/2,-1/2 2 2 /e L4 cost 2 0[3/14-1/2 2/7| 3 -3
3/2 1—cosf . 6 5 6 . o d2, = "7 (9¢c0s0 — 1 -1 =2(1/2 1/2| 4
Ay 3jp=—""5 sing d3g = sin”0 11 g (2eosf =) “2 —1|172-172|-4
3/2 3cosf — 1 0 9 1—cosf . 92 _ I3 [-2 -2 1
d1/2,1/2 = 2 €os 5 d27_1 = —————sinf dio= 5 sin 6 cosf
3/2 _ 3cosf+1 . 0 o (1—cosf\2 9 1 —cost ) o (3 o 1
d1/2,—1/2*7f sin 5 dj_o= (T) delfT@co&,GJrl) dgo= (5 cos 975)

Figure 43.1: The sign convention is that of Wigner (Group Theory, Academic Press, New York, 1959), also used by Condon and Shortley (The
Theory of Atomic Spectra, Cambridge Univ. Press, New York, 1953), Rose (Elementary Theory of Angular Momentum, Wiley, New York, 1957),
and Cohen (Tables of the Clebsch-Gordan Coefficients, North American Rockwell Science Center, Thousand Oaks, Calif., 1974).





