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The Scott Russell Aqueduct http://www.ma.hw.ac.uk/solitons/canall.html
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The Scott Russell Aqueduct on the Union Canal near Heriot-Watt University, 12 July 1995.

For the technically minded, the aqueduct is 89.3 m long, 4.13m wide, and 1.52m deep.

Soliton on Scott Russell Aqueduct (Large photo) . http://www.ma.hw.ac.uk/solitons/soliton1b.html

Soliton on the Scott Russell Aqueduct on the Union Canal near Heriot-Watt

University, 12 July 1995.




John Scott Russell and the solitary wave
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=] Heriot-Watt University

Department of Mathematics

John Scott Russell and the solitary wave

Over one hundred and fifty years ago, while conducting experiments to determine
the most efficient design for canal boats, a young Scottish engineer named John
Scott Russell (1808-1882) made a remarkable scientific discovery. As he
described it in his "Report on Waves": (Report of the fourteenth meeting of the
British Association for the Advancement of Science, York, September 1844
(London 1845), pp 311-390, Plates XL VII-LVII).

I was observing the motion of a boat which was rapidly drawn along a narrow channel by a
pair of horses, when the boat suddenly stopped - not so the mass of water in the channel which
it had put in motion; it accumulated round the prow of the vessel in a state of violent agitation,
then suddenly leaving it behind, rolled forward with great velocity, assuming the form of a large
solitary elevation, a rounded, smooth and well-defined heap of water, which continued its
course along the channel apparently without change of form or diminution of speed. I followed
it on horseback, and overtook it still rolling on at a rate of some eight or nine miles an hour,
preserving its original figure some thirty feet long and a foot to a foot and a half in height. Its
height gradually diminished, and after a chase of one or two miles I lost it in the windings of the
channel. Such, in the month of August 1834, was my first chance interview with that singular
and beautiful phenomenon which I have called the Wave of Translation".

(Cet passage en francais)

htip://www.ma.hw.ac.uk/~chris/scott_russell.html

This event took place on the Union Canal at Hermiston, very close to the Riccarton campus of
. Heriot-Watt University, Edinburgh.

Following this discovery, Scott Russell built a 30' wave tank in his back garden and made further
important observations of the properties of the solitary wave.

4/10/2001 12:39 AM




John Scott Russeli and the solitary wave http://www.ma hw.ac.uk/~chris/scott_russell.html

Throughout his life Russell remained convinced that his solitary wave (the ~Wave of Translation") was of
fundamental importance, but ninteenth and early twentieth century scientists thought otherwise. His fame
has rested on other achievements. To mention some of his many and varied activities, he developed the
"wave line" system of hull construction which revolutionized ninteenth century naval architecture, and
was awarded the gold medal of the Royal Society of Edinburgh in 1837. He began steam carriage service
between Glasgow and Paisley in 1834, and made the first experimental observation of the "Doppler shift"
of sound frequency as a train passes. He reorganized the Royal Society of Arts, founded the Institution of

‘ Naval Architects and in 1849 was elected Fellow of the Royal Society of London. He designed (with
Brunel) the "Great Eastern" and built it; he designed the Vienna Rotunda and helped to design Britain's
first armoured warship (the "Warrior"). He developed a curriculum for technical education in Britain, and
it has recently become known that he attempted to negotiate peace during the American Civil War.

It was not until the mid 1960's when applied scientists began to use modern digital computers to study
nonlinear wave propagation that the soundness of Russell's early ideas began to be appreciated. He
viewed the solitary wave as a self-sufficient dynamic entity, a "thing" displaying many properties of a
particle. From the modern perspective it is used as a constructive element to formulate the complex
dynamical behaviour of wave systems throughout science: from hydrodynamics to nonlinear optics, from
plasmas to shock waves, from tornados to the Great Red Spot of Jupiter, from the elementary particles of
matter to the elementary particles of thought.

For a more detailed and technical account of the solitary wave, see R K Bullough, "The Wave" "par
excellence", the solitary, progressive great wave of equilibrium of the fluid - an early history of the
solitary wave, in Solitons, ed. M Lakshmanan, Springer Series in Nonlinear Dynamics, 1988, 150-281.

-->Solitons home page
-->Re-creation of the soliton, 12 July 1995

Last updated 2 Nov 1998 (JCE)
Chris Eilbeck / Heriot-Watt University / chris@ma.hw.ac.uk
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Homemade Soliton Model http://math.cotc.edu/tacuity/Kasman/ SOLETONPICS/hmsol. itmi

Homemade Soliton Model

‘ Alex Kasman

lof2

The point of the "homemade soliton model" shown on my homepage is to explain the existence, but
NOT the dynamics of solitons. In particular, after the discovery of "solitary non-linear waves" and
before the modern understanding of solitons, it was argued that solitary waves would be very
RARE. The argument was that their existence required a perfect balance of the distortion from the
nonlinear terms and the dispersive terms in the equation, which would "obviously" hardly ever
occur. In fact, as we now know, solitons are NOT rare, and the model is intended to show the way
in which these two different effects on the wave can balance themselves automatically; i.e. thereis a
coupling between distortion and dispersion.

The model is very simple: take a long rod, and hang free swinging pedula from the rod at regular
intervals. It is important that these pendula can swing around the rod freely, but do not move
sideways. Put fixed weights at the end of the rods and connect them with rubber bands which are
tight when the pendula all hang straight down. The precise weight and strength of the rubber bands
is not important...and that is the point.

If the rotation of the rods is unaffected by friction (you can attempt to approximate this with
lubricant) then the motion of the pendula is approximated by the discrete Sine-Gordon equation. The
case in which all of the rods are hanging down (so there is not much tension on the rubberbands) is
the zero solution. (If you have access to a Macintosh computer then I strongly recommend that you
download the program "3D-filmstrip" by R. Palais at Brandeis University. It will show you an
animation of an ideal model of this sort along with a description.)

To generate a single kink-soliton, start with the zero solution and take all of the pendula to the left
of the center point and pull them over the top of the rod. You will get the one-soliton shape that is
shown in the photograph because the rubberbands will pull the pendula near the center point
together so that they stand up. Now we see the distortion and the dispersion! Gravity is pulling
DOWN on the weights, attempting to make the soliton more narrow and "sharp", but the
rubberbands are trying to pull the pendula together and "flatten” it out. The coupling is evident from
the following observations: if you take the model from the first floor of a building up to the 20th
floor, the strength of the gravitational pull on the model has changed. However, the solitary wave
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shape does not collapse! Similarly, you could have used stronger weights or weaker rubberbands,
but everything will still work. Why? Because the more you pull on the rubberband the more it pulls
back. So, it eventually finds an equilibrium point...and you see the solitary wave shape.

To generate a soliton/anti-soliton pair, start with the zero solution and pull JUST the center
pendulum over the top of the rod until it is pointing straight down on the other side. You will have
two "humps"...if your rod is long enough you can push these humps apart and they will stay where
they are. But, if you let them come together they cancel each other and return to the vacuum
solution. This is a good model for realizing the creation of an electron/positron pair since the
continuous limit of this model, the Sine-Gordon equation, describes an electro-magnetic field under

~ proper assumptions with the solitons playing the role of the particles through "bosonization".

I hope that this description is adequate for your interests. If I have not been clear or if you have any
further questions, please let me know.

Contact Information:
Department of Mathematics
College of Charleston

66 George Street
Charleston, SC 29424-0001

# Home Page: math.cofc.edu/faculty/kasman
8 Phone: 843/953-8018

# Fax: 843/953-1410

& E-mail: kasman@math.cofc.edu
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Permanent Exhibition

Switch to Japanese

Many Faces of Solitons

Entrance -- KdV equation -- Modified KdV equation -- Sine-Gordon equation

Entrance of This Exhibition

Sine-Gordon equation u, -u,  +smu= 0

The term "sine-Gordon equation" is presumably a kind of joke, obviously originating in the name of the
"Klein-Gordon equation" in relativistic field theories. As this name shows, this equation is a relativistic
nonlinear equation in 1+1 dimensional space-time. Its precursor, just the KdV equation, can be found in
the 19th century mathematics (Darboux's work on surface geometry). The sine-Gordon equation, too, has
a wide range of applications in physics, not only in relativistic field theories but in solid-state physics,
nonlinear optics, etc.

In order to visualize solutions, we use a coupled pendulum model. This is a mechanical model consisting
of an elastic wire (or, rather, a straight spring) attached with perpendicular rods in an equal spacing. The
rods behave as a pendulum receiving an angular force from the two neighboring rods through twist of the
wire. (One can do a cheaper experiment using a rubber string and needles in place of a wire and rods.) In
the limit as the spacing of rods tends to zero, this mechanical system approaches the sine-Gordon
equation. '

Soliton solutions of the sine-Gordon equation are far richer than those of the KdV and modified KdV
equations. Even the 1-solution soliton solution consists of two different cases -- "kink" and "anti-kink". A
kink is a solution whose boundary values at the left infinity is 0 and at the right infinity is 2pi; the
boundary values of an anti-kink is 0 and -2pi, respectively. More intuitively, the chain of pendulums, in
both cases, winds up once around the wire, but in an opposite direction. Similarly, 2-soliton solutions can
be classified into several distinct cases -- collision of two "kinks", collision of two "anti-kinks", collision
of a "kink" and "anti-kink", and a kind of "bound state" called "breather solution”. The last one is rather

hard to explain, but the animation will clearly show how it behaves.

e kink-antikink collision [mpeg| movie| gif]
Here is an animation of kink-anti-kink collision. The kink and the anti-kink are given the same speed
and proceed in an opposite direction. Note that the twist of the pendulum chain disappears at a
moment (t = 0) during collision.
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[kink-antikink solution before collision (coupled pendulum model)]
solution: u = 4*Arctan[ (p*Sinh[Sqrt[p”2 - 1]*t]) / (Sqrt[p"2 - 1]*Cosh[p*x]) ].
parameters: p = 2.

kink-kink collision [mpeg| movie| gif]

Here is an animation of kink-kink collision. Since the kinks are twisted in the same direction, the
pendulum chain remains twisted (twice) during collision. It is interesting that the two kinks look like
“repelled" rather than collide. (I never imagined this phenomena until I made this animation!)
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[kink-kink solution before collision (coupled pendulum model)]
solution: u = 4*Arctan[ (Sqrt[p"2 -1]*Sinh[p*x]) / (p*Cosh[Sqrt[p"2 - 1]*t]) 1.
parameters: p = 2.

breather solution [mpeg| movie| gif]

Here is an animation of the "breather solution". This name originates in the behavior of its profile,
which repeats regularly oscillating upwards and downwards, thereby looking like breathing. In the
pendulum model, this behavior is nothing but a localized collective oscillation, as you see in the
animation.

[breather solution (coupled pendulum model)]
solution: u = 4*Arctan[ (p*Sin[Sqrt[p”2 +1]*t]) / (Sqrt[p"2 + 1]*Cosh[p*x]) ].
parameters: p = 2.

Kanehisa Takasaki takasaki@math.h.kyoto-u.ac jp
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