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Oliver Heaviside was well known for his acerbic charactierzation of ideas he did not like.
Here we review his antipathy towards the electromagnetic vector and scalar potentials A
and V .

The concept of a scalar potential for gravity was introduced in 1747 by Daniel Bernoulli
[1], and Poisson [2, 3] (1812 and 1824) considered electric and magnetic scalar poten-
tials (assuming electricity is due to electric charges and magnetism is due to magnetich
charges/poles). These potentials were generally regarded as useful mathematical constructs,
rather than “physical” entities.

In 1831, Faraday [4] intuited aspects of the electromagnetic vector potential A, which
he called the electronic state, and since then attitudes as to the significance of the vector
potential have varied considerably.1

Maxwell (1864) discussed the “electromagnetic momentum of a current” in sec. 22 of
[9], and identified this in sec. 59 with what he later called the vector potential.2,3 That is,
Maxwell regarded the electromagnetic vector potential as more “physical” than the electric
scalar potential.

In secs. 98-99 of [9], Maxwell gave the first discussion of what is now called a gauge
transformation, which he noted can change the form of the vector potential. To maintain the
interpretation of the vector potential as an “electromagnetic momentum” (per unit charge),
Maxwell argued that the vector potential should obey ∇ · A = 0, which is now called the
Coulomb-gauge condition.

Maxwell (1873) returned to this theme in Arts. 616-617 of [8] where he claimed that
the vector potential has the form A =

∫
J dVol/cr (in Gaussian units as will be used in

this Note) where c is the speed of light in vacuum. We now recognize this as a possible
form of the vector potential only if the electric-current density J is static (i.e., J/∂t = 0).
Maxwell did not live long enough to reflect on the conundrum that his vision of the vector
potential as an “electromagnetic momentum” applied only to static examples, in which the
total momentum should be zero, so if there is a nonzero “electromagnetic momentum” there
must also be an equal and opposite “hidden” mechanical momemtum.4

Heaviside, one of Maxwell’s immediate followers, was skeptical of the significance of the
vector potential, and stated in 1886 [16], “the very artificial nature of A and P (the electric

1Gauss, p. 609 of [5] (published posthumously in 1867), claimed to have invented a version of the vector
potential in 1835. The vector potential is often attributed to Neumann (1845) [6], but he only considered a
scalar magnetic-field (potential) energy rather than a vector potential. The earliest published example of a
vector potential is due to Thomson (1846), p. 63 of [7]. The first published use of the term “vector potential”
is in Art. 405 of Maxwell’s Treatise (1873) [8].

2In contrast, Maxwell stated (1881) [10] “The electrical potential ... is a mere scientific concept. We
have no reason to regard it as denoting a physical state.”

3The development of Maxwell’s thinking on electromagnetism is discussed in, for example, Refs. [11, 12,
13], and in Appendix A.28 of Ref. [14].

4It is now recognized that the “hidden” mechanical momentum is a relativistic effect associated with the
current density J. See, for example [15].
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scalar potential) greatly obscures and complicates many investigations”. In 1889 [17] he
added that “the fact that A has often a scalar potential parasite ... causes sometimes great
mathematical complexity and indistinctness; and it is, for practical reasons, best to murder
the whole lot, or at any rate merely employ them as subsidiary functions.”

In 1893, p. 293 of [18], Heaviside added some scathing remarks about potential energy:
“Potential energy, when regarded merely as expressive of the work that can be done by forces
depending upon configuration, does not admit of much argument. It is little more than a
mathematical idea, for there is scarcely any physics in it. It explains nothing.”

In 1890, Hertz [20] characterized the electromagnetic potentials as “scaffolding ... which
serves for calculation only”.5

In 1900 Poincaré [22] argued that the volume density pfield of electromagnetic-field mo-
mentum is the Poynting vector S = (c/4π)E × B divided by c2, where E and B are the
electromagnetic fields.6 Then, the electromagnetic-field momentum is related by Pfield =∫

pfield dVol =
∫

E× B dVol/4πc.
The electromagnetic-field momentum Pfield is a global property of the electromagnetic

fields and depends on the details of their distant sources.
In general, electromagnetic-field momentum is not associated with the vector poten-

tial, although in static examples the electromagnetic-field momentum can also be computed
(following Maxwell, and in Gaussian units) as Pfield =

∫
ρA(C) dVol/c where A(C)(x) =∫

J(x′) dVol/cr is the vector potential in the Coulomb gauge supposing that A(C) = 0 at in-
finity, ρ is the electric-charge density, J is the electric-current density and r = |r| = |x− x′|.
This reinforces that the vector potential is “useful” and “valid”, but it does not imply that
the vector potential is “physical”, as suggested in [24]-[33].7 In science, the term “physi-
cal” should be reserved for entities that exist in Nature, and not applied to concepts such
as words, numbers, mathematical symbols, and potentials, however useful they may be in
discussions of “physical” objects.

In static examples the electromagnetic-field momentum can be computed in other ways
as well. The form Pfield =

∫
V (C)J dVol/c2, where V (C) =

∫
ρ dVol/r is the electric scalar

potential in the Coulomb gauge was first advocated by Furry [35]. And, the form Pfield =∫
(J·E) r dVol/c2 where E =

∫
ρ r̂ dVol/r2 was introduced by Aharonov, Pearle and Vaidman

[36].
The density of momentum in the electromagnetic field is pfield = S/c2 = E×B/4πc, and

not ρA(C)/c nor V (C)J/c2 nor (J · E) r/c2.
Recall that the canonical momentum of an electric charge q with (rest) mass m and

velocity v in an electromagnetic field can be written as pcanon = pmech + qA/c for the
vector potential A in any gauge, with pmech = mv/

√
1 − v2/c2. Then, the Hamiltonian,

H = c[m2c2 + (pcanon − qA/c)2]1/2 + qV , of the electric charge in an electromagnetic field
appears not to be gauge invariant, but the equation of motion, obtained by taking derivatives

5A recent review of the history of attitudes about the vector potential [21] notes that its role as “scaffold-
ing” was changed in quantum theory, where it is more fundamental than in classical theory, as mentioned at
the end of this note.

6For a brief history of this insight, see p. 246 of [23].
7These references could be characterized as being about four topics: 1. Canonical momentum and

mechanics, Refs. [24] and [32]; 2. Pedagogic understanding, Refs.[25], [28] and [31]; 3. Gauge conditions and
physical interpretation, Refs. [27], [30] and [33]; 4. Applications emphasizing potentials, Refs.[26] and [29].
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of the Hamiltonian, is gauge invariant, being m a = q(E + v/c × B), i.e., the Lorentz force
law. This is perhaps the most significant descendant of Maxwell’s notion that the vector
potential is a kind of “electromagnetic momentum”.8

Maxwell’s partial understanding of the gauge invariance of the electromagnetic potentials
was made more explicit by Lorentz in 1905, p. 157 of [37]. See also p. 673 of [38]. That
is, the physical fields E and B can be deduced from potentials A and V according to
E = −∇V − ∂A/∂ct and B = ∇ × A, while the nonphysical potentials can be changed
arbitrarily, with no effect on E or B, according to A → A + ∇χ and V → V + ∂χ/∂ct for
any (doubly) differentiable function χ.

In quantum theory, where the Hamiltonian plays a key role in Schrödinger’s equation, the
appearance of the electromagnetic potentials in the Hamiltonian of a charged particle in an
electromagnetic field suggests that the unphysical potentials are nonetheless “fundamental”.9

In 1926, Fock [42] noted that Schrödinger’s equation for an electric charge in an elec-
tromagnetic field is gauge invariant only if the gauge transformation of the potentials,
Aμ(xν) → Aμ + ∂μχ(xν), is accompanied by a phase change of the quantum wavefunc-
tion, ψ(xν) → e−ieχ(xν)/�c ψ. See also [43, 44]. Yang and Mills (1954) [45, 46] were the
first to point out that Fock’s argument can be inverted such that a requirement of local
phase invariance of the form ψ(xν) → e−ieχ(xν)/�c ψ implies the existence of an interaction
described by a 4-potential Aμ which satisfies gauge invariance, namely the electromagnetic
interaction.10 This emphasizes the significance of potentials in the quantum realm, and has
led to the understanding of the electroweak and strong interactions as further examples of
“gauge theories”.11

It can remain unsettling that nonphysical potentials play a key role in determining what
type of physical fields are possible in Nature.

We close by noting that while Heaviside argued against interpreteting the electromagnetic
vector potential too physically, he remained commited to the concept of a mechanical æther,
although he did say (p. 352 of [48]): “...mechanical speculations in general should be received
with much caution, and regarded rather as illustrations or analogies than expressions of fact.
We do not know enough yet about the æether for dogmatising.”12 However, it was left to
Einstein to “murder” the æther.

8The canonical momentum of a charge in an electromagnetic field may have first appeared in quantum
theory on p. 611 of Dirac’s great paper [34] that deduced his famous equation.

9Because the electromagnetic fields E and B can be deduced from knowledge of the electromagnetic
potentials V and A, the latter are often considered to be more “fundamental” than the former. However,
a version of the potentials V and A can be deduced from the fields E and B via an argument attributed
to Poincaré [39], so it is not self evident which is more “fundamental” than the other. Consideration of the
vector potential in the Poincaré gauge [40] for the Aharanov-Bohm effect [41] indicates that one should not
suppose the vector potential always provides a “local” explanation of this effect.

10Note that an implication of local phase invariance of the quantum wave function ψ is that the wave
function ψ (like the electromagnetic potentials) is not physical.

11See, for example, sec. I of [38], and [47].
12In 1911, §534 of [49], Heaviside reconsidered electrodynamics for electrons moving with velocity close to

the speed of light, but still presumed the existence of an electromagnetic æther. Nonetheless, his subsection
(17), p. 444 of [49] gave an insightful way to think about what is now called synchroton radiation, as
popularized by Feynman in Chap. 34 of [50].
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