Liénard-Wiechert Potentials and Fields via Lorentz Transformations

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (April 7, 1979; updated April 25, 2017)

1 Problem

Deduce the Liénard-Wiechert potentials and fields [1, 2] in the Lorenz gauge [3]^1 for a (point) electric charge q via a Lorentz transformation from the instantaneous (inertial) rest frame of the charge.

2 Solution

2.1 Retarded Fields

Maxwell’s equations for the electromagnetic fields E and B can be written (in Gaussian units) in the form,

∇ · E = 4πρ, ∇ × E = − 1 c ∂B ∂t , ∇ · B = 0, ∇ × B = 4π c J + 1 c ∂E ∂t , (1)

where ρ and J are the (total) volume densities of electric charge and current, and c is the speed of light in vacuum. These four first-order differential equations can be combined into two second-order wave equations,

∇^2E − 1 c^2

∂^2E ∂t^2

= 4π∇ρ + 4π c^2 ∂J ∂t , ∇^2B − 1 c^2

∂^2B ∂t^2 = − 4π c ∇ × J. (2)

The method of Lorenz [3] and Riemann [5] of retarded solutions can lead directly to the forms,^2

E(x, t) = ∫ [ρ] R̂ R^2 d^3x^′ + 1 c ∫ ( [J] · R̂ ) + ( [J] × R̂ ) R̂ × R̂

R^2 d^3x^′ + 1 c^2 ∫ ( ˙[J] × R̂ ) × R̂ R d^3x^′, (3)

B(x, t) = 1 c ∫ [J] × R̂ R^2 d^3x^′ + 1 c^2 ∫˙ [J] × R̂ R d^3x^′, (4)

where R − x − x^′, R̂ = R/ |R| = R/R, [f] = f(x^′, t^′ = t − R/c) and J̇ = ∂J/∂t.

1For commentary by the author on the paper of Lorenz, see the Appendix of [4]. 2The wave equation for E was given by Lorenz [3] for a medium of electrical conductivity σ, but with E replaced by J according to Ohm’s law, J = σE. Lorenz noted that a solution to this equation exists via the method of retarded potentials, but his did not explicitly display this for J. Had he done so, he could have arrived at eq. (3). Instead, the forms (3)-(4) first appeared in eqs. (14.34) and 14.42) of [6]. See also [7] and the Appendix to [4].

2.2 Retarded Potentials

Lorenz [3] also noted that the equation ∇ · B = 0 implies that the magnetic field can be related to a vector potential A according to,

B = ∇ × A. (5)

Using eq. (5) in Faraday’s law, ∇ × E = −(1/c)∂B/∂t, we can write ∇ × ( E + 1 c ∂A ∂t ) = 0, (6)

which implies that E + (1/c)∂A/∂t can be related to a scalar potential V as −∇V , i.e.,

E = −∇V − 1 c ∂A ∂t . (7)

Maxwell’s equations then lead to wave equations for the potentials V and A,

∇^2V + 1 c ∂ ∂t ∇ · A = −4πρ, ∇^2A − 1 c^2

∂^2A ∂t^2 = − 4π c J + ∇ ( ∇ · A + 1 c ∂V ∂t ) . (8)

Lorenz argued that if we enforce the auxiliary condition,

∇ · A = − 1 c ∂V ∂t (Lorenz), (9)

the wave equations (8) take the simpler forms,

∇^2V − 1 c^2

∂^2V ∂t^2

= −4πρ, ∇^2A − 1 c^2

∂^2A ∂t^2 = − 4π c J (Lorenz), (10)

which have the formal, retarded solutions,

V (x, t) = ∫ [ρ] R d^3x^′, A(x, t) = 1 c ∫ [J] R d^3x^′ (Lorenz). (11)

In the present context it is useful to note that the retarded potentials (11) depend on the (retarded) charge and current densities, but not on their time derivatives. In particular, this means that the retarded potentials do not depend on the acceleration of the charges (which would correspond to a dependence on J̇). Hence, the form of the retarded potentials of a single accelerating charge have the same form as those for a charge with uniform velocity.

2.3 Liénard-Wiechert Potentials via Lorentz Transformations

The argument of this section was first given by Minkowski [8].^3

Textbook derivations of the Liénard-Wiechert potentials tend to follow the original arguments [1, 2] that evaluate the retarded potentials (11) for a “point” electric charge.^4

3A version by the author on pp. 222-223 of [9], written in 1979, was perhaps too brief. 4See, for example, sec. 19-1 of [6] and sec. 14.1 of [10].

A lesson of the retarded potentials (11) is that their value at (x, t) in the lab frame depends on the position [x^′] of the charge at the retarded time [t^′] = t − [R]/c where [R] = x − [x^′] is the retarded distance between the charge and the observer. We expect the retarded potentials V (x, t) and A(x, t) for a single electric charge to depend on the retarded distance [R] between the observer and the charge and on the normalized velocity, [v]/c ≡ [β], of the charge at the retarded time.

In the case of a uniformly moving charge, for which [β] = β = v/c = constant, we wish to relate the retarded potentials in lab frame to those in a frame (called the^⋆ frame) in which the charge is at rest.

In the^⋆ frame, the potentials according to an observer at (x^⋆, t^⋆) of a charge q that is uniformly moving in the lab frame are simply,

V^⋆(x^⋆, t^⋆) = q [R^⋆]

, A^⋆(x^⋆, t^⋆) = 0, (12)

where [R^⋆] = x^⋆ − [x^{′⋆}], the charge is at rest at position [x^{′⋆}] in the^⋆ frame, and the retarded time is [t^{′⋆}] = t^⋆ − [R^⋆]/c.

It seems reasonable that the potentials (12) also hold in the instantaneous, inertial rest frame of an arbitrarily accelerated charge. This view seems to have been held by Minkowski [8], and was endorsed by Landau in sec. 63 of [11]. However, in the case of a charge that is uniformly accelerated, the potentials do not obey eq. (12), as reviewed in sec. 2.3.1 below.

The potentials (12) in the^⋆ frame are related to those in the lab frame by a Lorentz transformation involving [β] and [γ] = 1/ √ 1 − [β]^2,

V = [γ](V^⋆ + [β] · A^⋆) = q [ γ R^⋆ ] , A_‖ = [γ](A^⋆_‖ + [β]V^⋆) = q [ γβ R^⋆ ] , A_⊥ = A^⋆_⊥ = 0, (13)

where A_‖ = ( A · [β̂] ) [β̂] and A_⊥ = A − A_‖ = A − ( A · [β̂] ) [β̂].

To complete the analysis, we need the value of R^⋆ in the lab frame. For this, we combine the retarded distance [R] = x − [x^′] with the time difference t − [t^′] = [R]/c into a 4-vector,

Δx_μ = (ct − c[t^′], x − [x^′]) − ([R], [R]), (14)

whose invariant length is zero. That is, Δx_μ is a lightlike 4-vector, whose components in the ⋆ frame are ([R^⋆], [R^⋆]). Then, the Lorentz transformation of the time component of Δx_μ tells us that

[R^⋆] = Δx^⋆_0 = [γ](Δx_0 − [β] · Δx) = [γ(R − β · R)] = [γ(1 − β · R̂)R]. (15)

Using this in eq. (13), we obtain the retarded potentials in the lab frame as,

V (x, t) = q [R − β · R] = q [(1 − β · R̂)R]

, A(x, t) = q[β] [R − β · R] = q[β] [(1 − β · R̂)R]

. (16)

While the result (16) has been obtained for the special case of a uniformly moving “point” charge, it also applies to a “point” charge with arbitrary motion, according to the argument at the end of sec. 2.2. Thus, we have arrived at the Liénard-Wiechert potentials via Lorentz transformations.^5

5This derivation has also been given in [11, 12, 13, 14]. Another work, [15], should also have arrived at eq. (16) via a Lorentz transformation, but due to algebraic errors, concluded that the famous Lorentz contraction of lengths should instead be an expansion.

2.3.1 Uniformly Accelerated Charge

Analytic calculations for the potentials and fields of a point charge with uniform acceleration of infinite duration can be given (see, for example, [16]). If the charge moves along the positive z-axis with constant, positive acceleration a^⋆ in the instantaneous rest frame of the charge, we define the charge to be momentarily at rest at t = 0. Then, the position of the charge at time t is given by,

z(t) = √ b^2 + c^2t^2, x = 0 = y. (17)

where b = c^2/a^⋆. The potentials according to an observer at cylindrical coordinates x = (ρ, ϕ, z) are,^6

V (x, t) = q z(z^2 + b^2 + ρ^2 − c^2t^2) − cts

s(z^2 − c^2t^2)

, A(x, t) = q ct(z^2 + b^2 + ρ^2 − c^2t^2) − zs

s(z^2 − c^2t^2) ẑ, (18)

where, s = √ (z^2 + ρ^2 + b^2 − c^2t^2)^2 − 4b^2(z^2 − c^2t^2) = √ (z^2 + ρ^2 − z^2_b )^2 + 4b^2ρ^2. (19)

The potentials (and fields) are zero for z < −ct (and diverge on the plane z = −ct).^7 The (moving) plane z = −ct can be called an event horizon, in that an observer at z < −ct can detect no fields from the charge q at time t.

The lab frame is the instantaneous rest frame of the charge at time t = 0, when the charge is at (0, 0, b). At this time, the potentials at x = (ρ, ϕ, z) are,

V (x, 0) = q z^2 + b^2 + ρ^2 z √ (z^2 + ρ^2 + b^2)^2 − 4b^2z^2

, A(x, 0) = − q z ẑ. (20)

Unlike the case of a nonaccelerated charge, the vector potential A is nonzero in the instantaneous rest frame of the charge. Also, the scalar potential V does not have the form q/r where r = √ (z − b)^2 + ρ^2 is the distance from the observer to the charge.

That is, the potentials of a uniformly accelerated charge do not have the form of eq. (12) in the instantaneous rest frame of the charge.^8

2.4 Liénard-Wiechert Fields via Lorentz Transformations

The Liénard-Wiechert potentials are used to deduce the electromagnetic fields E and B of an accelerated charge using eqs. (5) and (7), via notoriously intricate computations. Hence, it is useful to consider whether the electromagnetic fields could be deduced in a simpler manner, perhaps via Lorentz transformations.

6Neither V nor A depend directly on the acceleration a^⋆.

7This singular plane can be thought of as the location at time t of the plane of Ĉerenkov radiation associated with the charge t = −∞ when its velocity was v = −c ẑ.

8However, I believe that form eq. (12) holds except for charges whose velocity was formally equal to c at t = −∞ and was decelerated in some manner to v < c thereafter. That is, I believe eq. (12) holds for all physical motions of charges, so it is perhaps less surprising that the potentials (16) apply to the general case, and not just for motion with uniform velocity.

This has been reported in [17],^9 based on a model of the fields E^⋆ and B^⋆ in the instantaneous rest frame of the charge. In this model, the fields are nonzero throughout all space, whereas in the case of a uniformly accelerated charge, as in sec. 2.3.1, the fields are nonzero only for z > −ct. Hence, the argument of [17] cannot be considered as generally applicable, although the objection to this argument is mainly that it does not apply to the mathematically interesting, but physically unrealistic, case of a uniformly accelerated charge.

The argument can be considered as an application of eq. (4) in the instantaneous rest frame (the^⋆ frame) of a point charge q, where it seems appealing to suppose that [J^⋆] = 0 while [J̇^⋆]/c = q[β̇^⋆], such that the fields at the observer in this frame would be,

E^⋆ = q [ R^⋆ R^{⋆3} ] + q c ( β̇^⋆ × R⋆ ) × R^⋆

R^{⋆3} = q c [ R^⋆ [R^{⋆3} ] + q c ( R^⋆ · β̇^⋆ ) R^⋆

R^{⋆3} − q c [ β̇^⋆

R^⋆ ] ,(21)

B^⋆ = q c [ β̇^⋆ × R⋆ R^{⋆2} ] = [R̂^⋆] × E^⋆. (22)

The Lorentz transformation to the lab frame has boost with [β] and [γ] = 1/ √ 1 − [β]^2, as on p. 3. The electric field transforms according to,

E_‖ = E^⋆_‖, E_⊥ = [γ]E^⋆_⊥ − [γβ] × B^⋆, (23)

where E_‖ = ( E · [β̂] ) [β̂] and E_⊥ = E − E_‖ = E − ( E · [β̂] ) [β̂]. In the transformation of

the magnetic field, the transformation of [R̂^⋆] is just [R̂], so we have that,

B = [R̂] × E. (24)

To complete the transformation (23) we need the parallel and perpendicular components of [ β̇^⋆ ] and of [R^⋆]. The transformation of the acceleration [ β̇^⋆ ] is, [ β̇^⋆_‖ ] = [ d^2x^{′⋆}_‖ dt^{′⋆2} ] = [ γ^3β̇_‖ ] , [ β̇^⋆_⊥ ] = [ d^2x^{′⋆}_⊥ dt^{′⋆2} ] = [ γ^2β̇_⊥ ] , (25)

since the Lorentz transformation of spacetime quantities is d[x^{′⋆}_‖ ] = [γ]d[x^′_‖], d[x^{′⋆}_⊥] = d[x^′_⊥] and d[t^{′⋆}] = d[t^′]/[γ], i.e., a Lorentz contraction for the parallel interval d[x^′_‖] and a time dilation for d[t^′]. Then, recalling the Lorentz transformation of the lightlike 4-vector Δx_μ, eqs. (14)-(15), we have,

[R^⋆] = [γ(R − β · R)], [R^⋆_‖] = [γ(R_‖ − Rβ)], [R^⋆_⊥] = [R_⊥]. (26)

Note that [R^⋆_‖] does not equal [γR_‖] as would hold if [R_‖] were part of a spacelike 4-vector (0, [R_‖]) for which the Lorentz contraction would apply.

9The argument of [17] is an elaboration of the “kink” model of Thomson [18] for the electric field of a charge that has constant velocity except for a brief interval of acceleration. This argument was also used in [19]. That the argument is not “simple” is illustrated by [20], where computational errors led to a claim that the Liénard-Wiechert fields are incorrect.

We next display three relations needed below (following sec. IV of [19]): [( β^⋆ · β̇^⋆ ) R^⋆_‖ ] = [ β^⋆β̇^⋆_‖R^⋆_‖ β̂^⋆ ] = [ (β^⋆R^⋆_‖)β̇^⋆_‖ β̂^⋆ ] = [ (β · R^⋆_‖)β̇^⋆_‖ ] , (27) [ (R^⋆ + R^⋆β) · β̇^⋆ ] = [ (R^⋆_‖ + R^⋆β) · β̇^⋆_‖ + R^⋆_⊥ · β̇^⋆_⊥ ]

= [ γ^4 { R_‖ − Rβ + (R − β · R)β } · β̇_‖ + γ^2R_⊥ · β̇_⊥ ]

= [ γ^4(1 − β^2)R_‖ · β̇_‖ + γ^2R_⊥ · β̇_⊥ ] = [ γ^2R · β̇ ] , (28) [ β × ( R^⋆ × β̇^⋆ )] = [( β · β̇^⋆ ) R^⋆ − (β · R^⋆)β̇^⋆ ] = [ ββ̇^⋆_‖(R^⋆_‖ + R^⋆_⊥) − βR^⋆_‖ ( β̇^⋆_‖ + β̇^⋆_⊥ )]

= [ ββ̇^⋆_‖R^⋆_⊥ − βR^⋆_‖β̇^⋆_⊥ ] = [( β · β̇^⋆ ) R^⋆_⊥ − (β · R^⋆)β̇^⋆_⊥ ] . (29)

Of these, eq. (29) is readily anticipated in that [ β × ( R^⋆ × β̇^⋆ )] is perpendicular to [β].

The ingredients for the Lorentz transformation of the electric field can be written as,

E^⋆_‖ = q

[ R_{⋆‖}

R^{⋆3} ] + q c ( R^⋆ · β̇^⋆ ) R^⋆_‖

R^{⋆3} − q c [ β̇^⋆_‖

R^⋆ ] (30)

= q [ R_{⋆‖}

R^{⋆3} ] + q c { (R^⋆ + R^⋆β) · β̇^⋆ } R^⋆_‖

R^{⋆3} − q c [ (R^⋆ + β · R^⋆_‖)β̇^⋆_‖

R^{⋆2} ]

= q [ R_‖ − Rβ γ^2(R − β · R)^3 ] + q c ( R · β̇ ) (R_‖ − Rβ)

(R − β · R)^3 − q c [ Rβ̇_‖ (R − β · R)^2 ]

= q [ R_‖ − Rβ γ^2(R − β · R)^3 ] + q c ( R · β̇ ) (R_‖ − Rβ) − R(R − β · R)β̇_‖

(R − β · R)^3 ,

[γ] E^⋆_⊥ − [γβ] × B^⋆ = q [ γR^⋆_⊥ R^{⋆3} ] + q c γ ( R^⋆ · β̇^⋆ ) R^⋆_⊥

R^{⋆3} − q c [ γβ̇^⋆_⊥ R^⋆ ] + q c γ { β × ( R^⋆ × β̇^⋆ )} R^{⋆2}

= q [ γR^⋆_⊥ R^{⋆3} ] + q c γ ( R^⋆ · β̇^⋆ ) R^⋆_⊥

R^{⋆3} − q c [ γβ̇^⋆_⊥ R^⋆ ]

+ q c γ {( β · β̇^⋆ ) R^⋆_⊥ − (β · R^⋆)β̇^⋆_⊥ } R^{⋆2}

(31)

= q [ γR^⋆_⊥ R^{⋆3} ] + q c γ {( {R^⋆ + R^⋆β} · β̇^⋆ ) R^⋆_⊥ − R^⋆(R^⋆ + β · R^⋆)β̇^⋆_⊥ } R^{⋆3}

= q [ R_⊥ γ^2(R − β · R)^3 ] + q c ( R · β̇ ) R_⊥ − R(R − β · R)β̇_⊥

(R − β · R)^3 .

Finally, we arrive at the Liénard-Wiechert electric field,

E = E^⋆_‖ + [γ] E^⋆_⊥ − [γβ] × B^⋆ = q [ R − Rβ γ^2(R − β · R)^3 ] + q c ( R · β̇ ) (R − Rβ) − R(R − β · R)β̇ (R − β · R)^3

= q [ R − Rβ γ^2(R − β · R)^3 ] + q c R × { (R − Rβ) × β̇ } (R − β · R)^3

, (32)

noting that R(R − β · R) = R · (R − Rβ). We had previously seen in eq. (24) that the Liénard-Wiechert expression for the magnetic field is,

B = [R̂] × E. (33)

It is interesting that we find the general forms for the Liénard-Wiechert fields by an argument that is not completely general.

Acklowledgment

The author thanks V. Onoochin for e-discussions of this topic.

References

[1] A. Liénard, Champ électrique et magnétique produit par une charge électrique contentreé en un point et animée d’un mouvement quelconque, L’Éclairage Élect. 16, 5, 53, 106 (1898), http://kirkmcd.princeton.edu/examples/EM/lienard_ee_16_5_98.pdf

[2] E. Wiechert, Elektrodynamishe Elementargesetze, Arch. Néerl. 5, 549 (1900); Ann.

Phys. 309, 667 (1901), http://kirkmcd.princeton.edu/examples/EM/wiechert_ap_309_667_01.pdf

[3] L. Lorenz, Ueber die Identität der Schwingungen des Lichts mit den elektrischen Strömen, Ann. d. Phys. 207, 243 (1867),

http://kirkmcd.princeton.edu/examples/EM/lorenz_ap_207_243_67.pdf

On the Identity of the Vibration of Light with Electrical Currents, Phil. Mag. 34, 287 (1867), http://kirkmcd.princeton.edu/examples/EM/lorenz_pm_34_287_67.pdf

[4] K.T. McDonald, Maxwell’s Objection to Lorenz’ Retarded Potentials (Oct. 26, 2009),

http://kirkmcd.princeton.edu/examples/maxwell.pdf

[5] B. Riemann, Ein Beitrag zur Elektrodynamik, Ann. d. Phys. 207, 237 (1867),

http://kirkmcd.princeton.edu/examples/EM/riemann_ap_207_237_67.pdf

A Contribution to Electrodynamics, Phil. Mag. 34, 368 (1867),

http://kirkmcd.princeton.edu/examples/EM/riemann_pm_34_368_67.pdf

[6] W.K.H. Panofsky and M. Phillips, Classical Electricity and Magnetism, 2^{nd} ed.

(Addison-Wesley, 1962), http://kirkmcd.princeton.edu/examples/EM/panofsky-phillips.pdf

[7] K.T. McDonald, The Relation Between Expressions for Time-Dependent Electromagnetic Fields Given by Jefimenko and by Panofsky and Phillips (Dec. 5, 1996),

http://kirkmcd.princeton.edu/examples/jefimenko.pdf

[8] H. Minkowski, Raum un Zeit, Jahresb. Deutschen Math.-Verein. 1 (1909),

http://kirkmcd.princeton.edu/examples/EM/minkowski_jdmv_1_09.pdf

pp. 8-9 of http://kirkmcd.princeton.edu/examples/EM/minkowski_jdmv_1_09_english.pdf pp. 49-50 of http://kirkmcd.princeton.edu/examples/GR/minkowski_papers.pdf

[9] K.T. McDonald, Ph501 Lecture 18: Special Relativity (April 1979),

http://kirkmcd.princeton.edu/examples/ph501/ph501lecture18.pdf

[10] J.D. Jackson, Classical Electrodynamics, 3^{rd} ed. (Wiley, 1999),

http://kirkmcd.princeton.edu/examples/EM/jackson_ce3_99.pdf

[11] L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields, 4^{th} ed. (Butterworth- Heinemann, 1975), sec. 63, http://kirkmcd.princeton.edu/examples/EM/landau_ctf_71.pdf The first Russian edition appeared in 1941.

http://kirkmcd.princeton.edu/examples/EM/landau_teoria_polya_41.pdf

[12] R. Fitzpatrick, Potential due to a moving charge (Feb. 2, 2006),

http://farside.ph.utexas.edu/teaching/em/lectures/node124.html

[13] C. Pope, Electromagnetic Theory II, sec. 7.2 (Nov. 17, 2010),

http://people.physics.tamu.edu/pope/EM611/em611-2010.pdf

[14] A. Zangwill, Modern Electrodynamics (Cambridge U. Press, 2013), sec. 23.2.3,

http://kirkmcd.princeton.edu/examples/EM/zangwill_em_12.pdf

[15] V.N. Strel’tsov, Lienard-Wiechert Potential as a Consequence of Lorentz Transformation of Coulomb Potential, JINR Report D2-93-437 (1993),

http://kirkmcd.princeton.edu/examples/EM/streltsov_d2-93-437.pdf

[16] V. Onoochin and K.T. McDonald, Fields of a Uniformly Accelerated Charge (Aug. 24, 2014), http://kirkmcd.princeton.edu/examples/schott.pdf

[17] H. Padmanabhan, A simple derivation of the electromagnetic field of an arbitrarily moving charge, Am. J. Phys. 77, 151 (2009),

http://kirkmcd.princeton.edu/examples/EM/padmanabhan_ajp_77_151_09.pdf

[18] J.J. Thomson, Electricity and Matter (Charles Scribner’s Sons, 1904), pp. 55-59,

http://kirkmcd.princeton.edu/examples/EM/thomson_electricity_matter_04.pdf

Electricity and Magnetism, 3^{rd} ed. (Cambridge U. Press, 1904), p. 534,

http://kirkmcd.princeton.edu/examples/EM/thomson_EM_3rd_ed_04.pdf

[19] A.K. Singal, A first principles derivation of the electromagnetic fields of a point charge in arbitrary motion, Am. J. Phys. 79, 1036 (2011),

http://kirkmcd.princeton.edu/examples/EM/singal_ajp_79_1036_11.pdf

[20] Y.-S. Huang and K.-H. Lu, Exact Expression for Radiation of an Accelerated Charge in Classical Electrodynamics, Found. Phys. 38, 151 (2008),

http://kirkmcd.princeton.edu/examples/EM/huang_fp_38_151_08.pdf