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1 Problem

The image method arose in electrostatics,! and in general cannot be applied to time-
dependent examples because the boundary conditions for E and B are not satisfied at the
relevant perfectly conducting surface. Show, however, that image method does apply to
arbitrary time-dependent charge/current distributions above a perfectly conducting plane.

2 Solution

We recall that the boundary conditions at the surface of a perfect conductors are that the
electric field E be perpendicular to the surface, while the magnetic field B must be parallel
to the surface.

We consider an electric charge ¢ in arbitrary motion above a perfectly conducting plane,
say, z = 0. In the absence of the conducting plane, the electromagnetic fields of the charge
are those given by Liénard and Wiechert [3, 4], which can be written as,
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in Gaussian units, where r is the distance vector from the charge to the observation point,
B = v/cis the velocity of the charge normalized to ¢, the speed of light in vacuum, 8= dg/dt
is the normalized acceleration, v = 1/4/1 — (%, and r, B and B are evaluated at the retarded
time tyor =t —1/c.

To verify the boundary conditions at the surface, z = 0, of the perfectly conducting
plane, we now consider an observation point on that plane.

Writingr =r, +r,, 8 =03, + 3, and B = Bl + Bz, the corresponding quantltles for
the image charge ¢’ = —q with respect to the plane z = 0 can be written as ' =r, —

B8 =8, - Bandﬁ Bl B Then, t' -3 =1-8, 3 = ﬂand’y—’y,sowecanwrlte
the electric fields E (due to ¢) and E’ (due to image charge —q) for z = 0 as,
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=a(fL+1.— B, —B.) +b(iE B)FL+F. — B, —B.)—b(l—i- >(ﬁl+ﬁ> (2)
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= —a(tL—t. =B, +6.) —b(E-B)(FL — .~ B, +B.) —b(1—t-B)(B, - B.). (3

!The image method was first discussed by W. Thomson (Lord Kelvin) in 1848 [1]. For a review that
mentions the present problem, see [2].




where function a (and function b) has the same value at a point on the surface of the
conducting plane for both charge ¢ and image charge —q. Hence, the total electric field at
the surface of the conducting plane is,

Eioi(2=0) =E(z =0) + E'(z = 0) = 2a(f. — 8.) + 2b(f - B)(£. — B.) — 2b(1 — £ - B)3., (4)

which has only a z-component, as required at the surface of a perfect conductor.
The magnetic fields at the surface of the perfect conductor are, recalling eqgs. (2)-(3).

B(z=0)=txE=—atxB-bE-B)txB-b1l—1-8)t xS, (5)
B(z=0)=FxE =at' x 8 +bE-B) ¥ x B +b(1—1-8)i' x 3. (6)

Now,
L X B =(ryB, —7:0,) X+ (F.f, — 7af.) Y + (P2, — 7y0,) 2, (7)
M x B = —(FyB, = 7:0,) X — (F.f, — 7B.) ¥ + (P, — 7y3,) 2 (8)

sincer =1, X+r,y+r.zand 8 = B, X+ 6,y + 5,2, whiler' = r,x+r,y — 7.2 and
B/:ﬂrf{—i_ﬂyy_ﬂzi Then7

txB—1t xB =2r08, —F.0,)%X+2.0, —7.0.)7, (9)

and similarly for t x 8 — ¥ X B/, both of which have no z-component. Hence, the total
magnetic field Byt (2 = 0) = B(z = 0) + B’(2 = 0) at the surface of the conducting plane
has no z-component, as required at the surface of a perfect conductor.

Thus, the image method is valid for a single electric charge with arbitrary motion above
a perfectly conducting plane. And, via the superposition principle, this also holds for any
charge/current distribution above an infinite, perfectly conducting plane.

However, for arbitrary, time-dependent motion of the charge, the electromagnetic-field
boundary conditions cannot be satisfied for any other type of surface of a perfect conductor,
and the time-dependent image method does not in general.

3 Comments

The time-dependent image method has its main application to antennas over a perfectly
conducting “ground” plane, to which the surface of the Earth is a good-enough approximation
in many places.? This was discussed in [7, 8] for “electric” dipole antennas parallel and
perpendicular to the “ground” surface. These examples were reviewed by the author in [9]
for both “electric” and “magnetic” antennas. The more practical case of antennas above
an imperfectly conducting plane has been discussed extensively, with approximate image
methods reviewed, for example, in [10].

Another application of the time-dependent image method concerns current-carrying wires
and metallic strips parallel to a perfectly conducting plane. These systems can be considered
as 2-conductor transmission lines, with one of the conductors being the image (with respect
to the perfectly conducting plane) of the physical wire/strip.

This note was inspired by e-discussions with Li Pan.

2Maxwell discussed a time-dependent image method for electric currents above an infinite conducting
plane in 1872 [5], and in Arts. 660-667 of his Treatise [6].
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