Center of Mass of a Relativistic Rolling Hoop

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (September 7, 2012; updated June 30, 2017)

1 Problem

Deduce the location of the center of mass/energy of a hoop of rest mass m_0 and rest radius a when it rolls without slipping on a horizontal surface with speed v that is not negligible compared to the speed of light c.

2 Solution

This problem is taken from sec. VII-5 of [1]. See also sec. 10,8 of [2], and [3].

2.1 Shape of the Rolling Hoop

In the first approximation the center of mass is at x = vt, y = 0, supposing the hoop rolls with speed v in the x-direction on the surface y = −a.

However, the top of the rolling hoop has higher speed (≈ 2v) than the bottom (which is instantaneously at rest in the lab frame, so the relativistic mass (= energy/c^2, where c is the speed of light in vacuum) of an element of the hoop is larger at larger y, and the center of mass/energy is above its geometric center (x, y) = (vt, 0).

We suppose that the hoop is a “rigid” body in the following sense. The^⋆ frame is defined to be the inertial frame that moves in the x-direction at velocity v = v x̂ with respect to the lab frame, with the geometric center of the hoop at the origin in this frame. We take the hoop to be a circle of radius a in the^⋆ frame. The hoop rotates with angular velocity ω^⋆ = −ω ẑ about the z-axis, where ω = v/a. The relativistic mass (= energy/c^2) m^⋆ of the hoop in the^⋆ frame is,

m^⋆ = γm_0, where γ = 1 √ 1 − v^2/c^2

, (1)

and is uniformly distributed in arc length ds^⋆ around the hoop,

dm^⋆ ds^⋆ = m^⋆ 2πa = γm_0 2πa . (2)

A point on the spinning hoop can be parameterized as,

x^⋆ = a sin(ωt^⋆ + ϕ^⋆), y^⋆ = a cos(ωt^⋆ + ϕ^⋆). (3)

The lab-frame coordinates of this point are,^1

x = γ(x^⋆ + vt^⋆), y = y^⋆, t = γ(t^⋆ + vx^⋆/c^2), (4)

1In the lab frame, a point on the hoop follows a trajectory of a cycloid stretched in the x-direction by factor γ, with spatial period 2πγa rather than 2πa.

with the inverse relations, x^⋆ = γ(x − vt), y^⋆ = y, t^⋆ = γ(t − vx/c^2). (5) Combining eqs. (3) and (5), we see that the hoop has the form of an ellipse (Lorentzcontracted in the x-direction) in the lab frame, (x − vt)^2 (a/γ)^2 + y^2 a^2

= 1. (6)

If the hoop had two rods along orthogonal diameters in its rest frame, these rods would appear in the lab frame as shown on the left below (from [1]; the figure to the right is from [3]) at the moment when one of the rods is vertical.

The velocity of point (3) in the^⋆ frame is,

u^⋆ = ω^⋆ × a^⋆ = ω(y^⋆, −x^⋆) = v a (y^⋆, −x^⋆). (7)

In the lab frame this point has velocity, u = v + u^⋆_x + u^⋆_y/γ 1 + v · u^⋆/c^2 = v (1 + y^⋆/a) x̂ + x^⋆ ŷ/γa 1 + v^2y^⋆/ac^2 = v a (a + y) x̂ + (x − vt) ŷ 1 + v^2y/ac^2

. (8)

The speed u is symmetric about the vertical axis x = vt. At the top and bottom of the rolling wheel in the lab frame, where x = vt and y = ±a, the instantaneous speed of a point on the hoop is 2v/(1 + v^2/c^2) < c and 0, respectively.^2

2.2 Position of the Center of Mass (First Analysis)

A mass element dm^⋆ centered on point (3) has energy-momentum 4-vector (dE^⋆, c dp^⋆) = (c^2 dm^⋆, c dm^⋆u^⋆) in the^⋆ frame, and its energy in the lab frame is,

dE = c^2 dm = γ(c^2 dm^⋆ + v dm^⋆u^⋆_x) = γc^2 dm^⋆ ( 1 + v^2y^⋆ ac^2 ) . (9)

Thus, the total mass m of the hoop in the lab frame is (recalling eq. (2)) given by,^{3,4} m = ∫ dm = ∫ dm ds^⋆ ds^⋆ = γ dm^⋆ ds^⋆ ∫ ( 1 + v^2y^⋆ ac^2 ) ds^⋆ = γ^2m_0 2πa ∫ ( 1 + v^2y^⋆ ac^2 ) ds^⋆ = γ^2m_0.(10)

2The point at the top of the hoop has boost γ_{top} = γ^2(1 + v^2/c^2).

3As v → c, half of the rest mass becomes concentrated near the point of the top of the hoop, where the boost goes to 2γ^2; the other half of the rest mass is spread around the hoop with little contribution to m.

4If the hoop were sliding rather than rolling, its relativistic mass in the lab frame would be γm_0.

Similarly, the center of mass/energy x_{cm} in the lab frame is given by,

mx_{cm} = ∫ (x x̂ + y ŷ) dm = ∫ [(x^⋆/γ + vt) x̂ + y^⋆ ŷ] dm ds^⋆ ds^⋆ = γ^2m_0 2πa ∫ [(x^⋆/γ + vt) x̂ + y^⋆ ŷ] ( 1 + v^2y^⋆ ac^2 ) ds^⋆

= mvt + mvω ŷ 2πac^2 ∫ y^{⋆2} ds^⋆ = mvt + ma^2ωv ŷ

2c^2

= mvt −

S × v 2c^2

, (11)

where, S = m ω 2πa ∫ (x^{⋆2} + y^{⋆2}) ds^⋆ = m ω πa ∫ y^{⋆2} ds^⋆ = ma^2 ω (12)

is the “spin” angular momentum of the hoop about its geometric center.^5 Thus,

x_{cm} = vt −

S × v 2mc^2

= x_0 −

S × v 2mc^2

, (13)

where x_0 = vt is the position of the geometric center of the rolling hoop. That is, the center of mass/energy of the rolling hoop is shifted (upwards) relative to its geometric center.

The velocity of the center of mass is the same as the velocity of the geometric center of the hoop,

v_{cm} = v_0 = v. (14)

The above analysis did not take into account that the rolling hoop has internal forces/stresses, In the lab frame these stresses are largest near the top of the hoop, where the speed is the greatest. Since there is mass/energy associated with the internal stresses, it seems likely that the position of the center of mass/energy is even higher above the centroid, x_0 = vt, than indicated in eq. (13).

We pursue this additional upward shift in the following two sections.

2.3 Position of the Center of Mass (Second Analysis)

This section follows [5]. See also [1, 6, 7], sec. 64 of [8]^6 and [9, 10, 11]. This topic has an extensive history in considerations of the quantum position operator. For a review, see [12].

The mechanical behavior of a macroscopic subsystem can be described with the aid of its (symmetric) stress-energy-momentum 4-tensor T^{μν} . The quantity,

P^μ = (U/c, P^i) = (U/c, P) = ∫ T^{0μ} c dVol. (15)

5The spin angular momentum (about the geometric center) of the hoop in the^⋆ frame is S^⋆ = m^⋆a^2 ω, and S = γS^⋆ is the 3-vector part of Lorentz transform of the spin 4-tensor.

6In thermodynamics a closed subsystem can have exchange of energy, but not matter, with other subsystem, whereas an isolated subsystem has no exchange of mass/energy. The term closed system in [5, 8] corresponds to the term isolated system of thermodynamics.

describes the total energy and momentum of the subsystem, although P^μ is not truly a 4-vector unless the subsystem is isolated.^7

The total mass/energy of the subsystem is, U = ∫ T^{00} dVol, (16)

and we define the effective mass of the subsystem as, M = U c^2 = ∫ T^{00} c^2 dVol = ∫ ρ dVol, (17)

where we define the effective mass density of the subsystem to be ρ = T^{00}/c^2. The center of mass/energy of the subsystem is at position,

x^μ_{cm} = 1 U ∫ T^{00}x^μ dVol, x_{cm} = 1 M ∫ T^{00} c^2 x dVol. (18)

where x^μ = (ct, x), as characterizing the coordinates of the center of mass/energy of the subsystem.

In general, the lab-frame quantity x^μ_{cm} is not a 4-vector, and it is not the Lorentz transformation x^μ_0 of the quantity,

x^{⋆μ}_0 ≡ x^{⋆μ}_{cm} = 1 U^⋆ ∫ T^{⋆00}x^{⋆μ} dVol^⋆, (19)

where the ⋆ frame is the (instantaneous) frame of the subsystem in which its total 3- momentum is zero (but where the angular velocity is still ω),

0 = P^{⋆i} = ∫ T^{⋆0i} c dVol^⋆. (20)

We denote the lab-frame transform of the quantity x^{⋆μ}_0 as x^μ_0 , which we will call the centroid.^8 Note that x^0 = ct = x^0_{cm}. The velocity of the boost from the^⋆ frame to the lab frame is v_{cm} of eq. (14). Hence, the velocity v_0 of the centroid is the same as the velocity v_{cm} of the center of mass/energy, even though the position x_0 is not necessarily that same as x_{cm}.

As seen in sec. 2.2 the difference between x_{cm} and x_0 in the lab frame is related to the presence of angular momentum in the subsystem, so we introduce the quantity,

L^{μν} = ∫ x^μT^{0ν} − x^ν T^{0μ} c dVol, (21)

as the (antisymmetric) angular momentum 4-tensor of the subsystem. Further, we introduce the “spin” angular momentum tensors, defined by,

S^{μν}_0 = L^{μν} − (x^μ_0 P^ν − x^ν_0 P^μ), (22)

7In case of a nonisolated system, P^μ of eq. (15) has been called a “false” 4-vector [13]. 8The coordinates x^μ_0 are called those of the proper center of mass in [8].

and, S^{μν}_{cm} = L^{μν} − (x^μ_{cm}P^ν − x^ν_{cm}P^μ), (23) which subtract away the angular momentum associated with the energy/momentum of the centroid, and of the center of mass/energy, respectively.

For an antisymmetric 4-tensor A^{μν} we construct two 3-vectors a and ã and according to,

a = (a^{23}, a^{31}, a^{12}) and ã = (a^{10}, a^{20}, a^{30}). (24)

Then, for either of the spin 4-tensors (22)-(23) we can write,

S = L − x × P, S̃ = L̃ − Mc x + ctP, and so x = 1 Mc ( L̃ − S̃ + ctP ) , (25)

where from eqs. (21), L = ∫ x × p dVol, and L̃ = Mc x_{cm} − ctP. (26)

In particular, from eqs. (22) and (25)-(26) we obtain an expression for the lab-frame 3- position of the centroid,^9

x_0 = x_{cm} −

S̃_0 Mc . (27)

This result was deduced in the lab frame, but it also holds in the^⋆ frame, where x^⋆_0 = x^⋆_{cm}, so it must be that S̃^⋆_0 = 0. Then, since P^⋆ = 0, we have that,

S^{⋆μν}_0 P^⋆_ν = 0. (28)

IF S^{μν}_0 and P^μ are a 4-tensor and a 4-vector, respectively, with respect to Lorentz transformations, then in the lab frame we have that^{10}

0 = S^{μν}_0 P_ν , S̃_0 · P = 0 for μ = 0, Mc S̃_0 = −S_0 × P, for μ = 1, 2, 3, (30)

and, x_0 = x_{cm} −

S_0 × P M^2c^2

= x_{cm} −

S_0 × v_0 Mc^2

. (31)

as in eq. (8), but now the term in S is twice as large, as anticipated qualitatively at the end of sec. 2.2 above.^{11,12}

9Using eq. (23) rather than (22) leads only to S̃_{cm} = 0, which also follows directly from eq. (23). 10In the^⋆ frame, x^{⋆μ}_0 = x^{⋆μ}_{cm}, so we also have that the spin tensors are the same in this frame, S^{⋆μν}_0 = S^{⋆μν}_{cm} , and in particular S̃^⋆_0 = S̃^⋆_{cm} = 0. Since P^⋆ = 0, we have that S^{⋆μν}_{cm} P^⋆_ν = 0. If S^{μν}_{cm} were a 4-tensor with respect to Lorentz transformations, then in the lab frame we would have that,

0 = S^{μν}_{cm}P_ν , S̃_{cm} · P = 0 for μ = 0, Mc S̃_{cm} = −S_{cm} × P, for μ = 1, 2, 3. (29)

This contradicts the fact that S̃_{cm} = 0, so we infer that S^{μν}_{cm} is not a tensor under Lorentz transformations.

11In [7] it is shown that S_0 · P = S_{cm} · P = L · P and that x_0 = x_{cm} + S_{cm} × P/M^2_0 c^2 (with the + sign miswritten as a −).

12The result (31) appears in eq. (8) of [14], with v_0 taken to be the velocity of the observer relative to the sphere, i.e., −v_0 of this note. This result was also discussed around eq. (7) of [15], with the claim that x_0 rather than x_{cm} is the “true” center of mass.

A spinning sphere can be regarded as a collection of hoops with a common axis of rotation. Hence, the result (31) applies to spinning spheres as well as to hoops.

For an application of this result to the interesting case of two spinning spheres, linked together by a “mechanical” rod or by gravity, and orbiting about one another, see [16].

2.4 The Hoop as a String

An interesting analysis of stresses in a spinning object has been given in [17], where it is supposed that the centripetal forces needed to sustain rotational motion are provided by strings that connect a set of more massive points which comprise the system.

In particular, for a rotating “dumbell”, consisting of two masses joined by a string, the center of mass of the system would appear to oscillate in a frame in which the geometric center of the system moves with constant velocity, if one does not take into account the energy in the string.^{13}

A hoop could be regarded as a loop of string, with no other point masses. Then, the methods of [17] could be applied to give a particular model of the energy-momentum-stress tensor of the hoop, to supplement the general considerations given in sec. 2.3 above.

References

[1] A.D. Fokker, Time and Space, Weight and Inertia (Pergamon, 1965),

http://kirkmcd.princeton.edu/examples/GR/fokker_time_space_65.pdf

[2] A.D. Fokker, Relativiteitstheorie (Noordhoof, Groningen, 1929),

http://kirkmcd.princeton.edu/examples/GR/fokker_relativiteitstheorie_29.pdf

[3] V.N. Matvejev, O.V. Matvejev, and Ø. Grøn, A relativistic trolley paradox, Am. J.

Phys. 84, 419 (2016), http://kirkmcd.princeton.edu/examples/GR/matvejev_ajp_84_419_16.pdf

[4] K.T. McDonald, “Hidden” Momentum in a Spinning Sphere (Aug. 16, 2012),

http://kirkmcd.princeton.edu/examples/spinningsphere.pdf

[5] C. Møller, On the Definition of the Centre of Gravity of an Arbitrary Closed System in the Theory of Relativity, Comm. Dublin Inst. Adv. Study A 5, 3 (1949),

http://kirkmcd.princeton.edu/examples/GR/moller_cdias_a5_3_49.pdf

[6] A. Papapetrou, Drehimpuls- und Schwerpunktsatz in der relativistischen Mechanik, Praktika Acad. Athénes 14, 540 (1939),

http://kirkmcd.princeton.edu/examples/GR/papapetrou_paa_14_540_39.pdf

Drehimpuls- und Schwerpunktsatz in der Diracschen Theorie, Praktika Acad. Athénes 15, 504 (1940), http://kirkmcd.princeton.edu/examples/GR/papapetrou_paa_15_504_40.pdf

13In the example of two “linked” spinning spheres [16], the centers of these spheres do oscillate perpendicular to the nominal plane of the orbits, although the center of mass/energy of the entire system does not!

[7] M.H.L. Pryce, The mass-centre in the restricted theory of relativity and its connexion with the quantum theory of elementary particles, Proc. Roy. Soc. London A 195, 62 (1948), http://kirkmcd.princeton.edu/examples/GR/pryce_prsla_195_62_48.pdf

[8] C. Møller, The Theory of Relativity, 1^{st} ed. (Oxford U. Press, 1952),

http://kirkmcd.princeton.edu/examples/GR/moller_relativity_52.pdf

[9] H.C. Corben, Classical and Quantum Theories of Spinning Particles (Holden-Day, San Francisco, 1968), Chap. II, http://kirkmcd.princeton.edu/examples/QM/corben_68_chap2.pdf

[10] D. Alba, L. Lusanna and M. Pauri, Centers of mass and rotational kinematics for the relativistic N-body problem in the rest-frame instant form, J. Math. Phys. 43, 1677 (2002), http://kirkmcd.princeton.edu/examples/GR/alba_jmp_43_1677_02.pdf

[11] D. Alba, H.W. Crater and L. Lusanna, Hamiltonian relativistic two-body problem:

center of mass and orbit reconstruction, J. Phys. A 40, 9585 (2007),

http://kirkmcd.princeton.edu/examples/GR/alba_jpa_40_9585_07.pdf

[12] M. Lorente and P. Roman, General expressions for the position and spin operators of relativistic systems, J. Math. Phys. 15, 70 (1974),

http://kirkmcd.princeton.edu/examples/GR/lorente_jmp_15_70_74.pdf

[13] E. Comay, Lorentz transformation of a system carrying “Hidden Momentum,” Am. J.

Phys. 68, 1007 (2000), http://kirkmcd.princeton.edu/examples/EM/comay_ajp_68_1007_00.pdf

[14] L. Filipe Costa et al., Mathisson’s helical motions for a spinning particle: Are they unphysical? Phys. Rev. D 85, 024001 (2012),

http://kirkmcd.princeton.edu/examples/GR/filipe_prd_85_024001_12.pdf

See also sec. 3 of [5].

[15] S.E. Gralla, A.I. Harte, and R.M. Wald, Bobbing and kicks in electromagnetism and gravity, Phys. Rev. D 81, 104012 (2010),

http://kirkmcd.princeton.edu/examples/GR/gralla_prd_81_104012_10.pdf

[16] K.T. McDonald, “Hidden” Momentum in a Linked Pair of Gyrostats (Aug. 17, 2012),

http://kirkmcd.princeton.edu/examples/gyrostat.pdf

[17] K. Serafin and S.T. Glazek, Elementary example of energy and momentum of an extended physical system in special relativity, Am. J. Phys. 85, 529 (2017),

http://kirkmcd.princeton.edu/examples/GR/serafin_ajp_85_529_17.pdf