A Simplified View of the Higgs/Yukawa Mechanism

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (July 17, 2013; updated September 25, 2016)

1 Problem

The recent apparent observation [1, 2] of the Higgs boson [3, 4, 5, 6] has led to much interest in the popular claim that the Higgs boson (or better, the Higgs field) “gives mass” to those elementary particles that have it. Discuss how the de Broglie relations [7] for “matter waves” lead to a wave equation with a term that depends on mass, and that interpretation of this term as due to the interaction of the particle/wave with short-range “background” field “explains” the origin of mass. Compare with (quasi)electrons in an electromagnetic wave.

2 Solution

2.1 A Wave Equation for Matter Waves

In Maxwell’s theory [8] a scalar component ψ of the electromagnetic field obeys the wave equation (in vacuum),

∇^2ψ = 1 c^2

∂^2ψ ∂t^2

, (1)

where c is the speed of light in vacuum. Then, if the field component is a plane wave of the form ψ(x, t) = ψ_0 e^{i(k·x−ωt)}, the wave vector k and the angular frequency ω are related by the dispersion relation, obtained by inserting the plane-wave form into the wave equation,

k^2 = ω^2 c^2

. (2)

In 1905, Einstein postulated that electromagnetic waves were quantized [9], and that the quanta (photons) have energy E given by,

E = ℏω, (3)

where ℏ = h/2π is Planck’s constant [10]. In 1909, Einstein noted [11] that photons also carry momentum P but did not explicitly state that, P = ℏω c = ℏk, (4)

such that the photon’s energy and momentum are related by,^1

E = cP. (5)

1The relation (5) is implicit in sec. 792 of Maxwell’s Treatise [8], which noted that the radiation pressure p of an electromagnetic wave equals its energy density E/Vol: p = F/A = dP/A dt = cP/Vol = E/Vol.

In 1923, de Broglie postulated [12] that massive particles could be represented by waves in the quantum theory, where the energy of a particle/wave is given by eq. (3); in his Ph.D. thesis [7] he argued that the momentum is given by eq. (4), while also being related by,

E^2 = c^2P^2 + m^2c^4, (6)

ω^2 = k^2c^2 + m^2c^4 ℏ^2

= k^2c^2 + c^2 λ^2

, (7)

where m is the rest mass of the particle,^2 and, λ = ℏ mc , (8)

is the so-called reduced Compton wavelength of the particle/wave.

In 1925, De Broglie noted [15] that plane waves of light in a medium of refractive index n = √ 1 + Δ^2 obey the wave equation,

∇^2ψ = n^2 c^2

∂^2ψ ∂t^2

, (9)

for which the dispersion relation is,

k^2c^2 = ω^2 + (ωΔ)^2. (10)

Here, the (mass?) term (ωΔ)^2 has the wrong sign for photons inside a refractive medium to behave as expected for matter waves with real, positive mass.^{3,4,5}

A suitable wavefunction for scalar matter waves was given in 1926 by Klein, Fock and Gordon [18, 19, 20],^6

∇^2ψ − 1 c^2

∂^2ψ ∂t^2 − m^2c^2 ℏ^2 ψ = 0, (11)

2Although the relations E = γmc^2 and P = γmv, where γ = 1/ √ 1 − v^2/c^2, are implicit in eq. (11) of Einstein’s review of 1908 [13], and lead to eq. (6), this important relation seems not to have been explicitly stated until 1914 in [14].

3Photons inside a refractive medium are now considered to be virtual particles with negative mass squared, which notion became acceptable only much later than 1925.

4The index of refraction of a medium can be thought of as arising from the scattering of the incident electromagnetic wave (with velocity c in vacuum) off atoms in the medium. See, for example, chap. 31 of [16]. This indicates that the popular model of the Higgs mechanism as due to elastic scattering of nominally massless particles off “ping-pong balls” leads to negative, rather than positive, mass squared.

5A classical electromagnetic example whose virtual photons have positive mass is propagation in a rectangular waveguide (well known only after 1936 [17]). For example, the TE_{10} mode in a guide of cross section a × b has fields that can be written (in Gaussian units) as E_x = 0, E_y = E_0 sin πx/a, E_z = 0, H_x = −(ck_g/ω)E_y, H_y = 0, H_z = −i(πc/aω)E_0 cos πx/a, with the dispersion relation ω^2 = k^2_g c^2 + (πc/a)^2 corresponding to mass m = ℏπ/ac. The group velocity is v_g = dω/dk_g = c^2k_g/ω (= c^2/v_{phase}) < c. The average energy density in the wave is ⟨u⟩ = (|E_y|^2 + |H_x|^2 + |H_z |^2)/32π = E^2_0 /16π, and the average momentum density (along the guide axis) is ⟨p_z⟩ = |E_y| |H_x| /16πc = E^2_0 k_g /16πω = ⟨u⟩ v_g /c^2, as expected for a particle with (relativistic) velocity v_g . Here, one might say that the guide walls slow down the wave and give it mass, which is not a good analog of the Higgs mechanism.

6Apparently, Schrödinger considered eq. (11) in 1925 but did not publish it, choosing instead to develop a nonrelativistic version.

for which the dispersion relation is given by eq. (7). Formally, simply adding the third term in eq. (11) “gives mass” to the wavefunctions ψ that are described by this wave equation. Initially, people did not seek an explanation of this “mass” term as arising from some other physical process.

2.2 Yukawa and Meson Theory

An important insight drawn from the wave equation (11) was by Yukawa in 1935 [21], that if one sought to explain a short-range interaction (such as the nuclear force) with characteristic length scale λ, then this interaction may be due to the exchange of a particle/wave of mass m = ℏ/cλ. This led to the prediction of a “meson” with mass about 200 times that of the electron, which should exist inside nuclei, and should be able to go free as a result of sufficiently energetic nuclear collisions.

Yukawa’s meson was not discovered until 1947 [22, 23, 24], although the physics community was “distracted” in the late 1930’s by the discovery of a new particle [25, 26], now called the muon, with mass almost exactly as Yukawa predicted, but which does not participate in nuclear interactions. In this context, attention centered for many years on understanding elementary-particle interactions, and on the discovery of new particles, rather than on explanation of where mass “comes from”. However, in 1950 Yukawa [27] made a “flip” of his theory, whereby he conjectured that the mass of one type of particle/wave might be related to its short-range interaction with some other field.^7

2.3 A Mechanical Analogy

In a mechanical analogy, consider string of mass density ρ per unit length stretched under tension T along the x-axis. Then the equation of motion for small displacements in the y-direction is,

ρÿ = T y^{′′}, (12)

and the wave velocity is, v = √ T ρ . (13)

If the string were attached to the x-axis everywhere along its length by a set of springs, resulting in spring constant K per unit length for displacements in the y-direction, the wave equation would become,

ρÿ = T y^{′′} − Ky, (14)

7Yukawa’s vision, later incorporated in the “Higgs mechanism”, is that “mass” is a result of an interaction described by a relativistic wave equation. Nonetheless, there exists a debate on whether or not the term “relativistic mass” should be permitted in physics discussions. Some of the history of this (pointless and therefore endless) debate is given in chap. 2 of [28].

for which the dispersion relation is,

ω^2 = k^2v^2 + K ρ , (15)

which has the same form as eq. (7) for matter waves. That is, quanta of the waves on the string have mass proportional to √ K/ρ, which quanta are massless without the set of springs, while nonzero when they are present and interact with the string.

Hence, we arrive at a vision that mass can be “given” to massless wave/particles if the amplitude of these waves is constrained to stay near zero at any point by some kind of spring-like interaction with the “vacuum”.

In a wave/field view, this interaction should be associated with some field with short-range interaction that exists everywhere in space and time, and whose primarily manifestation is to “give mass”. In the quantum view (following the spirit of Yukawa’s original suggestion [21]), that short-range field is associated with massive quanta, now called Higgs bosons.

This simplified version of the “Higgs mechanism” leaves open many questions, such as the nature of the mass-giving field, and why different particle/waves have different masses.

2.3.1 Related Example: Car on a “Washboard” Road

As a mechanical analogy of a quasiparticle that “gets mass” from an interaction with a “background field”, consider a car of nominal mass m and initial velocity v_0 that coasts onto a “washboard” road with vertical undulations of amplitude A and period λ along the road (see [29], particularly the Appendix). If the wheels of the car are connected to the body via shock absorbers of total spring constant k, and we ignore the damping present in real shock absorbers, then the car oscillates vertically according to,

y(t) = A ω^2_0 sin ωt ω^2_0 − ω^2

, (16)

where ω_0 = √ k/m, ω = 2πv/λ, and v is the horizontal speed of the car when on the “washboard” road, assuming that a steady state could be somehow achieved without damping. Nonzero energy,

U_{osc} = k ⟨y(t)⟩^2 = kA^2 2 ω^4_0 (ω^2_0 − ω^2)^2 < mv^2_0 2 , (17)

is associated with these oscillations, so conservation of energy implies that the car slows down on the washboard road to velocity v given by,

mv^2_0 2 = mv^2 2 + U_{osc}. (18)

If we take a view that ignores the tranverse oscillations and emphasizes only the longitudinal velocity of the car, we might say that when on the washboard road it has effective mass m related by, mv^2_0 2 = mv^2 2 , (19) and hence,

m = m +

2U_{osc} v^2

= m +

2U_{osc} mv^2_0 − 2U_{osc}

. (20)

We might now say that the car has become a “quasicar” with effective mass m. This “quasicar” has been “given” (additional) mass by its interaction with the “washboard” road, which is a kind of a “background field”.

In the quantum realm, we say that the Higgs background field “gives mass” to otherwise massless elementary (quasi)particles, by a mechanism somewhat analogous to the case of a car on a “washboard” road.

2.4 Digression: Electromagnetic Self-Energy/Mass

The earliest suggestion of a field-theory origin of mass may be the vision of J.J. Thomson in 1881 [30] that the mass of an electrically charged particle is due in part (or all) to effects of its own electromagnetic field (anticipating aspects of Einstein’s relation E = mc^2 [31] by many years). The famous issue with this vision is that if the particle is small enough, the electromagnetic self-mass becomes arbitrarily large, such that this view works too well in explaining the origin of mass.

The issue of apparently infinite self-masses associated with “pointlike” charged particles persists in quantum theory, where it was “swept under the rug” by the (highly successful) mathematical technique of renormalization.^8 A price of this success is that one is left with no quantitative understanding of the contribution to the mass of an electrically charged particle/wave due to its own electric field, which leaves room for other explanations of mass.

The Higgs background field contributes to the self-energy/mass of its quanta, the Higgs bosons. We cannot compute the mass of the Higgs bosons, but we can conclude that it must be nonzero (and that the Higgs mechanism is renormalizable), and hence the Higgs field is short range, as stated above without justification.

2.5 Mass Shift of a Charged Particle in a Plane Electromagnetic Wave

Another vision of an origin of mass from the year 1935 is due to Volkov [34, 35], who noted that a Dirac electron which propagates inside a strong (classical) electromagnetic plane wave has an effective mass m given by,

m = m √ 1 + η^2, (21)

where m is the mass of the electron in zero field, and the dimensionless, relativistic invariant^{9,10} η is given, for a circularly polarized electromagnetic plane wave of electric field

8The first work on renormalization in quantum theory is apparently [32]. For commentary on this pioneering work, see [33].

9We use a metric such that A_μA^μ = A^2_0 − A^2, and consider the vector potential A_μ in the Lorenz gauge. 10Many texts ignore the existence of this invariant of the electromagnetic field, emphasizing only that E^2 − B^2 and E · B are invariants.

amplitude E_0, by, η = e mc^2 √ −A_μA^μ = eE_0 mωc (22)

where −e is the charge of an electron. Volkov’s discussion of an electron “dressed” by a background electromagnetic wave was the first description of what is now called a quasiparticle, which concept came to be developed much more in condensed-matter physics than in elementary-particle physics prior to 1960.

When the electromagnetic wave is circularly polarized, and the average motion of the electron is along the direction of the wave, the electron’s motion is a helix of radius r.^{11} We can introduce a transverse velocity β_⊥ and a transverse relativistic factor γ_⊥ through an analysis in the average rest frame of the electron (the^⋆ frame, with r^⋆ = r, β^⋆_⊥ = β_⊥, γ^⋆_⊥ = γ_⊥),

eE^⋆_0 = γ^⋆_⊥mω^{⋆2}r^⋆ = γ^⋆_⊥β^⋆_⊥mω^⋆c, (23)

where,

β_⊥ = β^⋆_⊥ = v^⋆_⊥ c = ω^⋆r^⋆ c , γ^⋆_⊥ = ( 1 − β^{star2}_⊥

)_{−1/2} = γ_⊥ = ( 1 − β^2_⊥

)_{−1/2} . (24)

Therefore, the invariant parameter η of eq. (22) can be written as, η = eE_0 mωc = eE^⋆_o mω^⋆c

= γ^⋆_⊥β^⋆_⊥ = γ_⊥β_⊥ and γ_⊥ = ( 1 + η^2

)_{1/2} . (25)

In the^⋆ frame (in which the electron is at rest on average, while moving in a small circle with velocity v_⊥ = β_⊥c), it has energy γ_⊥mc^2, and we say that it has acquired an “effective mass” related by,

m = mγ_⊥ = m √ 1 + η^2, (26)

in a description where the transverse motion is averaged over.

In a quantum description one does not refer to the classical path of the transverse motion of the electron in the wave field, but rather only the longitudinal motion is described (by the Volkov solutions to the Dirac equation [35]). The kinematic character of the quantum quasiparticle can be summarized by writing the four-vector of the (quasi)electron as,

p_μ = p_μ + κω_μ, (27)

where p_μ is the four-vector of the electron in the absence of the wave, ω_μ is the four-vector of a wave photon, and κ = η^2m^2c^4/2(p · ω). The latter relation follows from setting p^2 = m^2c^4. Loosely speaking, an electron in a wave field has absorbed (been “dressed” by) κ wave photons, which shifts upwards the effective mass of the (quasi)electron.

11Motion of a charged particle in a linearly polarized electromagnetic wave is technically more complicated than that in a circularly polarized wave. See, for example, sec. 48 of [36], [37], and [38] for the simpler case of η ≪ 1.

The mass-shift effect described here (for electrons in a wave field) has never been detected directly in an experiment (while quasielectrons in solids are well known as plasmons, polaritons, etc.), although its indirect effect was seen in an experiment in which electronpositron pairs were created in an intense laser beam probed by high-energy electrons [39]. In particular, if an electron or positron is created in a strong wave field, its invariant mass is immediately m, which relaxes to m only when the particle leaves the wave field. That “heavy” electrons and positrons must be created in a strong field affects details of the production mechanism.^{12}

The close conceptual relation between the effective mass of electromagnetic quasiparticles and the Higgs (quasiparticle) mechanism led one of its originators, Kibble, to write on this theme in 1966 [43].

2.6 Higgs et al.

A decade after Yukawa’s suggestion that some kind of short-range “background” field might be responsible for all mass of particle/waves (which are to be considered as quasiparticles in the background field), this theme was revived by Nambu [44], who noted that the dispersion relation (11) for massive particle/waves is formally equivalent to a description of the band gap of a semiconductor in k-space. Nambu’s further remarked on the possible relation of quasiparticles to the gauge invariance of the theory, which led to rapid developments of this theme in elementary-particle theory [45] and in condensed matter theory [46], followed in 1964 by the works of Higgs [3, 4], of Englert and Brout [5], and of Guralnik, Hagen and Kibble [6].

These abstract field-theoretic developments were applied in 1967 by Weinberg [47] and by Salam [48] to an (electroweak gauge) theory that unified the electromagnetic and so-called weak interactions as being due to four related fields with electrically neutral quanta called photons and Z^0 bosons, and electrically charged quanta called W^± bosons. In principle, all four of these fields would imply long-range interactions via massless quanta, but the interactions of these fields with a background Higgs field led to a prediction that only the photon remains massless,^{13} while the masses of the Z^0 and the W^± bosons are in the ratio of a certain function of weak-interaction coupling constants.

This is the most detailed prediction to emerge from consideration of the “Higgs mechanism”, and it has been well verified experimentally. This success lends credence to the claim that the interaction of the background Higgs field with elementary particles “gives” (most of) them mass, although there is no prediction as to the amount of mass so given (except for the special case of the four electroweak gauge bosons).

Thus, the story of the origin of mass is far from complete, but the insights of the

12Other comments by the author on classical effects of charged particles in intense electromagnetic fields include [40, 41]. For example, if an electron initially at rest, p_μ = (mc^2, 0, 0, 0), is overtaken by a plane electromagnetic wave, ω_μ = ℏω(1, 0, 0, 1), then κ = η^2mc^2/2ℏω, p_μ = (mc^2(1 + η^2/2), 0, 0, η^2mc/2), so the electron inside the plane wave has longitudinal velocity v_‖ = η^2c/(2 + η^2), although it loses this velocity if/when it exits the plane wave. Non-plane electromagnetic waves in vacuum can impart net energy (accelerate) electrons, although it is difficult to obtain significant net energy transfer by this process [42].

13The other “known” fundamental bosons, the gluons that mediate the strong/nuclear interaction, and the graviton, also not given mass by the Higgs mechanism.

“Higgs/Yukawa mechanism” are a step towards greater understanding.

References

[1] Atlas Collaboration, Observation of a new particle in the search for the Standard Model Higgs boson with the ATLAS detector at the LHC, Phys. Lett. B 716, 1 (2012),

http://kirkmcd.princeton.edu/examples/QED/atlas_pl_b716_1_12.pdf

[2] CMS Collaboration, Observation of a new boson at a mass of 125 GeV with the CMS experiment at the LHC, Phys. Lett. B 716, 30 (2012),

http://kirkmcd.princeton.edu/examples/QED/cms_pl_b716_30_12.pdf

[3] P.W. Higgs, Broken Symmetries, Massless Fields and Gauge Bosons, Phys. Lett. 12, 132 (1964), http://kirkmcd.princeton.edu/examples/QED/higgs_pl_12_132_64.pdf

[4] P.W. Higgs, Broken Symmetries and the Masses of Gauge Bosons, Phys. Rev. Lett. 13, 508 (1964), http://kirkmcd.princeton.edu/examples/QED/higgs_prl_13_508_64.pdf

[5] F. Englert and R. Brout, Broken Symmetries and the Mass of Gauge Vector Bosons, Phys. Rev. Lett. 13, 321 (1964),

http://kirkmcd.princeton.edu/examples/QED/englert_prl_13_321_64.pdf

[6] G.S. Guralnik, C.R. Hagen and T.W.B. Kibble, Global Conservation Laws and Massless Particles, Phys. Rev. Lett. 13, 585 (1964),

http://kirkmcd.princeton.edu/examples/QED/guralnik_prl_13_585_64.pdf

[7] L. de Broglie, Recherches sur la Theórie des Quanta, Ann. de Phys 3, 22 (1925), eq. (7.2.2), http://kirkmcd.princeton.edu/examples/QM/de_broglie_adp_3_22_25_english.pdf

[8] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2, 3^{rd} ed. (Clarendon Press, 1892), kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_92.pdf

[9] A. Einstein, Über einen die Erzeugung und Verwandlung des Lichtes betreffenden heuristischen Gesichtspunkt, Ann. Phys. 17, 132 (1905),

http://kirkmcd.princeton.edu/examples/QM/einstein_ap_17_132_05.pdf
http://kirkmcd.princeton.edu/examples/QM/einstein_ap_17_132_05_english.pdf

[10] M. Planck, Ueber das Gesetz der Energieverteilung im Normalspectrum, Ann. Phys.

17, 132 (1901), http://kirkmcd.princeton.edu/examples/QM/planck_ap_4_553_01.pdf

http://kirkmcd.princeton.edu/examples/QM/planck_ap_4_553_01_english.pdf

[11] A. Einstein, Über die Entwicklung unserer Anschauungen über das Wesen und die Konstitution der Strahlung, Phys. Zeit. 10, 817 (1909),

http://kirkmcd.princeton.edu/examples/QM/einstein_pz_10_817_09_english.pdf

[12] L. de Broglie, Ondes et quanta, Compt. Rend. Acad. Sci. 177, 507 (1923),

http://kirkmcd.princeton.edu/examples/QM/debroglie_cr_177_507_23.pdf

http://kirkmcd.princeton.edu/examples/QM/debroglie_cr_177_507_23_english.pdf

[13] A. Einstein, Über das Relativitätsprinzip und die aus demselben gezogenen Folgerungen, Jahrb. Rad. Elec. 4, 411 (1908),

http://kirkmcd.princeton.edu/examples/GR/einstein_jre_4_411_08.pdf

[14] R.C. Tolman, Relativity Theory: The Equipartition Law in a System of Particles, Phil.

Mag. 28, 583 (1914), http://kirkmcd.princeton.edu/examples/GR/tolman_pm_28_583_14.pdf

[15] L. de Broglie, Sur la fréquence propre de l’électron, Compt. Rend. Acad. Sci. 180, 498 (1925), http://kirkmcd.princeton.edu/examples/QM/debroglie_cr_180_498_25.pdf

[16] R.P. Feynman, R.B. Leighton and M. Sands, The Feynman Lectures on Physics, Vol. 1 (Addison-Wesley, 1963), http://kirkmcd.princeton.edu/examples/EM/feynman_v1_ch31.pdf

[17] G.C. Southworth, Hyper-Frequency Wave Guides—General Consderations and Experimental Results, Bell Syst. Tech. J. 15, 284 (1936),

http://kirkmcd.princeton.edu/examples/EM/southworth_bstj_15_284_36.pdf

[18] O. Klein, Quantentheorie und fünfdimensionale Relativitätstheorie, Zeit. Phys. 37, 895 (1926), http://kirkmcd.princeton.edu/examples/QM/klein_zp_37_895_26.pdf

[19] V. Fock, Über die invariante Form der Wellen- und der Bewegungsgleichungen für einen geladenen Massenpunkt, Zeit. Phys. 39, 226 (1926),

http://kirkmcd.princeton.edu/examples/QM/fock_zp_39_226_26.pdf

[20] W. Gordon, Der Comptoneffekt nach der Schrödingerschen Theorie, Zeit. Phys. 40, 117 (1926), http://kirkmcd.princeton.edu/examples/QM/gordon_zp_40_117_26.pdf

[21] H. Yukawa, On the Interaction of Elementary Particles. I., Proc. Phys.-Math. Soc. Japan 17, 48 (1935), http://kirkmcd.princeton.edu/examples/QED/yukawa_ppmsj_17_48_35.pdf

[22] D.H. Perkins, Nuclear Disintegration by Meson Capture, Nature 159, 125 (1947),

http://kirkmcd.princeton.edu/examples/QED/perkins_nature_159_126_47.pdf

[23] G.P.S. Occhialini and C.F. Powell, Nuclear Disintegrations Produced by Slow Charged Particles of Small Mass, Nature 159, 186 (1947),

http://kirkmcd.princeton.edu/examples/QED/occhialini_nature_159_186_47.pdf

[24] C.M.G. Lattes, H. Muirhead, G.P.S. Occhialini and C.F. Powell, Processes Involving Charge Mesons, Nature 159, 694 (1947),

http://kirkmcd.princeton.edu/examples/QED/lattes_nature_159_694_47.pdf

[25] S.H. Neddermeyer and C.D. Anderson, Note on the Nature of Cosmic-Ray Particles, Phys. Rev. 51, 884 (1937), http://kirkmcd.princeton.edu/examples/QED/neddermeyer_pr_51_884_37.pdf

[26] J.C. Street and E.C. Stevenson, New Evidence for the Existence of a Particle of Mass Intermediate Between the Proton and Electron, Phys. Rev. 52, 1003 (1937),

http://kirkmcd.princeton.edu/examples/QED/street_pr_52_1003_37.pdf

[27] H. Yukawa, Quantum Theory of Non-Local Fields. Part I. Free Fields, Phys. Rev. 77, 219 (1950), http://kirkmcd.princeton.edu/examples/QED/yukawa_pr_77_219_50.pdf Quantum Theory of Non-Local Fields. Part II. Irreducible Fields and their Interaction, Phys. Rev. 80, 1047 (1950), http://kirkmcd.princeton.edu/examples/QED/yukawa_pr_80_1047_50.pdf

[28] M. Jammer, Concepts of Mass in Contemporary Physics and Philosophy (Princeton U.

Press, 2000), http://kirkmcd.princeton.edu/examples/GR/jammer_chap2_00.pdf

[29] K.T. McDonald, Accelerating Through a Resonance on a “Washboard” Road (Dec. 13, 2009), http://kirkmcd.princeton.edu/examples/washboard.pdf

[30] J.J. Thomson, On the Electric and Magnetic Effects produced by the Motion of Electrified Bodies, Phil. Mag. 11, 229 (1881),

http://kirkmcd.princeton.edu/examples/EM/thomson_pm_11_229_81.pdf

[31] A. Einstein, Ist die Trähigkeit eines Körpers von seinem Energieinhalt abhängig? Ann.

Phys. 18, 639 (1905),

http://kirkmcd.princeton.edu/examples/GR/einstein_ap_18_639_05.pdf
http://kirkmcd.princeton.edu/examples/GR/einstein_ap_18_639_05_english.pdf

[32] E.C.G. Stueckelberg, Relativistisch invariante Störungstheorie des Diracschen Elektrons, Ann. Phys. 21, 367 (1934),

http://kirkmcd.princeton.edu/examples/QED/stueckelberg_ap_21_367_34.pdf

[33] J.Lacki, H. Ruegg and V.L. Telegdi, The Road to Stueckelberg’s Covariant Perturbation Theory as Illustrated by Successive Treatments of Compton Scattering, Stud. Hist. Phil. Mod. Phys. 30, 457 (1999), http://kirkmcd.princeton.edu/examples/QED/lacki_shpmp_30_457_99.pdf

[34] D.M. Wolkow, Über eine Klasse von Lösungen der Diracschen Gleichung, Zeit. Phys.

94, 250 (1935), http://kirkmcd.princeton.edu/examples/QED/wolkow_zp_94_250_35.pdf

[35] See also §40 of V.R. Berestetskii, E.M. Lifshitz and L.P. Pitaevskii, Quantum Electrodynamics, 2nd ed., (Pergamon Press, 1982).

[36] L.D. Landau and E.M. Lifshitz, Classical Theory of Fields, 4^{th} ed. (Butterworth- Heinemann, 1975), sec. 53, http://kirkmcd.princeton.edu/examples/EM/landau_ctf_71.pdf The first Russian edition appeared in 1941.

kirkmcd.princeton.edu/examples/EM/landau_teoria_polya_41.pdf

[37] E.R. Sarachik and G.T. Schappert, Classical Theory of Scattering of Intense Laser Radiation by Free Electrons, Phys. Rev. D 1, 2738 (1970),

http://kirkmcd.princeton.edu/examples/accel/sarachik_prd_1_2738_70.pdf

[38] K.T. McDonald, The Transverse Momentum of an Electron in a Wave (Nov. 15, 1998),

http://kirkmcd.princeton.edu/examples/transmom2.pdf

[39] C. Bamber et al., Studies of nonlinear QED in collisions of 46.6 GeV electrons with intense laser pulses, Phys. Rev. D 60, 092004 (1999),

http://kirkmcd.princeton.edu/examples/QED/bamber_prd_60_092004_99.pdf

[40] K.T. McDonald and K. Shmakov, Temporary Acceleration of Electrons While Inside an Intense Electromagnetic Pulse, Phys. Rev. STAB 2, 121301 (1999),

http://kirkmcd.princeton.edu/accel/acceleration2.pdf

[41] K.T. McDonald and K. Shmakov, Classical “Dressing” of a Free Electron in a Plane Electromagnetic Wave (Feb. 28, 1998), http://kirkmcd.princeton.edu/accel/dressing.pdf

[42] M.S. Zolotorev, S. Chattopadhyay and K.T. McDonald, A Maxwellian Perspective on Particle Acceleration (Feb. 24, 1998), http://kirkmcd.princeton.edu/examples/vacuumaccel.pdf

[43] T.W.B. Kibble, Refraction of Electron Beams by Intense Electromagnetic Waves, Phys.

Rev. Lett. 16, 1054 (1966),

http://kirkmcd.princeton.edu/examples/QED/kibble_prl_16_1054_66.pdf

Mutual Refraction of Electrons and Photons, Phys. Rev. 150, 1060 (1966),

http://kirkmcd.princeton.edu/examples/QED/kibble_pr_150_1060_66.pdf

Some Applications of Coherent States, Cargèse Lectures in Physics, Vol. 2, ed. by M. Lévy (Gordon and Breach, New York, 1968), p. 299,

http://kirkmcd.princeton.edu/examples/QED/kibble_carghese_68.pdf

[44] Y. Nambu, Quasi-Particles and Gauge Invariance in the Theory of Superconductivity, Phys. Rev. 117, 648 (1960), http://kirkmcd.princeton.edu/examples/QED/nambu_pr_117_648_60.pdf

[45] J. Schwinger, Gauge Invariance and Mass, Phys. Rev. 125, 397 (1962),

http://kirkmcd.princeton.edu/examples/QED/schwinger_pr_125_397_62.pdf

[46] P.W. Anderson, Plasmons, Gauge Invariance, and Mass, Phys. Rev. 130, 439 (1963),

http://kirkmcd.princeton.edu/examples/QED/anderson_pr_130_439_63.pdf

[47] S. Weinberg, A Model of Leptons, Phys. Rev. Lett. 19, 1264 (1967),

http://kirkmcd.princeton.edu/examples/QED/weinberg_prl_19_1264_67.pdf

[48] A. Salam, Weak and Electromagnetic Interactions, Nobel Symposium, 367 (1968),

http://kirkmcd.princeton.edu/examples/EP/salam_ns_367_68