“Hidden” Momentum in a Sound Wave?

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (October 31, 2007; updated June 29, 2012)

1 Problem

Discuss the momentum of a sound wave. In particular, consider the example sketched below in which a sound wave propagates through a volume of gas at pressure P . The energy of the sound wave is provided by a battery. The entire apparatus is mounted on a horizontal platform that can roll without friction in the direction of the sound wave.

Does this system contain hidden momentum, P_{hidden}, defined (when all velocities are small compared to the speed of light c) by

P_{hidden} ≡ P − Mv_{cm} − ∮ boundary

(x − x_{cm}) (p − ρv_b) · dArea, (1)

where P is the total momentum of the subsystem, M = U/c^2 is its total “mass”, U is its total energy, x is its center of mass/energy, v = dx/dt, p is its momentum density, ρ = u/c^2 is its “mass” density, u is its energy density, and v_b is the velocity (field) of its boundary?^1

2 Solution

The gas molecules appear to have zero average velocity in the rest frame of the pressure vessel, so it appears that they have zero average momentum in this frame.

Of course, the gas molecules exert a force F = AP on a portion of area A of the wall of the pressure vessel, and since force equals the time rate of change of momentum, we can say that the gas can transmit momentum without possessing it [3].

When a sound wave is present, energy is transferred even when there is no net transfer of particles, as in the rest frame of the pressure vessel in the present example. If the rate of energy flow is dE/dt, then the (vector) energy flux is,

S_{sound} = 1 A dE dt v̂_{sound} = u_{sound} v_{sound} (2)

1The definition (1) was suggested by Daniel Vanzella [1]. See also [2].

where A is the cross sectional area of the pressure vessel, u_{sound} is the density of energy in the sound wave, and v_{sound} is the velocity of sound with respect to the pressure vessel.

Following the insight of Einstein [4] that energy and mass are related by E = mc^2, the energy density u_{sound} is associated with a mass density u_{sound}/c^2. Hence, there is a momentum density in the sound wave given by,^2

p_{sound} = u_{sound} c^2 v_{sound} =

S_{sound} c^2

. (3)

This momentum density is very small, due to the factor c^2 in the denominator of eq. (3); it is a relativistic effect.

Energy/mass is transferred from the battery to the absorber/meter at the right end of the apparatus, such that the center of mass of the system moves to the right with respect to the pressure vessel. The rate of increase of the mass at the right end is, dM dt = S_{sound}A/c^2 . (4)

This mass appears at distance L to the right of the energy source (battery), where L is the length of the pressure vessel, so the velocity of the center of mass of the system (in the frame of the pressure vessel) is,

v_{cm} = L M dM dt Ŝ = S^{sound}AL c^2 = p_{sound}V M = P_{sound} M = P M , (5)

where V = AL is the volume of the pressure vessel, M is the total mass of the system, and,

P = P_{sound} = p_{sound}V =

S_{sound}V

mc^2

= Mv_{cm} (6)

is the total momentum associated with the sound wave, and of the entire system.^{3,4} In certain electromechanical systems where mechanical momentum of order 1/c^2 is present in association with electromagnetic momentum, the term “hidden” momentum has come into use [2, 6]-[16]. According to the general definition (1), the present system as a whole does not contain “hidden” momentum in the frame of the pressure vessel, in that the total momentum in the frame of the pressure vessel is P = Mv_{cm}, and the whole system has no boundary.

Consider now the subsystem consisting only of the gas inside the pressure vessel. The gas is at rest, on average, so v_{gas,cm} = 0. The “hidden” momentum of this subsystem is

P_{gas,hidden} = P_{gas} − M_{gas}v_{gas,cm} − ∮ boundary

(x − x_{gas,cm}) (p_{gas} − ρ_{gas}v_b) · dArea

= P_{sound} − 0 − p_{sound}V = 0, (7)

2The form (3) was anticipated in 1900 by Poincaré [5].

3If the system is mounted on frictionless rollers, the system must roll to the left with speed v_{cm} of eq. (5) to leave the position of the center of mass unchanged in the lab frame. As the gas molecules move to the right during the wave motion, they carry greater kinetic energy on average than when they move to the left, in the frame of the pressure vessel. That is, the average velocity of right-moving gas molecules is greater than that of left-moving molecules in this frame. So, in a microscopic view we can say that the gas possesses net Newtonian momentum with respect to the pressure vessel, which momentum points to the right.

4Linear longitudinal waves imply zero average velocity for the molecules, so we infer that nonlinear effects must be considered to obtain a full understanding of the momentum density of a sound wave. See, for example, sec. IV of [20]. For sound waves not confined between walls, there can also be a small bulk motion of the medium due to the wave, known as the Stokes drift [17].

noting that the velocity of the boundary, v_b, is zero.^5

3 Comments

It appears that the fluid-dynamics community generally considers that the laws of relativity are not relevant to this branch of physics, and that the momentum density (3) can and should be ignored.^6 For example, a delightful article by McIntyre implies that it is a myth that sound waves possess momentum, even though he acknowledges the content of eqs. (2)-(3) in a footnote [19]. An interesting article by Stone [20] expands on the theme of McIntyre that translational invariance of a wave with respect to its supporting medium leads to conservation of a quantity that is better called pseudomomentum than Newtonian (mv) momentum. But, Stone argues (in sec. IV of [20]) that there is neither momentum nor pseudomomentum in the present example.^7

Acknowledgment

The author thanks Vladimir Hnizdo and Michael Stone for e-conversations about this problem.

References

[1] D. Vanzella, Private communication (June 29, 2012).

[2] K.T. McDonald, On the Definition of “Hidden” Momentum (July 9, 2012),

http://kirkmcd.princeton.edu/examples/hiddendef.pdf

[3] B. Massey and J. Ward-Smith, Mechanics of Fluids, 7^{th} ed. (Taylor and Francis, London, 1989), http://kirkmcd.princeton.edu/examples/fluids/massey_p102.pdf

[4] A. Einstein, Ist die Trägheit eines Körpers von seinem Energieinhalt abhängig?, Ann.

d. Phys. 18, 639 (1905), http://kirkmcd.princeton.edu/examples/EM/einstein_ap_18_639_05.pdf Translation: Does the Inertia of a Body Depend upon its Energy-Content?,

http://kirkmcd.princeton.edu/examples/EM/einstein_ap_18_639_05_english.pdf

5For an electromechanical example in which electromagnetic energy flows from a battery to a resistor, and the system does contain “hidden” momentum according to definition (1), see [18]. The difference between that example and the present one is that an electromagnetic wave is not directly associated with mechanical momentum, whereas a sound wave is. Both momenta are of order 1/c^2, and hence are “relativistic” effects.

6It is underappreciated that ordinary kinetic energy is a tiny relativistic correction to the total energy of a moving mass: E_{total} = mc^2/ √ 1 − v^2/c^2 ≈ mc^2(1 + v^2/2c^2) = mc^2 + mv^2/2 = E_{rest mass} + E_{kinetic}. Thus, all discussions of kinetic energy in classical mechanics concern tiny relativistic corrections of order 1/c^2, in which, however, the factor 1/c^2 is not explicitly displayed.

7In a private communication with the author, Stone acknowledges the existence of the momentum density described by eq. (3).

[5] H. Poincaré, La Théorie de Lorentz et la Principe de Réaction, Arch. Neer. 5, 252 (1900), http://kirkmcd.princeton.edu/examples/EM/poincare_an_5_252_00.pdf Translation: The Theory of Lorentz and the Principle of Reaction,

http://kirkmcd.princeton.edu/examples/EM/poincare_an_5_252_00_english.pdf

[6] O. Costa de Beauregard, A New Law in Electrodynamics, Phys. Lett. 24A, 177 (1967),

http://kirkmcd.princeton.edu/examples/EM/costa_de_beauregard_pl_24a_177_67.pdf

Physical Reality of Electromagnetic Potentials?, Phys. Lett. 25A, 375 (1967),

http://kirkmcd.princeton.edu/examples/EM/costa_de_beauregard_pl_25a_375_67.pdf

“Hidden Momentum” in Magnets and Interaction Energy, Phys. Lett. 28A, 365 (1968),

http://kirkmcd.princeton.edu/examples/EM/costa_de_beauregard_pl_28a_365_68.pdf

[7] W. Shockley and R.P. James, “Try Simplest Cases” Discovery of “Hidden Momentum” Forces on “Magnetic Currents”, Phys. Rev. Lett. 18, 876 (1967),

http://kirkmcd.princeton.edu/examples/EM/shockley_prl_18_876_67.pdf

W. Shockley, “Hidden Linear Momentum” Related to the α·E Term for a Dirac-Electron Wave Packet in an Electric Field, Phys. Rev. Lett. 20, 343 (1968),

http://kirkmcd.princeton.edu/examples/EM/shockley_prl_20_343_68.pdf

[8] P. Penfield Jr and H.A. Haus, Electrodynamics of Moving Media (M.I.T. Press, 1967), sec. 7.4, kirkmcd.princeton.edu/examples/EM/penfield_haus_chap7.pdf H.A. Haus and P. Penfield Jr, Forces on a Current Loop, Phys. Lett. 26A, 412 (1968),

http://kirkmcd.princeton.edu/examples/EM/penfield_pl_26a_412_68.pdf

[9] S. Coleman and J.H. Van Vleck, Origin of “Hidden Momentum” Forces on Magnets, Phys. Rev. 171, 1370 (1968), http://kirkmcd.princeton.edu/examples/EM/coleman_pr_171_1370_68.pdf

[10] W.H. Furry, Examples of Momentum Distributions in the Electromagnetic Field and in Matter, Am. J. Phys. 37, 621 (1969),

http://kirkmcd.princeton.edu/examples/EM/furry_ajp_37_621_69.pdf

[11] M.G. Calkin, Linear Momentum of the Source of a Static Electromagnetic Field, Am.

J. Phys. 39, 513-516 (1971), http://kirkmcd.princeton.edu/examples/EM/calkin_ajp_39_513_71.pdf

[12] L. Vaidman, Torque and force on a magnetic dipole, Am. J. Phys. 58, 978 (1990),

http://kirkmcd.princeton.edu/examples/EM/vaidman_ajp_58_978_90.pdf

[13] V. Hnizdo, Conservation of linear and angular momentum and the interaction of a moving charge with a magnetic dipole, Am. J. Phys. 60, 242 (1992),

http://kirkmcd.princeton.edu/examples/EM/hnizdo_ajp_60_242_92.pdf

Hidden momentum and the electromagnetic mass of a charge and current carrying body, Am. J. Phys. 65, 55 (1997), http://kirkmcd.princeton.edu/examples/EM/hnizdo_ajp_65_55_97.pdf Hidden momentum of a relativistic fluid in an external field, Am. J. Phys. 65, 92 (1997),

http://kirkmcd.princeton.edu/examples/EM/hnizdo_ajp_65_92_97.pdf

Hidden mechanical momentum and the field momentum in stationary electromagnetic and gravitational systems, Am. J. Phys. 65, 515 (1997),

http://kirkmcd.princeton.edu/examples/EM/hnizdo_ajp_65_515_97.pdf

Covariance of the total energy-momentum four-vector of a charge and current carrying macroscopic body, Am. J. Phys. 66, 414 (1998),

http://kirkmcd.princeton.edu/examples/EM/hnizdo_ajp_66_414_98.pdf

On linear momentum in quasistatic electromagnetic systems (July 6, 2004),

http://arxiv.org/abs/physics/0407027

[14] E. Comay, Exposing “hidden momentum”, Am. J. Phys. 64, 1028 (1996),

http://kirkmcd.princeton.edu/examples/EM/comay_ajp_64_1028_96.pdf

Lorentz transformation of a system carrying Hidden Momentum, Am. J. Phys. 68, 1007 (2000), http://kirkmcd.princeton.edu/examples/EM/comay_ajp_68_1007_00.pdf

[15] T.H. Boyer, Connecting linear momentum and energy for electromagnetic systems, Am.

J. Phys. 74, 742 (2006), http://kirkmcd.princeton.edu/examples/EM/boyer_ajp_74_742_06.pdf Interaction of a point charge and a magnet: Comments on hidden mechanical momentum due to hidden nonelectromagnetic forces, http://arxiv.org/abs/0708.3367 Concerning hidden momentum, Am. J. Phys. 76, 190 (2008),

http://kirkmcd.princeton.edu/examples/EM/boyer_ajp_76_190_08.pdf

[16] D. Babson et al., Hidden momentum, field momentum, and electromagnetic impulse, Am. J. Phys. 77, 826 (2009), http://kirkmcd.princeton.edu/examples/EM/babson_ajp_77_826_09.pdf

[17] G.G. Stokes, On the theory of oscillating waves, Trans. Camb. Phil. Soc. 8, 441 (1847);

reprinted in Mathematical & Physical Papers, Vol. 1 (Cambridge U. Press, 1880), pp. 197-229, http://kirkmcd.princeton.edu/examples/fluids/stokes_tcps_8_441_47.pdf

[18] K.T. McDonald, “Hidden” Momentum in a Coaxial Cable (March 28, 2002),

http://kirkmcd.princeton.edu/examples/hidden.pdf

[19] M.E. McIntyre, On the ‘wave momentum’ myth, J. Fluid Mech. 106, 331 (1981),

http://kirkmcd.princeton.edu/examples/fluids/mcintyre_jfm_106_331_81.pdf

[20] M. Stone, Phonons and Forces: Momentum versus Pseudomomentum in Moving Fluids, (Dec. 17, 2000), cond-mat/0012316, http://www.arxiv.org/pdf/cond-mat/0012316