On the “Helmholtz” Decomposition

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (April 23, 2023)

The theme of this note is that if one wishes to make a “Helmholtz” decomposition, eqs. (1)-(2) below, for electromagnetic (or other) fields one should generally not use the form (7) below of “Helmholtz’ theorem”, but rather use an argument of Stokes (and Maxwell) to arrive at a “Helmholtz” decomposition of the form (3)-(4). That is, eq. (7) is not generally expeditious as a method of computing a vector field, although it remains that “Helmholtz’ theorem” was historically important in clarifying that a vector field can, in principle, be determined from knowledge of its curl and divergence.

On pp. 9-10 of [1] (1849), Stokes demonstrated what is now often called the “Helmholtz” decomposition, that “any” (differentiable) vector field, say F, can be decomposed as,

F = F_{irr} + F_{rot}, (1)

where the irrotational and rotational components [2], F_{irr} and F_{rot}, obey,

∇ × F_{irr} = 0, and ∇ · F_{rot} = 0. (2)

Stokes noted that if ∇ · F = ρ and the scalar field V obeys Poisson’s equation, ∇^2V = −ρ, then, F_{irr} = −∇V, F_{rot} = F − F_{irr} = F + ∇V, (3)

with V (r) = ∫ ρ(r^′) 4π |r − r^′| d^3r^′. (4)

There is no requirement that the field F vanish at infinity, but the scalar potential V must be computable. Examples of fields that are nonzero at infinity with a decomposition (1)-(2) include transverse plane waves, and the fields of an infinite solenoid that carries a linearly rising current [3].

These simple results seem not to be well known. Rather, the decomposition (1)-(2) is commonly associated with Helmholtz (1858) [4], who discussed the velocity field u for incompressible fluids, where ∇ · u = 0 and u_{irr} = 0. Helmholtz did not cite Stokes’ argument (while appearing to use a version of it), discussed our eq. (7) but not (6), and did not explicitly state the decomposition (1).

Stokes also stated, in his eq. (13) and the un-numbered equation just before his eq. (16), that F_{rot} = ∇ × A where A(r) = ∫ ∇^′ × F(r^′) d^3r^′/4π |r − r^′|, with the implication that,

F = −∇V + ∇ × A. (5)

It was not explicitly stated by Stokes, but it follows that (see eqs. (2) and (5a) of [4]),

F_{irr}(r, t) = −∇V = −∇ ∫ ∇^′ · F(r^′, t) 4π |r − r^′| d^3r^′, (6)

F_{rot}(r, t) = ∇ × A = ∇ × ∫ ∇^′ × F(r^′, t) 4π |r − r^′| d^3r^′. (7)

Our eqs. (1)-(2) and (6)-(7) are commonly called “Helmholtz’ theorem”, although Helmholtz seems not to have stated it explicitly.

Parts of Stokes’ argument were repeated by Maxwell (without attribution) in Theorem VI, p. 61 of [5] (1856). “Helmholtz theorem” was discussed, but not by name, in sec. 98, p. 33 of [6] 1881), where Gibbs wrote,

F_{irr}(r, t) = − 1 4π New∇ · F = ∫ (r − r^′) [∇^′ · F(r^′, t)]

4π |r − r^′|^3 d^3r^′, (8)

F_{rot}(r, t) = 1 4π Lap∇ × F = − ∫ (r − r^′) × [∇^′ × F(r^′, t)] 4π |r − r^′|^3 d^3r^′. (9)

Heaviside gave versions of both our eqs. eqs. (3)-(4) and our eqs. (6)-(7), using his operator “Pot”, in [7] (1892), reprinted as §134, p. 206 of [8]. Another early mention of “Helmholtz’ theorem”, also not by name, is in §23, pp. 188-191 of [9] (1896), where Stokes’ paper was cited. An early reference to “Helmholtz theorem” by that name is in § 71, p. 155 of [10] (1909).

Relatively short “proofs” of “Helmholtz’ theorem” typically assume that the field F vanishes at infinity. Some people claim that eqs. (6)-(7) hold only for fields that vanish faster than 1/r at infinity (see, for example, Appendix B of [11]) [12], although it was shown in 1905 [16] that “Helmholtz’ theorem” holds for any (differentiable) vector field that vanishes at infinity (i.e., falls off as 1/r^ϵ with ϵ > 0); for a review in English, see [17, 18]. This does not exclude that the theorem holds for many fields that are nonzero at infinity.

As an application of the above (not made by Maxwell), we consider the electromagnetic fields E and B, which obey the Maxwell equations,

∇ · E = ρ ϵ_0

, ∇ · B = 0, (10)

where ρ is the electric charge density and ϵ_0 is the permittivity of the vacuum. Then, we have that,

E_{irr} = E_{Coulomb}, E_{rot} = E − E_{Coulomb}, B_{irr} = 0, B_{rot} = B, (11)

where the instantaneous Coulomb field is related by,

∇ · E_{Coulomb} = ρ ϵ_0

, ∇ × E_{Coulomb} = 0, (12)

E_{Coulomb} = −∇V_{Coulomb}, V_{Coulomb}(r, t) = ∫ ρ(r^′, t) 4πϵ_0 d^3r^′. (13)

For static fields, E = E_{Coulomb} = E_{irr}, and E_{rot} = 0. For source-free electromagnetic fields, such as infinite plane waves, E_{irr} = 0 and E_{rot} = E. The “Helmholtz” decomposition for the electric field of an oscillating, “point” (Hertzian) electric dipole is given in Appendix A.1 of [19].

References

[1] G.G. Stokes, On the Dynamical Theory of Diffraction, Trans. Camb. Phil. Soc. 9(1), 1-62 (1849), http://kirkmcd.princeton.edu/examples/optics/stokes_tcps_9(1)_1_51.pdf

https://www.biodiversitylibrary.org/item/19878#page/17/mode/1up

[2] The irrotational component of a 3-vector is sometimes labeled “longitudinal”, “parallel” or “polar”, and the rotational component is sometimes labeled “circuital”, “solenoidal” or “transverse”.

[3] K.T. McDonald, The Fields Outside a Long Solenoid with a Time-Dependent Current (Dec. 6, 1996), http://kirkmcd.princeton.edu/examples/solenoid.pdf Am. J. Phys. 65, 1176-1180 (1997). This example is electrically neutral, so the instantaneous Coulomb field is zero, and the electric field is purely rotational.

[4] H. Helmholtz, Über Integrale der hydrodynamischen Gleichungen, welche den Wirbelbewegungen entsprechen, Crelles J. 55, 25-55 (1858),

http://kirkmcd.princeton.edu/examples/fluids/helmholtz_jram_55_25_58.pdf
http://kirkmcd.princeton.edu/examples/fluids/helmholtz_jram_55_25_58_english.pdf
https://eudml.org/doc/147720

On Integrals of the Hydrodynamical Equations, which express Vortex-motion, Phil. Mag. 33, 485-512 (1867), http://kirkmcd.princeton.edu/examples/fluids/helmholtz_pm_33_485_67.pdf

https://www.tandfonline.com/doi/abs/10.1080/14786446708639824

[5] J.C. Maxwell, On Faraday’s Lines of Force, Trans. Camb. Phil. Soc. 10, 27-83 (1858),

kirkmcd.princeton.edu/examples/EM/maxwell_tcps_10_27_58.pdf
https://www.biodiversitylibrary.org/item/19852#page/41/mode/1up

[6] J.W. Gibbs, Elements of Vector Analysis (Tuttle, Morehouse & Taylor, New Have, 1881), http://kirkmcd.princeton.edu/examples/EM/gibbs_81.pdf

https://archive.org/details/elementsvectora00gibb/page/33/mode/1up

[7] O. Heaviside, Electromagnetic Theory — XXVIII, Electrician 29, 30-31 (1892).

http://kirkmcd.princeton.edu/examples/EM/heaviside_electrician_29_30_92.pdf
https://babel.hathitrust.org/cgi/pt?id=njp.32101050973765&view=1up&seq=48

[8] O. Heaviside, Electromagnetic Theory, Vol. 1 (Electrician Printing, London, 1893).

http://kirkmcd.princeton.edu/examples/EM/heaviside_electromagnetic_theory_1.pdf
https://archive.org/details/electromagnetict01heavrich/page/206/mode/2up

[9] W. Voight, Kompendium der Theoretischen Physik, Vol. 1 (Von Veit, Leipzig, 1896),

http://kirkmcd.princeton.edu/examples/EM/voight_96_v1.pdf
https://archive.org/details/kompendiumderth01voiggoog/page/188/mode/2up

[10] J.G. Coffin, Vector Analysis (Wiley, 1909).

http://kirkmcd.princeton.edu/examples/EM/coffin_09.pdf
https://archive.org/details/vectoranalysisa01coffgoog/page/n182/mode/2up

[11] D.J. Griffiths, Introduction to Electrodynamics, 4^{th} ed. (Addison-Wesley, 2012),

http://kirkmcd.princeton.edu/examples/EM/griffiths_em3.pdf

[12] It was claimed in [13] that Helmholtz’ theorem applies to fields that fall of as quickly as 1/r, but not faster. A more extreme case was a claim that Helmholtz’ theorem does not hold for retarded fields [14], which was (rightly) contested in [15].

[13] A.M. Stewart, Does the Helmholtz theorem of vector decomposition apply to the wave fields of electromagnetic radiation? Phys. Scripta 89, 065502 (2014),

http://kirkmcd.princeton.edu/examples/EM/stewart_ps_89_065502_14.pdf
DOI10.1088/0031-8949/89/6/065502

[14] J.A. Heras, Comment on Causality, the Coulomb field, and Newton’s law of gravitation, Am. J. Phys. 71, 729-730 (2003), http://kirkmcd.princeton.edu/examples/EM/heras_ajp_71_729_03.pdf

https://doi.org/10.1119/1.1555894

[15] F. Rohrlich, The validity of the Helmholtz theorem, Am. J. Phys. 72, 412-413 (2004),

http://kirkmcd.princeton.edu/examples/EM/rohrlich_ajp_72_412_04.pdf
https://doi.org/10.1119/1.1637041

[16] O. Blumenthal, Über die Zerlegung unendlicher Vektorfelder, Math. Ann. 61, 235-250 (1905). hhttp://kirkmcd.princeton.edu/examples/EM/blumenthal_ma_61_235_05.pdf

http://dx.doi.org/10.1007/BF01457564

[17] D. Petrascheck, The Helmholtz decomposition revisited, Eur. J. Phys. 37, 015201 (2016), http://kirkmcd.princeton.edu/examples/EM/petrascheck_ejp_37_015201_16.pdf

DOI10.1088/0143-0807/37/1/015201

[18] D. Petrascheck and R. Folk, Helmholtz decomposition theorem and Blumenthal’s extension by regularization, Cond. Matt. Phys. 20, 1-11 (2017).

http://kirkmcd.princeton.edu/examples/EM/petrascheck_cmp_20_1_17.pdf
https://doi.org/10.5488/CMP.20.13002

[19] K.T. McDonald, The Helmholtz Decomposition and the Coulomb Gauge (Apr. 17, 2008), http://kirkmcd.princeton.edu/examples/helmholtz.pdf