Formal Expressions for the Electromagnetic Potentials in Any Gauge

Kuo-Ho Yang Department of Engineering and Physics, St. Ambrose University, Davenport, IA 52803 E-mail: yangkuoho@sau.edu Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (February 25, 2015; updated July 26, 2019)

1 Problem

Deduce expressions for the electromagnetic vector potential A in an arbitrary gauge, where the scalar potential V (x, t) has a specified form, via a gauge transformation from the potentials in the Lorenz gauge [1].^1

2 Solution

In the Hamiltonian dynamics of a charged particle, the Hamiltonian (and Lagrangian) H = U_{mech} + qV , where U_{mech} is the “mechanical” energy of the particle, q is its electric charge, and V is the “external” electromagnetic scalar potential in some gauge. Yet, the equations of motion deduced from this Hamiltonian do not depend on the choice of gauge,^2 so we are free to use whatever gauge is convenient.

2.1 Gauge Transformations

We first review the notion of gauge transformations in classical electrodynamics.^3 We consider microscopic electrodynamics, and work in Gaussian units.

In electrostatics, Coulomb’s law can be written as,

E(x) = ∫ ρ(x^′) r r^3 dVol^′ = −∇V, where V = ∫ ρ(x^′) r dVol^′ (1)

ρ is the volume density of electric charge, and r = x − x^′.

Faraday discovered (as later interpreted by Maxwell) that,^4

∇ × E = − 1 c ∂B ∂t , (2)

1For an illustration of such expressions for a Hertzian (point) oscillating dipole, see [2]. 2See, for example, sec. 2.1 of [3].

3For historical surveys, see [4] and Appendix A of [5].

4Faraday’s law, eq. (2), implies that the condition ∇ × E = 0 of electrostatics (where E is independent of time) requires that the magnetic field B also be independent of time. That is, electrostatics and magnetostatics are equivalent (as reinforced by the 4^{th} Maxwell equation (9)).

where c is the speed of light in vacuum, which implies that time-dependent magnetic fields B are associated with additional electric fields beyond those deducible from the scalar potential V . The nonexistence (so far as we know) of magnetic charges (Gilbertian monopoles) implies that, ∇ · B = 0, (3) and hence that the magnetic field can be related to a vector potential A by,

B = ∇ × A. (4)

Using eq. (4) in (2), we can write, ∇ × ( E + 1 c ∂A ∂t ) = 0, (5)

which implies that E + (1/c)∂A/∂t can be related to a scalar potential V as −∇V , i.e.,

E = −∇V − 1 c ∂A ∂t . (6)

Then, using eq. (6) in the Maxwell equation,

∇ · E = 4πρ (7)

leads to, ∇^2V + 1 c ∂ ∂t ∇ · A = −4πρ. (8)

Similarly, using eqs. (4) and (6) in the Maxwell equation,

∇ × B = 4π c J + 1 c ∂E ∂t , (9)

where J is the volume density of electrical current, leads to,

∇^2A − 1 c^2

∂^2A ∂t^2 = − 4π c J + ∇ ( ∇ · A + 1 c ∂V ∂t ) . (10)

The differential equations (8) and (10) do not uniquely determine the potentials V and A. As perhaps first clearly noted by Lorentz [6, 7],^5 if V_0, A_0 are valid electromagnetic potentials, then so are,

V = V_0 − 1 c ∂χ ∂t , A = A_0 + ∇χ, (11)

where χ is an arbitrary scalar function, now called the gauge-transformation function. That is, eqs. (4) and (6) give the same values for the electromagnetic fields B and E for either the potentials V , A or V_0, A_0.

5A transformation A^′ = A + ∇χ of the vector potential was discussed by W. Thomson (1850) in sec. 82 of [8], without consideration of the electric field/potential. In sec. 98 of [9], Maxwell noted that if potentials V_0, A_0 do not obey ∇ · A_0 = 0, then the potentials V and A of eq. (11) [Maxwell’s eqs. (74) and(77)] obey ∇ · A = 0 (Coulomb gauge) if ∇^2χ = ∇ · A_0, which he thereafter considered to be the proper type of potentials.

2.2 From Lorenz-Gauge Potentials to Those in Any Other Gauge

As deduced by Lorenz in 1867 [1],

V^{(L)}(r, t) = ∫ ρ(r^′, t^′ = t − |r − r^′| /c) |r − r^′| dVol^′ (Lorenz), (12)

A^{(L)}(r, t) = ∫ J(r^′, t^′ = t − |r − r^′| /c) c |r − r^′| dVol^′ (Lorenz), (13)

are formal expressions for the (retarded) potentials in what is now called the Lorenz gauge, for which the so-called gauge condition is,

∇ · A^{(L)} = − 1 c ∂V^{(L)} ∂t (Lorenz). (14)

Another set of potentials can be defined by the gauge condition that the scalar potential V (x, t) is a specified, but arbitrary scalar function.^6 Then, we can formally integrate the first of eq. (11) for V_0 = V^{(L)} to write the gauge-transformation function as,^7

χ(x, t) = c

∫_t −∞ { V^{(L)}(x, t^′) − V (x, t^′) } dt^′. (15)

Hence, a formal expression for the vector potential in the new gauge is given by the second of eq. (11),

A(r, t) = A^{(L)} + ∇χ = A^{(L)}(r, t) + c∇

∫_t −∞ { V^{(L)}(r, t^′) − V (r, t^′) } dt^′

= A^{(L)}(r, t) − c

∫_t −∞ { 1 c ∂A^{(L)} ∂t − 1 c ∂A^{(L)} ∂t − ∇V^{(L)}(r, t^′) + ∇V (r, t^′) } dt^′

= A^{(L)}(r, −∞) − c

∫_t −∞ {E(r, t^′) + ∇V (r, t^′)} dt^′. (16)

6The potentials associated with given E and B fields, and subject to a particular gauge condition, are not unique. For example, one can add constant terms to V and A with no change to E or B, and the gauge remains the same (except for the Gibbs gauge, sec. 23.3 below, in which V = 0 always). In case of potentials in the Lorenz gauge, if the (restricted) gauge-transformation function χ(x, t) obeys the wave equation ∇^2χ = ∂^2χ/∂(ct)^2, then the new potentials A^{′(L)} = A^{(L)} + ∇χ and V^{′(L)} = V^{(L)} − ∂χ/∂(ct) obey ∇ · A^{′(L)} = ∇ · A^{(L)} + ∇^2χ = −∂V^{(L)}/∂(ct) − ∂/∂(ct)[−∂χ/∂(ct)] = −∂V^{′(L)}/∂(ct), and so are also in the Lorenz gauge.

Thus, the specification of a gauge condition is not, in general, sufficient to determine the potentials uniquely. For the latter, one could also specify boundary conditions, such as the vector potential being normal, or tangential, to some bounding surface, as discussed, for example, in [11]. It is noteworthy that the retarded vector potential (13) will not generally satisfy such boundary conditions, so one may be led to Lorenz-gauge potentials which are not the retarded potentials. See, for example, sec. 2.2.3 of [12].

7Equation (15) is a slight generalization of the procedure given in sec. IIIA of [13]. The arguments there depend in part on eq. (2.10), which relations are more obvious if it is understood that eq. (2.9) is applied to Lorenz-gauge potentials, and that the function Ψ also serves as the gauge-transformation function from the Coulomb gauge to the Lorenz gauge.

2.2.1 Propagation of the Fields and Potentials

The Lorenz-gauge potentials (12)-(13) can be said to propagate with speed c,^8 with the consequence that the fields B and E derived from them via eqs. (4) and (6) can also be said to propagate with speed c (as expected from Maxwell’s electrodynamics [10]).^9 When using eq. (16) to compute the magnetic field from the vector potential in an arbitrary gauge, we have that B = ∇ × A = ∇ × A^{(L)}. Similarly, the electric field, as computed from the potentials V and A in an arbitrary gauge, is,

E = −∇V − 1 c ∂A ∂t = −∇V − 1 c ∂A^{(L)} ∂t − ∇V^{(L)} + ∇V = −∇V^{(L)} − 1 c ∂A^{(L)} ∂t . (17)

which reaffirms that B and E propagate with speed c. While the general scalar potential V can propagate arbitrarily, when considering the electric field E according to eq. (6), this arbitrary behavior is canceled by that of the time derivative of the third term in (the first line of) eq. (16) for the general vector potential A.^{10}

2.3 Examples

While the expression (16) applies for “any” gauge, to use it we must first know the scalar potential V in that gauge, which is not obvious in general. That is, the prescription (16) is a “solution looking for a problem”.

The present general result (16) can be contrasted with prescriptions for transformations from the Lorenz-gauge potentials to those in several other gauges as given in [13].

2.3.1 Velocity Gauge

One application of eq. (16) is to the so-called velocity gauge in which the scalar potential is assumed to propagate with arbitrary speed v rather than c.^{11,12} The velocity-gauge condition is, ∇ · A^{(v)} = − c v^2

∂V^{(v)} ∂t (velocity gauge). (18)

With this, eqs. (8) and (10) become,

∇^2V^{(v)} − 1 v^2

∂^2V^{(v)} ∂t^2

= −4πρ, (19)

8Strictly, this claim holds only for plane, cylindrical and spherical waves, while superpositions of such waves can propagate at any speed. See, for example, [14].

9General expressions for B and E deduced from the Lorenz-gauge potentials in terms of retarded quantities that propagate with speed c are given in eqs. (14-34) and (14-42) of [15]. See also [16], where it is shown in the Appendix that the general expressions for B and E can also be deduced from Maxwell’s equations without use of potentials.

10Such a cancelation for the Coulomb-gauge potentials has been noted in [17, 18, 19, 20]. 11The velocity gauge was initially called the α-Lorentz gauge in [21, 22]. See also [23]. In essence, the velocity gauge was used in 1870 by Helmholtz, eq. (3^a), p. 80 of [24], while he considered other vector potentials in eq. (1^a), p. 76. See also [25, 26].

12Nonphysical waves of the gravitational potential with arbitrary velocity were called gauge waves by Feynman on p. 52 of [27].

∇^2A^{(v)} − 1 c^2

∂^2A^{(v)}

∂t^2 = − 4π c [ J + 1 4π ( c^2 v^2 − 1 ) ∇ ∂V^{(v)} ∂t ] . (20)

and a formal solution of the scalar potential in the velocity gauge is,

V^{(v)}(r, t) = ∫ ρ(r^′, t^′ = t − |r − r^′| /v) |r − r^′| dVol^′, (21)

If the scalar potential V^{(v)} and the vector potential A^{(L)} are known, then eq. (16) can be used to deduce the vector potential A^{(v)}, rather than by solving eq. (20).

The velocity-gauge potentials are not unique (for a given set of charges and currents), in that use of a restricted gauge-transformation function χ(x, t) which obeys ∇^2χ = ∂^2χ/∂(vt)^2 leads to new potentials that also satisfy the condition (18). See sec. IIIC of [23].

2.3.2 Coulomb Gauge

A special case of a velocity gauge is the famous Coulomb gauge, in which,

∇ · A^{(C)} = 0 (Coulomb), (22)

corresponding to v = ∞ in eq. (21),^{13,14}

V^{(C)}(r, t) = ∫ ρ(r^′, t) |r − r^′| dVol^′ (Coulomb). (23)

The use of eq. (16) to compute the vector potential in the Coulomb gauge can be simpler than the classic prescription,^{15}

A^{(C)}(r, t) = ∫ [J_t] c |r − r^′| dVol^′, (24)

where the transverse current density is given by,

J_t(r, t) = 1 4π ∇ × ∇ × ∫ J(r^′, t) c |r − r^′| dVol^′ = J(r, t) − 1 4π ∇ ∂V^{(C)}(r, t) ∂t , (25)

where the second form follows from eq. (20).

The Coulomb-gauge potentials are not unique for a given set of charges and currents, as use of a restricted gauge function χ which obeys ∇^2χ = 0 everywhere leads to alternative

13The potentials used by Maxwell were always in the Coulomb gauge, as in sec. 617 of [10]. In eq. (68), p. 498 of [9], Maxwell nearly discovered the Lorenz gauge, which reads kJ + 4πμ dΨ/dt = 0 in the notation there. Instead, he argued after eq. (79) that J (= ∇ · A) is either zero or constant for wave propagation. He was not bothered by the implication of eq. (79) that in this case the scalar potential φ “propagates” instantaneously, perhaps because of the great success that his assumptions about the potentials lead to propagation of the electric and magnetic fields at lightspeed √ k/4πμ.

14If the gauge-transformation function χ(x, t) obeys ∇^2χ = 0, then potentials in the Coulomb gauge transform to others in this gauge, recalling eq. (11).

15See, for example, sec. 6.3 of [28].

potentials A^{′(C)} = A^{(C)} + ∇χ and V^{′(L)} = V^{(L)} − ∂χ/∂(ct) that obey ∇ · A^{′(c)} = ∇ · A^{(C)} + ∇^2χ = 0, and so are also in the Coulomb gauge.

See [29] for examples of several Coulomb-gauge potentials of a infinite, static solenoid. For an example of the vector potential in the Coulomb gauge obtained by transforming the vector potential from the Lorenz gauge via eq. (16), see sec. 2.4 of [2]. For the case of a uniformly moving charge, see [30, 31]. The case of a charge that is rapidly accelerated from rest to uniform motion is discussed in [32]. For an interesting dynamic example where it is simpler to use the Coulomb gauge than the Lorenz gauge, see [33].

2.3.3 Gibbs Gauge

Another case where the prescription (16) readily applies is the gauge where the scalar potential is defined to be zero, V^{(G)} = 0, such that E = −(1/c)∂A^{(G)}/∂t, as first proposed by Gibbs [34, 35].^{16,17,18}

Since the Gibbs-gauge vector potential is an integral of the electric field, A^{(G)}(t) = −c ∫_t

t_0 E(t

′) dt^′, this potential propagates at speed c. However, it differs from the Lorenzgauge vector potential. Since ∇ · E = 4πρ = −(1/c)∂∇ · A^{(G)}/∂t, the Gibbs-gauge vector potential obeys ∇·A^{(G)} = 0 away from charged particles (whereas the Coulomb-gauge vector potential obeys ∇ · A^{(C)} = 0 everywhere).^{19}

According to eq. (16), the vector potential in the Gibbs gauge is,

A^{(G)}(r, t) = A^{(L)}(r, t) + c∇

∫_t −∞ V^{(L)}(r, t^′) dt^′, (26)

so that the vector potential in any other gauge, where the scalar potential is V , can be written as,

A(r, t) = A^{(G)} − c∇

∫_t −∞ V (r, t^′) dt^′. (27)

That is, if the vector potential in Gibbs gauge in known, this provides an even simpler prescription than eq. (16) for the vector potential in another gauge.

For an example of the vector potential in the Gibbs gauge, which can also be obtained by transforming the vector potential from the Lorenz gauge via eq. (16), see sec. 2.5 of [2].

16Apparently the Gibbs gauge is also called the Hamiltonian, or temporal, or Weyl, gauge, as mentioned in sec. VIII of [13]. That is, the Gibbs gauge is handy in examples where the electric field is known, and the vector potential is needed for use in the Hamiltonian of the system, expressed in terms of canonical momenta of charges q as p_{canonical} = p_{mech} + qA/c.

17The Gibbs gauge, where V = 0, was considered, but not so named, in [36]. See also [37], where if one takes the “mechanical” potential energy U of electric charge q to be qV , then the condition that V = −U/q requires that V = 0.

18If the gauge-transformation function χ(x, t) obeys ∂^2χ/∂t^2 = 0, then potentials in the Gibbs gauge transform to others in this gauge.

19The distinction between ∇ · A in the Coulomb and Gibbs gauges is often slight, which may be why Gibbs thought that his new gauge was the Coulomb gauge used by Maxwell. See also [38].

2.3.4 Static-Voltage Gauge

A variant of the Gibbs gauge is that the scalar potential is not zero, but rather is the instantaneous Coulomb potential at some arbitrary time t_0,

V^{(SV)}(r, t) = V^{(C)}(r, t_0) = ∫ ρ(r^′, t_0) |r − r^′| dVol^′. (28)

This is the static-voltage gauge [39], called the Coulomb-static gauge in [40].

From eq. (27), we see that the vector potential in the static-voltage gauge differs only slightly from that in the Gibbs gauge,

A^{(SV)}(r, t) = A^{(G)}(r, t) − ct∇V^{(C)}(r, t_0) (29)

2.3.5 Kirchhoff Gauge

The earliest statement of a gauge condition appears to have been made by Kirchhoff in 1857 [41, 42], when he specified that,

∇ · A^{(K)} = 1 c ∂V^{(K)} ∂t (Kirchhoff). (30)

Using this gauge condition in the general wave equation (8) for the scalar potential, we have,

∇^2V^{(K)} + 1 c^2

∂^2V^{(K)} ∂t^2

= −4πρ, (31)

such that the Kirchhoff-gauge scalar potential can be said to propagate with imaginary speed, v_K = ic. In this sense, the Kirchhoff gauge is a special case of the velocity gauge of sec. 2.3.1.

The scalar potential in the Kirchhoff gauge can be written as a “retarded” potential which speed of propagation ic. Recalling eq. (12), we have,

V^{(K)}(r, t) = ∫ ρ(r^′, t^′ = t − |r − r^′| /ic) |r − r^′| dVol^′ (Kirchhoff), (32)

For further discussion of the Kirchhoff gauge, see [43].

2.3.6 Poincaré Gauge

In cases where the fields E and B are known, we can compute the potentials in the so-called Poincaré gauge (see sec. 9A of [13] and [44, 45, 46]),^{20,21}

V^{(P)}(r, t) = −r ·

∫_1 0 du E(ur, t), A^{(P)}(r, t) = −r ×

∫_1 0 u du B(ur, t) (Poincaré). (33)

20The Poincaré gauge is also called the multipolar gauge [47, 48]. 21For a point charge q at rest at the origin, E = q r̂/r^2, B = 0, V^{(P)} = −r ·

∫_1 0 du qr̂/u^2r^2 = q/r − ∞, and A^{(P)} = 0. Here, the Poincaré scalar potential V^{(P)} is equivalent to the Coulomb potential V^{(C)} = q/r, but with an infinite offset. Of course, q/r + C is also a Coulomb potential of the charge q for any constant C.

These forms are remarkable in that they depend on the instantaneous value of the fields only along a line between the origin and the point of observation.^{22,23}

The Poincaré-gauge condition can be stated as,^{24}

r · A^{(P)} = 0 (Poincaré). (36)

If the scalar potential in the Poincaré gauge can be computed, it may then be simpler to deduce the vector potential in this gauge via eq. (16) than via eq. (33).

See [51] for an application of the spirit of the Poincaré potentials to a relation between a physical charge and current densities ρ and J and effective polarization and magnetization densities P and M, such that ρ = −∇ · P and J = c∇ × M + ∂P/∂t.

See [52] for examples of potentials of an infinite solenoid, and of a toroidal magnet, in the Poincaré gauge.

2.3.7 Length (Electric-Dipole) Gauge

We now focus on an example of particular interest in quantum analysis: a hydrogen atom interacting with a plane electromagnetic wave of optical frequency, or lower.^{25} Then, the wavelength of the electromagnetic wave is large compared to the size of the atom, and it is a good approximation to think of the atom as an electric dipole whose moment has magnitude d = er, where r is the distance of the electron from the proton.

22The potentials in the Poincaré gauge depend on the choice of origin. If the origin is inside the region of electromagnetic fields, then the Poincaré potentials are nonzero throughout all space. If the origin is to one side of the region of electromagnetic fields, then the Poincaré potentials are nonzero only inside that region, and in the region on the “other side” from the origin.

23We transcribe Appendices C and D of [48] to verify that E and B indeed follow from the Poincaré potentials (33).

−∇V^{(P)} − 1 c ∂A^{(P)} ∂t = ∫_1 0 du { ∇[r · E(ur, t)] + r × u c ∂B(ur, t) ∂t }

= ∫_1 0 du {∇[r · E(ur, t)] − r × [∇ × E(ur, t)]} = ∫_1 0 du {(r · ∇)E(ur, t) + [E(ur, t) · ∇]r + E(ur, t) × (∇ × r)} = ∫_1 0 du { u d(ux_i) du ∂E(ur, t) ∂(ux_i)

+ E(ur, t) } = ∫_1 0 du d du uE(ur, t) = E(r, t), (34)

∇ × A^{(P)} = −

∫_1 0 u du ∇ × [r × B(ur, t)] = − ∫_1 0 u du {r[∇ · B(ur, t)] − B(ur, t)[∇ · r] + [B(ur, t) · ∇]r − (r · ∇)B(ur, t)} = ∫_1 0 u du { 2B(ur, t) + ux_i

∂B(ur, t) ∂(ux_i) } = ∫_1 0 u du { 1 u d du u^2B(ur, t) } = B(r, t). (35)

24If we write A^{(P)}(r) = ∫ A^{(P)}_k e^{ik·r} d^3k/(2π)^3, then ∇_k · A^{(P)}_k = ∫ ∇_k · A^{(P)}(r) e^{−ik·r} d^3k = −i ∫ r · A^{(P)}(r) e^{−ik·r} d^3k = 0. That is, the Poincaré gauge is the Coulomb gauge in (reciprocal) k-space.

The relativistic version of the Poincaré gauge, with x_μA^μ = 0, is called the Fock [49] or Schwinger [50] gauge, and is the Lorenz gauge in k-space.

25These remarks follow sec. A_{XIII} of [53].

The rate of classical radiation by an oscillating electric dipole d scales as d^2ω^2, as first deduced by Hertz [54]. Since the quantum rate goes as the square of a matrix element of a relevant operator, we might expect that the quantum description of the interaction of an electron with an electromagnetic wave would involve a term in the Hamiltonian of the form −d · E_{wave}, this being the interaction energy of an electric dipole d in an external wave field. However, the Hamiltonian (50) of Appendix A does not obviously contain such a term, H = p^2_{mech} 2m + eV = 1 2m ( p − eA c )_2

+ eV = p^2 2m + eV − e 2mc (p · A + A · p) + e^2A^2 2mc^2 = p^2 2m + eV − e mc A · p − ieℏ 2mc (∇ · A) + e^2A^2 2mc^2

, (37)

where we now consider the Hamiltonian to be a quantum operator, with the canonical momentum p replaced by −iℏ∇.

We could, of course, simply proceed with the Hamiltonian (37), after choosing a gauge. For this, it would seem obvious to use a gauge in which the static electric field of the proton is related to the scalar potential V_0 = e/r (with the corresponding vector potential A_0 = 0), and write the quantum Hamiltonian (37) as,

H = H_0 + H_{int}, (38)

with “unperturbed” Hamiltonian,

H_0 = p^2 2m + eV_0, (39)

and the interaction Hamiltonian,

H_{int} = eV_{wave} − e mc A_{wave} · p − ieℏ 2mc (∇ · A_{wave}) + e^2A^2_{wave} 2mc^2

, (40)

that is to be regarded as a perturbation associated with the plane electromagnetic wave, say,

E_{wave} = E_0 cos(kz − ωt) x̂, (41)

As previously remarked, the scalar potential V_0 = e/r is consistent with any velocity gauge (sec. 2.3.1). Thus, we might use the Lorenz gauge for the interaction Hamiltonian, noting that the plane wave (41) can be related to potentials in the Lorenz gauge,

V^{(L)}_{wave} = 0, A^{(L)}_{wave} =

E_0 k sin(kz − ωt) x̂. (42)

The vector potential (42) obeys ∇^{(L)} · A_{wave} = 0,^{26} such that if the field strength is not too large,^{27} the interaction Hamiltonian in the Lorenz gauge simplifies to,

H^{(L)}_{int} ≈ − e mc A^{(L)}_{wave} · p. (43)

26We could also say that the potentials (42) are in the Coulomb gauge (and also in the Gibbs gauge), although the vector potential propagates at speed c, whereas a time-dependent vector potential in the Coulomb gauge typically has a term that propagates instantaneously.

27By “not too large”, we mean that the last term in eq. (40) is small compared to mc^2, i.e., eA^{(L)}/mc^2 = eE/mωc ≪ 1. This is the now-standard criterion for a “weak” laser field.

Matrix elements for the interaction Hamiltonian (43) can then be computed with the usual wavefunctions of an unperturbed hydrogen-atom (based on the scalar potential V_0).

However, we might prefer to use a different gauge, in which the interaction Hamiltonian has the form −d · E_{wave}. For this, we make a gauge transformation from the Lorenz gauge to the length gauge, using the transformation function,

χ^{(L→l)} = xE_0 k sin ωt. (44)

The potentials of the wave in the length gauge are, according to eq. (11),

V^{(l)}_{wave} = V^{(L)}_{wave} − 1 c ∂χ^{(L→l)} ∂t = −xE_0 cos ωt (length gauge), (45)

A^{(l)}_{wave} = A^{(L)}_{wave} + ∇χ^{(L→l)} = xE_0 k [sin(kz − ωt) + sin ωt] x̂ (length gauge). (46)

For long wavelengths, kz ≪ 1 for the atomic electron, so we obtain the approximate potentials in the length gauge,^{28}

V^{(l)}_{wave} ≈ −xE_0 cos(kz − ωt) = −r · E_{wave}, A^{(l)}_{wave} ≈ xE_0 k [sin(−ωt) + sin ωt] x̂ = 0. (47)

and the interaction Hamiltonian (40) in the length gauge is (for weak wave fields),

H^{(l)}_{int} ≈ eV_{wave} = −er · E_{wave} = −d · E_{wave} (kr ≪ 1), (48)

as desired by those who feel that the interaction Hamiltonian should be based on the classical energy −d · E of an electric dipole d in an external electric field E.^{29}

Matrix element of operators in the length gauge should not be taken using the unperturbed wavefunctions in the Lorenz gauge. Rather, we must first transform those wavefunctions into the length gauge according to eq. (59),

ψ^{(l)} = e^{−ieχ(L→l)/ℏc} ψ^{(L)} = e^{−iexE0 sin(ωt)/ℏω} ψ^{(L)}. (49)

However, the interaction-Hamiltonian operator (48) in the length gauge does not involve any derivatives, so its matrix elements are the same whether one uses wavefunctions in the length gauge or (nominally incorrectly) the usual hydrogen-atom wavefunctions (in the Lorenz gauge).

There seems to have been some controversy about the choice of gauge for quantum analyses of atom-wave interactions, particularly after Lamb’s work [56] on the eponymous shift. Insufficient care led to some results differing when computed in different gauges, and specious claims that one gauge is more “correct” than another. Some of this history can be traced in [21, 47, 57, 58, 59, 60, 61, 62, 63, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74].

28The approximate forms (47) for the potentials do not hold in general, but only for a long-wavelength plane wave. For example, the potential of a point charge q at the origin is q/r = r · E (and not −r · E) if the corresponding vector potential is zero. That is, the length-gauge potentials (47) cannot be used to describe the interaction with the proton in the unperturbed Hamiltonian (39).

Also, the approximation that A^{(l)}wave = 0 means that the analysis ignores possible effects of the magnetic field of the wave, such as its interaction with the magnetic moment of the electron. If the latter is of interest, the length-gauge approximation should not be used.

29The above argument (although not the name length gauge) may have originated with Göppert-Mayer in her doctoral thesis [55].

Appendix A: Gauge Invariance and Quantum Mechanics

Quantum mechanics can be considered as an extension of Hamiltonian dynamics, starting with Planck’s introduction of h as the quantum of action S = ∫ L dt in eq. 41 of [75].^{30} The Hamiltonian function H played little role in the early development of quantum theory.

The classical, nonrelativistic Hamiltonian for a spinless electric charge e with mass m in an electromagnetic field described by potentials V and A seems to have been first stated by Schwarzschild [77] (as recounted in sec. IID of [4]), H = p^2_{mech} 2m + eV = 1 2m ( p − eA c )_2 + eV, (50)

where p is the canonical momentum (and the mechanical momentum is p_{mech} = mv = p − eA/c).^{31} Schwarzschild did not mention gauge invariance (a term invented by Weyl in 1928 [79]; in English on p. 330 of [80]), but he did show that the equations of motion deduced from his Lagrangian/Hamiltonian have the form ma = e(E = v/c × B), which is gauge invariant.^{32}

In 1916, Epstein [81] and Schwarzschild [82] gave analyses of the Stark effect starting from the Hamilton-Jacobi equation [84, 85, 86, 87], H ( q_i, ∂S ∂q_i ) = H(q_i, p_i) = − ∂S ∂t → E when S(q_i, t) = ∑ i p_iq_i − Et, (51)

where the relation H = E (energy) holds when the Hamiltonian is independent of time t.

In 1926, Schrödinger argued that a quantum version of the (nonrelativistic) Hamilton- Jacobi equation can by obtained the substitutions,

S → −iℏ ln ψ, ⇒ p_i = ∂S ∂q_i = −iℏ ψ ∂ψ ∂q_i

, p_iψ → −iℏ ∂ ∂q_i ψ, p → −iℏ∇. (52)

where ψ is a scalar wavefunction and p_i is the canonical momentum ∂L/∂q̇_i associated with coordinate q_i. For a particle of mass m and electric charge e in a static electric field E = −∇V , its classical Hamiltonian H is, H = p^2 2m + eV, (53)

and we arrive at Schrödinger’s equation via eq. (52),

−ℏ^2 2m ∇^2 + eV = iℏ ψ ∂ψ ∂t = E , ( −ℏ^2 2m ∇^2 + eV ) ψ = iℏ ∂ψ ∂t = Eψ, (54)

30Planck’s relation that U = nhν for the energy of a quantum harmonic oscillator came a year later [76]. 31Strictly, Schwarzschild discussed the interaction Lagrangian, L_{int} = eV − ev · A/c, which together with the free-particle Lagrangian, L_{free} = mv^2/2, leads to the Hamiltonian (50), as shown in sec. 16 of [78].

32Apparently, the first explicit discussion of the fact that while the Hamiltonian/Lagrangian of an electric charge in an electromagnetic field is gauge dependent, its equation of motion is gauge invariant, was given by Landau in sec. 16 of the 1941 edition of [78] (sec. 18 of later editions).

where the terms in energy E apply only if the system has a definite total energy.^{33} It no doubt seemed obvious in early 1926 to regard the (static) scalar potential V as the Coulomb potential e/r of a proton in case of a hydrogen atom, but this choice implicitly assumes use of a velocity gauge (sec. 2.3.1 above), such as the Coulomb or Lorenz gauges.

The first consideration of the quantum dynamics of an electric charge in a general, timedependent electromagnetic field seems to have been by Schrödinger in sec. 6 of [89], where he considered a relativistic wave equation for a (spinless) electron whose Hamiltonian involves both a scalar potential V ,^{34} and a vector potential A, tacitly in the Coulomb gauge.^{35} Here, we content ourselves with a nonrelativistic version, using the Hamiltonian (50). and follow Schrödinger’s prescription (52) to find, iℏ ∂ψ ∂t = [ 1 2m ( −iℏ∇ − eA c )_2

+ eV ] ψ = − ℏ^2 2m ∇^2ψ + ieℏ 2mc [∇ · (Aψ) + A · ∇ψ] + e^2A^2 2mc^2 ψ + eV ψ = − ℏ^2 2m ∇^2ψ + ieℏ mc A · ∇ψ + ieℏ 2mc (∇ · A)ψ + e^2A^2 2mc^2 ψ + eV ψ. (55)

In principle, we should be able to use any gauge for the potentials A and V in eq. (55), and the physical predictions of the quantum analysis should be the same.

A first step towards demonstrating the gauge invariance of quantum analyses was made by Fock (1926) [92]. See also [93] and p. 206 of [94]. In somewhat more contemporary notation, Fock noted that eq. (55) for an electric charge e of mass m in electromagnetic fields described by potentials A_μ = (V, A) can be written as,^{36}

(−iℏD)^2 2m ψ = iℏD_0 ψ, (56)

using the “altered” (covariant) derivative,

D_μ = ∂_μ − ieA_μ ℏc , ∂_μ = ( ∂ ∂t , ∇ ) . (57)

Then, the form of eq. (56) is gauge invariant only if a gauge transformation of the potentials,

A_μ(x_ν ) → A_μ + ∂_μχ, (58)

is accompanied by a phase change of the wavefunction,

ψ(x_ν ) → e^{−ieχ/ℏc} ψ, (59)

33While the term in ∂ψ/∂t is implicit in Schrödinger’s first quantum paper [88], he omitted it. And in his fifth paper of 1926 [89] he seemed unsure of the sign of this term.

The sign appears correctly in eq. (2) of Dirac’s first paper to use Schödinger’s formalism [90]. 34Klein published slightly earlier [91] a relativistic wave equation for an electron interacting with only a scalar potential.

35In eq. (36) of [89], the term in ∇ · A in the last line of our eq. (55) had been set to zero. 36Fock actually discussed the relativistic case, referencing Klein [91], but not Schrödinger [89].

where the scalar gauge-transformation function χ is “arbitrary” (but differentiable).^{37} The further demonstration that quantum expectation values for wavefunctions which obey eq. (56) are also gauge invariant can be found in sec. H_{III} of [53] (which may the only demonstration of this in a “textbook”).

Appendix B: Hydrogen-Atom Wavefunctions in a Gauge where the Hamiltonian is Time Dependent

In [70, 73] it is argued that gauges are “unphysical” if the Hamiltonian for a system in that gauge is time dependent, while it has no time dependence is some other gauge.^{38} This view goes against the notion of gauge invariance, so we illustrate here how one can use a gauge in which the Hamiltonian is time dependent to find the quantum wavefunctions of a hydrogen atom.

First, we recall that in a velocity gauge, including the Coulomb and Lorenz gauges, the classical Hamiltonian H of a nonrelativistic electron of charge e and mass m and a proton of charge q = −e, that is approximated to be at rest at the origin, can be written as, H = p_{mech} 2m + eV =

(p − eA/c)^2 2m + eV, (60)

where the electromagnetic potentials of the proton are,

A^{(v)} = 0, V^{(v)} = q r . (61)

This Hamiltonian is independent of time, and equals the total energy E of the electron.^{39} The eigenstates ψ^{(v)}_n of the quantum version H^{(v)} = E^{(v)} of this Hamiltonian were found by Schrödinger [88] (who was not aware that he was working in a velocity gauge).

In the Gibbs gauge (sec. 2.3.3 above), the potentials are,

A^{(G)} = − cqt r^2 r̂, V^{(G)} = 0, (62)

so the time-dependent, quantum Hamiltonian H^{(G)} obtained from eq. (60) equals only the kinetic energy (operator) p^2_{mech}/2m.

37On pp. 330-331 of [80], Weyl inverted Fock’s argument (without referencing him), concluding that for physics be invariant under a local phase change as in eq. (59), there must exist a 4-vector potential that obeys eq. (58), and If our view is correct, then the electromagnetic field is a necessary accompaniment of the matter-wave field.

The argument that local phase invariance of the quantum wavefunction requires a gauge theory was applied by Yang and Mills [95] to a (nonviable) theory of pions interactions, by Weinberg [96] and Salam [97] to the Standard Model (electroweak theory), and by Gross and Wilczek [98] and Politzer [99] to quantum chromodynamics. It remains that gravity is not described by a gauge theory, since in such theories antimatter has gauge anticharge, but antimatter does not have negative mass (see, for example, [100]).

38The electromagnetic potentials are not measurable in any gauge, so many people (including the authors) regard the potentials as “unphysical” in any gauge.

39That this Hamiltonian equals the energy is not an illustration of Noether’s theorem [101], which formally applies only for field theories. For example, a Hamiltonian that is independent of time can be given for a damped harmonic oscillator, which does not have a conserved energy. See sec. 2.6 of [102], and also [103, 104].

It is interesting to consider an “oddball” gauge in which the scalar potential is,

V^{(odd)} = k q r , (63)

for some real value of k. Then, according to sec. 2.2 above, we can make a gauge transformation from the Lorenz (velocity) gauge to the “oddball” gauge using a gauge-transformation function,

χ(x, t) = c

∫_t −∞ { V^{(L)}(x, t^′) − V^{(odd)}(x, t^′) } dt^′ = (1 − k) cqt r , (64)

and the vector potential is,

A^{(odd)} = A^{(L)} + ∇χ = ∇χ = −χ r̂ r = −(1 − k) cgt r^2 r̂. (65)

While it is perhaps not straightforward to solve Schrödinger’s equation using the Hamiltonian (60) in the “oddball” gauge, we know from the general argument of Fock [92] (our eq. (59)), that the energy eigenfunctions ψ^{(odd)}_n in this gauge are related to the well-known wavefunctions ψ^{(v)}_n in a velocity gauge by,

ψ^{(odd)}_n = e^{−ieχ/ℏc} ψ^{(v)}_n = e^{−(1−k)eqt/ℏcr} ψ^{(v)}_n . (66)

For completeness, we display the energy operator E^{(odd)} such that,

E^{(odd)} ψ^{(odd)}_n = E_n ψ^{(odd)}_n , (67)

where E_n is the energy eigenvalue of wavefunction ψ^{(v)}_n , i.e., E^{(v)} ψ^{(v)}_n = E_n ψ^{(v)}_n in a velocity gauge, where E^{(v)} = p^2/2m + eq/r. For this, we note that the classical energy E of our system is, in the “oddball” gauge,

E = ( p^{(odd)}_{mech}

)_2 2m + eq r = ( p − eA^{(odd)}/c

)_2 2m + eV^{(odd)} + (1 − k) eq r = H^{(odd)} + (1 − k) eq r = ( p − eA^{(odd)}/c

)_2 2m + eq r . (68)

Then, the energy operator E^{(odd)} in the “oddball” gauge is the quantum version of eq. (68), obtained by taking p = −iℏ∇, i.e., E^{(odd)} = ( p^{(odd)}_{mech}

)_2

/2m + eq/r.

Now, in the quantum analysis,

p^{(odd)}_{mech} ψ^{(odd)} = ( p − eAψ^{(odd)}_n /c ) ψ^{(odd)} = ( −iℏ∇ − eA^{(odd)}/c ) e^{−ieχ/ℏc} ψ^{(v)}

= −iℏψ^{(v)} ∇e^{−ieχ/ℏc} + e^{−ieχ/ℏc} ( −iℏ∇ − eA^{(odd)}/c ) ψ^{(v)} = e c e^{−ieχ/ℏc} ψ^{(v)}∇χ + e^{−ieχ/ℏc} ( −iℏ∇ − eA^{(odd)}/c ) ψ^{(v)}

= e^{−ieχ/ℏc} ( eA^{(odd)}ψ^{(v)}/c ) + e^{−ieχ/ℏc} ( −iℏ∇ − eA^{(odd)}/c ) ψ^{(v)}

= e^{−ieχ/ℏc} (−iℏ∇)ψ^{(v)} = e^{−ieχ/ℏc} p ψ^{(v)} = e^{−ieχ/ℏc} p^{(v)}_{mech} ψ^{(v)}, (69) and so, ( ψ^{(odd)}

)_∗ p^{(odd)}_{mech} ψ^{(odd)} = ( ψ^{(v)}

)_∗ e^{ieχ/ℏc} e^{−ieχ/ℏc} p^{(v)}_{mech} ψ^{(v)} = ( ψ^{(v)}

)_∗ p^{(v)}_{mech} ψ^{(v)}. (70)

This illustrates that the expectation value of a physical operator, such as the mechanical momentum p_{mech}, is gauge invariant.^{40}

Furthermore, p^2_{mech} is a physical operator, with the implication that, ( p^{(odd)}_{mech}

)_2

ψ^{(odd)} = ( p − eAψ^{(odd)}_n /c

)_2 ψ^{(odd)} = e^{−ieχ/ℏc} ( p^{(v)}_{mech}

)_2 ψ^{(v)} = e^{−ieχ/ℏc} p^2 ψ^{(v)}. (71)

Then,

E^{(odd)}ψ^{(odd)}_n = ( p^{(odd)}_{mech}

)_2 2m ψ^{(odd)}_n + eq r ψ^{(odd)}_n = e^{−ieχ/ℏc} ( p^2 2m + eq r ) ψ^{(v)}_n

= e^{−ieχ/ℏc} E^{(v)} ψ^{(v)}_n = e^{−ieχ/ℏc} E_n ψ^{(v)}_n = E_n ψ^{(odd)}_n , (72)

which confirms that the ψ^{(odd)}_n are indeed the energy eigenstates in the “oddball” gauge.

References

[1] L. Lorenz, Ueber die Identität der Schwingungen des Lichts mit den elektrischen Strömen, Ann. d. Phys. 207, 243 (1867),

http://kirkmcd.princeton.edu/examples/EM/lorenz_ap_207_243_67.pdf

On the Identity of the Vibration of Light with Electrical Currents, Phil. Mag. 34, 287 (1867), http://kirkmcd.princeton.edu/examples/EM/lorenz_pm_34_287_67.pdf

[2] K.T. McDonald, Potentials for a Hertzian Oscillating Dipole (Apr. 6, 2015),

http://kirkmcd.princeton.edu/examples/hertzian_potentials.pdf

[3] K.T. McDonald, Hamiltonian with z as the Independent Variable (Mar. 19, 2011),

http://kirkmcd.princeton.edu/examples/hamiltonian.pdf

[4] J.D. Jackson and L.B. Okun, Historical roots of gauge invariance, Rev. Mod. Phys. 73, 663 (2001), http://kirkmcd.princeton.edu/examples/EM/jackson_rmp_73_663_01.pdf

[5] K.T. McDonald, Maxwell and Special Relativity (May 26, 2014),

http://kirkmcd.princeton.edu/examples/maxwell_rel.pdf

[6] H.A. Lorentz, Weiterbildung der Maxwellischen Theorie. Elektronentheorie, Encyklopädie der Mathematischen Wissenschaften, Band V:2, Heft 1, V. 14 (1904), p. 157,

http://kirkmcd.princeton.edu/examples/EM/lorentz_04_p157.jpg

[7] H.A. Lorentz, The Theory of Electrons (Teubner, 1909), Note 5, pp. 238-241,

http://kirkmcd.princeton.edu/examples/EM/lorentz_theory_of_electrons_09.pdf

40See, for example, sec. H_{III}c of [53]. In contrast, the canonical momentum p, and the Hamiltonian H, are not physical operators, and their expectation values are gauge dependent.

[8] W. Thomson, A Mathematical Theory of Magnetism, Phil. Trans. Roy. Soc. London 141, 269 (1851), http://kirkmcd.princeton.edu/examples/EM/thomson_ptrsl_141_269_51.pdf

[9] J.C. Maxwell, A Dynamical Theory of the Electromagnetic Field, Phil. Trans. Roy. Soc.

London 155, 459 (1865), http://kirkmcd.princeton.edu/examples/EM/maxwell_ptrsl_155_459_65.pdf

[10] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2 (Clarendon Press, 1873, 1892), http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_73.pdf

http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_92.pdf

[11] O. Bíró and K. Preis, On the Use of the Magnetic Vector Potential in the Finite Element Analysis of Three-Dimensional Eddy Currents, IEEE Trans. Mag. 25, 3145 (1989),

http://kirkmcd.princeton.edu/examples/EM/biro_ieeetm_25_3145_89.pdf

[12] K.T. McDonald, Potentials for a Rectangular Electromagnetic Cavity (Mar. 4, 2011),

http://kirkmcd.princeton.edu/examples/cavity.pdf

[13] J.D. Jackson, From Lorenz to Coulomb and other explicit gauge transformations, Am.

J. Phys. 70, 917 (2002), http://kirkmcd.princeton.edu/examples/EM/jackson_ajp_70_917_02.pdf

[14] K.T. McDonald, Slepians Faster-Than-Light Wave (June 23, 2017),

http://kirkmcd.princeton.edu/examples/ftl.pdf

[15] W.K.H. Panofsky and M. Phillips, Classical Electricity and Magnetism, 2^{nd} ed.

(Addison-Wesley, 1962), http://kirkmcd.princeton.edu/examples/EM/panofsky_ch14.pdf

[16] K.T. McDonald, The Relation Between Expressions for Time-Dependent Electromagnetic Fields Given by Jefimenko and by Panofsky and Phillips (Dec. 5, 1996),

http://kirkmcd.princeton.edu/examples/jefimenko.pdf

[17] O.L. Brill and B. Goodman, Causality in the Coulomb Gauge, Am. J. Phys. 35, 832 (1967), http://kirkmcd.princeton.edu/examples/EM/brill_ajp_35_832_67.pdf

[18] C.W. Gardiner and P.D. Drummond, Causality in the Coulomb gauge: A direct proof, Phys. Rev. A 38, 4897 (1988), http://kirkmcd.princeton.edu/examples/EM/gardiner_pra_38_4897_88.pdf

[19] F. Rohrlich, Causality, the Coulomb field, and Newtons law of gravitation, Am. J. Phys.

70, 411 (2002), http://kirkmcd.princeton.edu/examples/EM/rohrlich_ajp_70_411_02.pdf

[20] B.J. Wundt and U.D. Jentschura, Sources, Potentials and Fields in Lorenz and Coulomb Gauge: Cancellation of Instantaneous Interactions for Moving Point Charges, Ann. Phys. (N.Y.) 327, 1217 (2012), http://kirkmcd.princeton.edu/examples/EM/wundt_ap_327_1217_12.pdf

http://arxiv.org/abs/1110.6210

[21] K.-H. Yang, Gauge Transformations and Quantum Mechanics II. Physical Interpretation of Classical Gauge Transformations, Ann. Phys. 101, 97 (1976),

http://kirkmcd.princeton.edu/examples/QM/yang_ap_101_97_76.pdf

[22] K.-H. Yang and D.H. Kobe, Superluminal, Advanced and Retarded Propagation of Electromagnetic Potentials in Quantum Mechanics, Ann. Phys. 168, 104 (1986),

http://kirkmcd.princeton.edu/examples/QM/yang_ap_168_104_86.pdf

[23] K.-H. Yang, The physics of gauge transformations, Am. J. Phys. 73, 742 (2005),

http://kirkmcd.princeton.edu/examples/EM/yang_ajp_73_742_05.pdf

[24] H, Helmholtz, Ueger die Bewenungsgleichungen der Elektricität für ruhende leitende Körper, J. Reine Angew. Math. 72, 57 (1870),

http://kirkmcd.princeton.edu/examples/EM/helmholtz_jram_72_57_70.pdf

On the Theory of Electrodynamics, Phil. Mag. 44, 530 (1872),

http://kirkmcd.princeton.edu/examples/EM/helmholtz_pm_44_530_72.pdf

[25] K.T. McDonald, Helmholtz and the Velocity Gauge (Mar. 31, 2018),

http://kirkmcd.princeton.edu/examples/velocity.pdf

[26] K.T. McDonald, Helmholtz’ Vector Potentials (May 8, 2021),

http://kirkmcd.princeton.edu/examples/helmholt2.pdf

[27] R.P. Feynman, Lectures on Gravitation (Addison-Wesley, 1995),

http://kirkmcd.princeton.edu/examples/GR/feynman_gravity.pdf

[28] J.D. Jackson, Classical Electrodynamics, 3^{rd} ed. (Wiley, 1999),

http://kirkmcd.princeton.edu/examples/EM/jackson_ce3_99.pdf

[29] K.T. McDonald, Electromagnetic Field Angular Momentum of a Charge at Rest in a Uniform Magnetic Field (Dec. 21, 2014), http://kirkmcd.princeton.edu/examples/lfield.pdf

[30] J.J. Labarthe, The vector potential of a moving charge in the Coulomb gauge, Eur. J.

Phys. 20, L31 (1999), http://kirkmcd.princeton.edu/examples/EM/labarthe_ejp_20_L31_99.pdf

[31] V. Hnizdo, Potentials of a uniformly moving point charge in the Coulomb gauge, Eur.

J. Phys. 25, 351 (2004), http://kirkmcd.princeton.edu/examples/EM/hnizdo_ejp_25_351_04.pdf

[32] V. Hnizdo and G. Vaman, Potentials and fields of a charge set suddenly from rest into uniform motion, Phys. Scr. 99, 055534 (2024),

http://kirkmcd.princeton.edu/examples/EM/hnizdo_ps_99_055534_24.pdf
https://arxiv.org/abs/2311.17652

[33] P.R. Berman, Dynamic creation of electrostatic fields, Am. J. Phys. 76, 48 (2008),

http://kirkmcd.princeton.edu/examples/EM/berman_ajp_76_48_08.pdf

[34] J.W. Gibbs, Velocity of Propagation of Electrostatic Forces, Nature 53, 509 (1896),

http://kirkmcd.princeton.edu/examples/EM/gibbs_nature_53_509_96.pdf

[35] K.T. McDonald, Potentials of a Hertzian Dipole in the Gibbs Gauge (Aug. 23, 2012),

http://kirkmcd.princeton.edu/examples/gibbs.pdf

[36] D.H. Kobe, Can electrostatics be described solely by a vector potential? Am. J. Phys.

49, 1075 (1981), http://kirkmcd.princeton.edu/examples/EM/kobe_ajp_49_1075_81.pdf

[37] D.H. Kobe and K.-H. Yang, A gauge in which the Hamiltonian of a nonrelativistic charged particle is kinetic energy, Am. J. Phys. 56, 549 (1988),

http://kirkmcd.princeton.edu/examples/EM/kobe_ajp_56_549_88.pdf

[38] K.T. McDonald, Potentials for an Electromagnetic Plane Wave (Mar. 6, 2022),

http://kirkmcd.princeton.edu/examples/wavepot.pdf

[39] K.T. McDonald, Static-Voltage Gauge (Mar. 25, 2008),

http://kirkmcd.princeton.edu/examples/static_gauge.pdf

[40] J.A. Heras, The Coulomb static gauge, Am. J. Phys. 75, 459 (2007),

http://kirkmcd.princeton.edu/examples/EM/heras_ajp_75_459_07.pdf

[41] G. Kirchhoff, Ueber die Bewegung der Elektricitat in Drähten, Ann. d. Phys. Chem.

100, 193 (1857), http://kirkmcd.princeton.edu/examples/EM/kirchhoff_apc_100_193_57.pdf On the Motion of Electricity in Wires, Phil. Mag. 13, 393 (1857),

http://kirkmcd.princeton.edu/examples/EM/kirchhoff_pm_13_393_57.pdf

[42] G. Kirchhoff, Ueber die Bewegung der Elektricitat in Leitern, Ann. d. Phys. Chem. 102, 529 (1857), http://kirkmcd.princeton.edu/examples/EM/kirchhoff_apc_102_529_57.pdf P. Graneau and A.K.T. Assis, Kirchhoff on the Motion of Electricity in Conductors, Apeiron 19, 19 (1994), http://kirkmcd.princeton.edu/examples/EM/kirchhoff_apc_102_529_57_english.pdf

[43] J.A. Heras, The Kirchhoff gauge, Ann. Phys. 321, 1265 (2006),

http://kirkmcd.princeton.edu/examples/EM/heras_ap_321_1265_06.pdf

[44] W. Brittin et al., Poincaré gauge in electrodynamics, Am. J. Phys. 50, 693 (1982),

http://kirkmcd.princeton.edu/examples/EM/brittin_ajp_50_693_82.pdf

This paper is likely the first discussion of the Poincaré gauge with that name.

[45] B.-S.K. Skagerstam et al., A note on the Poincaré gauge, Am. J. Phys. 51, 1148 (1983),

http://kirkmcd.princeton.edu/examples/EM/skagerstam_ajp_51_1148_83.pdf

[46] F.H.G. Cornish, The Poincaré and related gauges in electromagnetic theory), Am. J.

Phys. 52, 460 (1984), http://kirkmcd.princeton.edu/examples/EM/cornish_ajp_52_460_84.pdf

[47] R.G. Woolley, The Electrodynamics of Atoms and Molecules, Adv. Chem. Phys. 33, 153 (1975), http://kirkmcd.princeton.edu/examples/EM/woolley_acp_33_153_75.pdf

[48] D.H. Kobe, Gauge transformations and the electric dipole approximation, Am. J. Phys.

50, 128 (1982), http://kirkmcd.princeton.edu/examples/EM/kobe_ajp_50_128_82.pdf

[49] A. Fock, Die Eigenzeit in der klassischen und in der Quantenmechanik, Phys. Z. Sowjetunion 12, 404 (1937), http://kirkmcd.princeton.edu/examples/QED/fock_pzsu_12_404_37_english.pdf

[50] J. Schwinger, On gauge invariance and vacuum polarization, Phys. Rev. 82, 664 (1951),

http://kirkmcd.princeton.edu/examples/QED/schwinger_pr_82_664_51.pdf

[51] K.T. McDonald, Can an Electric Current Density Be Replaced by an Equivalent Magnetization Density? (Jan. 5, 2017), http://kirkmcd.princeton.edu/examples/jandm.pdf

[52] K.T. McDonald, Vector Potential of a Long Solenoid in the Poincare Gauge (Jan. 15, 2017), http://kirkmcd.princeton.edu/examples/poincare.pdf

[53] C. Cohen-Tannoudji, B. Diu and F. Valoë, Quantum Mechanics, Vol. 1 (Wiley, 1977),

http://kirkmcd.princeton.edu/examples/QM/cohen-tannoudji_qm1.pdf

[54] H. Hertz, Die Kräfte electrischer Schwingungen, behandelt nach der Maxwell’schen Theorie, Ann. d. Phys. 36, 1 (1889), http://kirkmcd.princeton.edu/examples/EM/hertz_ap_36_1_89.pdf The Forces of Electrical Oscillations Treated According to Maxwell’s Theory, Nature 39, 402, 450, 547 (1889), http://kirkmcd.princeton.edu/examples/EM/hertz_nature_39_402_89.pdf

[55] M. Göppert-Mayer, Über Elementarakte mit zwei Quantensprüngen, Ann. d. Phys. 9, 273 (1931), http://kirkmcd.princeton.edu/examples/QED/goeppert-mayer_ap_9_273_31.pdf

[56] W.E. Lamb, Jr, Fine Structure of the Hydrogen Atom. III, Phys. Rev. 85, 259 (1952),

http://kirkmcd.princeton.edu/examples/QED/lamb_pr_85_259_52.pdf

[57] P.R. Richards, On the Hamiltonian for a Particle in an Electromagnetic Field, Phys.

Rev. 73, 254 (1948), http://kirkmcd.princeton.edu/examples/QED/richards_pr_73_254_48.pdf

[58] E.A. Power and S. Zienau, Coulomb Gauge in Non-Relativistic Quantum Electrodynamics and the Shape of Spectral Lines, Phil. Trans. Roy. Soc. London 251, 427 (1959),

http://kirkmcd.princeton.edu/examples/QED/power_ptrsla_251_427_59.pdf

[59] Z. Fried, Vector Potential Versus Field Intensity, Phys. Rev. A 8, 2835 (1973),

http://kirkmcd.princeton.edu/examples/QED/fried_pra_8_2835_73.pdf

[60] E.A. Power and T. Thirunamacharandan, On the nature of the Hamiltonian for the interaction of radiation with atoms and molecules: (e/mc) p · A, −μ · E, and all that, Am. J. Phys. 46, 370 (1978),

http://kirkmcd.princeton.edu/examples/QED/power_ajp_46_370_78.pdf

[61] D.H. Kobe and A.R. Smirl, Gauge invariant formulation of the interaction of electromagnetic radiation and matter, Am. J. Phys. 46, 624 (1978),

http://kirkmcd.princeton.edu/examples/QED/kobe_ajp_46_624_78.pdf

[62] H.R. Reiss, Field intensity and relativistic considerations in the choice of gauge in electrodynamics, Phys. Rev. A 19, 1140 (1979),

http://kirkmcd.princeton.edu/examples/QED/reiss_pra_19_1140_79.pdf

[63] D.H. Kobe, Gauge invariance in second quantization: Applications to Hartree-Fock and generalized random-phase approximations, Phys. Rev. A 19, 1876 (1979),

http://kirkmcd.princeton.edu/examples/QED/kobe_pra_19_1876_79.pdf

[64] Y. Aharonov and C.K. Au, The Question of Gauge Dependence of Transition Probabilities in Quantum Mechanics: Facts, Myths and Misunderstandings, Phys. Lett. A 86, 269 (1981), http://kirkmcd.princeton.edu/examples/QM/aharonov_pl_86a_269_81.pdf

[65] D.H. Kobe and K.-H. Yang, Gauge invariance in quantum mechanics: zero electromagnetic field, Am. J. Phys. 51, 183 (1983),

http://kirkmcd.princeton.edu/examples/QED/kobe_ajp_51_163_83.pdf

[66] W.E. Lamb, Jr, R.R. Schlicher and M.O. Scully, Matter-field interaction in atomic physics and quantum optics, Phys. Rev. A 36, 2763 (1987),

http://kirkmcd.princeton.edu/examples/QED/lamb_pra_36_2763_87.pdf

[67] E. Cormier and P. Lambropoulos, Optimal gauge and gauge invariance in nonperturbative time-dependent calculation of above-threshold ionization, J. Phys. B 29, 1667 (1996), http://kirkmcd.princeton.edu/examples/QED/cormier_1996_jpb_29_1667_96.pdf

[68] R.G. Woolley, Gauge invariance in non-relativistic electrodynamics, Proc. Roy. Soc.

London 456, 1803 (2000), http://kirkmcd.princeton.edu/examples/QED/woolley_prsla_456_1803_00.pdf

[69] H.R. Reiss, Limitations of Gauge Invariance and Consequences for Laser-Induced Processes, (May 17, 2010), http://kirkmcd.princeton.edu/examples/QED/reiss_100517_gauges.pdf

[70] H.R. Reiss, Limitations of gauge invariance (Jan, 30, 2013),

https://arxiv.org/pdf/1302.1212.pdf

[71] H.R. Reiss, Altered Maxwell equations in the length gauge, J. Phys. B 46, 175601 (2013), http://kirkmcd.princeton.edu/examples/QED/reiss_jpb_46_175601_13.pdf

[72] A.D. Bandrauk, F. Fillion-Gourdeau and E. Lorin, Atoms and molecules in intense laser fields: gauge invariance of theory and models, J. Phys. B 46, 153001 (2013),

http://kirkmcd.princeton.edu/examples/QED/bandrauk_jpb_46_153001_13.pdf

[73] H.R. Reiss, Strong limitations on allowable gauge transformations in electrodynamics (Oct. 27, 2015), https://arxiv.org/abs/1510.07034

[74] H.R. Reiss, Physical restrictions on the choice of electromagnetic gauge and their practical consequences, J. Phys. B 50, 075003 (2017),

http://kirkmcd.princeton.edu/examples/QED/reiss_jpb_50_075003_17.pdf

[75] M. Planck, Ueber irreversible Strahlungsvorgänge, Ann. d. Phys. 1, 69 (1900),

http://kirkmcd.princeton.edu/examples/QM/planck_ap_1_69_00.pdf

This paper also introduced the Planck length on its final page.

[76] M. Planck, Zur Theorie des Gesetz der Energieverteilung im Normalspectrum, Verhandl.

Deutscher. Phys. Gesell. 2, 202, 237 (1900),

http://kirkmcd.princeton.edu/examples/QM/planck_vdpg_2_237_00.pdf

Ueber das Gesetz der Energieverteilung im Normalspectrum, Ann. d. Phys. 4, 553 (1901), http://kirkmcd.princeton.edu/examples/QM/planck_ap_4_553_01.pdf On the Law of Distribution of Energy in the Normal Spectrum,

http://kirkmcd.princeton.edu/examples/QM/planck_ap_4_553_01_english.pdf

[77] K. Schwarzschild, Zur Elektrodynamik I, Zwei Formen des Princips der kleinste Action in der Elektronentheorie, Nachr. Gesell. Wissen. Göttingen, 126 (1903),

http://kirkmcd.princeton.edu/examples/EM/schwarzschild_ngwg_126_03.pdf

[78] L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields, 4^{th} ed. (Pergamon Press, 1975), http://kirkmcd.princeton.edu/examples/EM/landau_ctf_71.pdf The first Russian edition appeared in 1941, and the second in 1948,

http://kirkmcd.princeton.edu/examples/EM/landau_teoria_polya_41.pdf
http://kirkmcd.princeton.edu/examples/EM/landau_teoria_polya_48_p235.pdf

[79] H. Weyl, Gruppentheorie und Quantenmechanik (Hirzel, Leipzig, 1928), pp. 8788; Theory of Groups and Quantum Mechanics, 2^{nd} ed. (1930), pp. 100101,

http://kirkmcd.princeton.edu/examples/QM/weyl_groups_qm_30.pdf

[80] H. Weyl, Gravitation and the Electron, Proc. Nat. Acad. Sci. 15, 323 (1929),

http://kirkmcd.princeton.edu/examples/GR/weyl_pnas_15_323_29.pdf

[81] P. Epstein, Zur Theorie des Starkeffektes, Ann. d. Phys. 50, 489 (1916),

http://kirkmcd.princeton.edu/examples/QM/epstein_ap_50_489_16.pdf

[82] K. Schwarzschild, Zur Quantenhypothese, Sitz. K. Preuss. Akad. Wissen. 1, 548 (1916),

http://kirkmcd.princeton.edu/examples/QM/schwarzschild_skpawb_1_548_16.pdf

[83] J. Stark und G. Wendt, Beobachtungen über den Effekt des elektrischen Feldes auf Spektrallinien. II. Längseffekt, Ann. d. Phys. 43, 983 (1914),

http://kirkmcd.princeton.edu/examples/QM/stark_ap_43_983_14.pdf

[84] W.R. Hamilton, On a Geneeral Method in Dynamics; by which the Study of the Motions of all free Systems of attracting or repelling Points is reduced to the Search and Differentiation of one central Relation, or characteristic Function, Phil. Trans. Roy. Soc. London 124, 247 (1834),

http://kirkmcd.princeton.edu/examples/mechanics/hamilton_ptrsl_124_247_34.pdf

[85] C.G.J. Jacobi, Vorlesungen über Dynamik (1843), (Bruck, 1884),

http://kirkmcd.princeton.edu/examples/mechanics/jacobi_vorlesungen_43.pdf

[86] M. Nakane and C.G. Fraser, The Early History of Hamilton-Jacobi Dynamics 1834- 1837, Centaurus 44, 161 (2002),

http://kirkmcd.princeton.edu/examples/mechanics/nakane_centaurus_44_161_02.pdf

[87] L.D. Landau and E.M. Lifshitz, Mechanics, 3^{rd} ed. (Pergamon Press, 1976),

http://kirkmcd.princeton.edu/examples/mechanics/landau_mechanics.pdf

[88] E. Schrödinger, Quantisierung als Eigenwertproblem, Ann. d. Phys. 79, 361 (1926),

http://kirkmcd.princeton.edu/examples/QM/schroedinger_ap_79_361_26.pdf

Quantisation as a Problem of Proper Values,

http://kirkmcd.princeton.edu/examples/QM/schroedinger_ap_79_361_26_english.pdf

[89] E. Schrödinger, Quantisierung als Eigenwertproblem (Vierte Mitteilung), Ann. d. Phys.

81, 109 (1926), http://kirkmcd.princeton.edu/examples/QM/schroedinger_ap_81_109_26.pdf Quantisation as a Problem of Proper Values (Part IV),

http://kirkmcd.princeton.edu/examples/QM/schroedinger_ap_81_109_26_english.pdf

[90] P.A.M. Dirac, On the Theory of Quantum Mechanics, Proc. Roy. Soc. London 112, 661 (1926), http://kirkmcd.princeton.edu/examples/QM/dirac_prsla_112_661_26.pdf

[91] O. Klein, Quantentheorie und fünfdimensionale Relativitätstheorie, Z. Phys. 37, 895 (1926), http://kirkmcd.princeton.edu/examples/QM/klein_zp_37_895_26.pdf

[92] V. Fock, Über die invariante Form der Wellen- und der Bewegungsgleichungen für einen geladenen Massenpunkt, Z. Phys. 39, 226 (1926),

http://kirkmcd.princeton.edu/examples/QM/fock_zp_39_226_26.pdf

[93] F. London, Quantenmechanische Deutung der Theorie von Weyl, Z. Phys. 42, 375 (1927), http://kirkmcd.princeton.edu/examples/QM/london_zp_42_375_27.pdf

[94] W. Pauli, Relativistic Field Theories of Elementary Particles, Rev. Mod. Phys. 13, 203 (1941), http://kirkmcd.princeton.edu/examples/EP/pauli_rmp_13_203_41.pdf

[95] C.N. Yang and R.L. Mills, Conservation of Isotopic Spin and Isotopic Gauge Invariance, Phys. Rev. 96, 191 (1954), http://kirkmcd.princeton.edu/examples/EP/yang_pr_96_191_54.pdf

[96] S. Weinberg, A Model of Leptons, Phys. Rev. Lett. 19, 1264 (1967),

http://kirkmcd.princeton.edu/examples/EP/weinberg_prl_19_1264_67.pdf

[97] A. Salam, Weak and electromagnetic interactions, in Elementary Particle Theory, N. Svartholm, ed. (Wiley, 1968), p. 367,

http://kirkmcd.princeton.edu/examples/EP/salam_ns_367_68.pdf

[98] D.J. Gross and F. Wilczek, Ultraviolet Behavior of Non-Abelian Gauge Theories, Phys.

Rev. Lett. 30, 1343 (1973), http://kirkmcd.princeton.edu/examples/EP/gross_prl_30_1343_73.pdf

[99] H.D. Politzer, Reliable Perturbative Results for Strong Interactions? Phys. Rev. Lett.

30, 1346 (1973), http://kirkmcd.princeton.edu/examples/EP/politzer_prl_30_1346_73.pdf

[100] K.T. McDonald, Electron-Positron Storage Rings, the K^0-K̄^0 System and Antigravity (Oct. 28, 2016), http://kirkmcd.princeton.edu/examples/antigravity.pdf

[101] E. Noether, Invariante Variationenprobleme, Nachr. Kgl. Ges. Wiss. Göttingen, 235 (1918), http://kirkmcd.princeton.edu/examples/mechanics/noether_nkwg_235_18.pdf Invariant Variation Problems, Trans. Theory Stat. Phys. 1, 186 (1971),

http://kirkmcd.princeton.edu/examples/mechanics/noether_ttsp_3_186_71.pdf

[102] K.T. McDonald, A Damped Oscillator as a Hamiltonian System (June 9, 2015),

http://kirkmcd.princeton.edu/examples/damped.pdf

[103] S.R. Smith, Symmetries and the explanation of conservation laws in the light of the inverse problem in Lagrangian mechanics, Stud. Hist. Phil. Mod. Phys. Scr. 39, 325 (2008), http://kirkmcd.princeton.edu/examples/mechanics/smith_shpmp_39_325_08.pdf

[104] H Qin, J.W. Burby and R.C. Davidson, Field theory and weak Euler-Lagrange equation for classical particle-field systems, Phys. Rev. E 90, 032102 (2014),

http://kirkmcd.princeton.edu/examples/mechanics/qin_pre_90_043102_14.pdf