The Vector Potential is Not an Electromagnetic Momentum in General

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (April 24, 2026)

In science, the term “physical” should be reserved for entities that exist in Nature, and not applied to concepts such as words, numbers, mathematical symbols, and potentials, however useful they may be in discussions of “physical” objects.

Several papers [1]-[9] have prolonged a misunderstanding of Maxwell that the vector potential A in the Coulomb gauge (where ∇ · A = 0) is a physical “electromagnetic momentum”. Only around 1900 was it understood that the volume density p_{field} of electromagneticfield momentum is the Poynting vector S divided by c^2, where c is the speed of light.^1 Then, the electromagnetic-field momentum is related by P_{field} = ∫ p_{field} dVol = ϵ_0 ∫ E × B dVol in SI units (with permittivity ϵ_0 replaced by 1/4πc in Gaussian units, which will be used below), where E and B are the electric and magnetic fields. The field momentum is a global property of the fields and depends on the details of their distant sources.

In static examples the electromagnetic-field momentum can also be computed (following Maxwell [11]) as P_{field} = ∫ ρA^{(C)} dVol/c where A^{(C)}(x) = ∫ J(x^′) dVol/cr is the vector potential in the Coulomb gauge, ρ is the electric-charge density, J is the electric-current density and r = |r| = |x − x^′|. This reinforces that the vector potential is “useful” and “valid”, but it does not imply that the vector potential is “physical”, as suggested in [1]-[9].

In static examples the electromagnetic-field momentum can be computed in other ways as well. The form P_{field} = ∫ V^{(C)}J dVol/c^2, where V^{(C)} = ∫ ρ dVol/r is the electric scalar potential in the Coulomb gauge was first advocated Furry [12]. And, the form P_{field} = ∫ (J·E) r dVol/c^2 where E = ∫ ρ r̂ dVol/r^2 was introduced by Aharonov, Pearle and Vaidman [13].

The density of momentum in the electromagnetic field is p_{field} = S/c^2 = E × B/4πc, and not ρA^{(C)}/c nor V^{(C)}J/c^2 nor (J · E) r/c^2.

The physical electromagnetic fields E and B can be related to the electromagnetic potentials A and V in any gauge, so it is not reasonable to consider these potentials in the infinite variety of gauges as all physical. Maxwell did favor the Coulomb gauge, and papers such as [1]-[9] do also, implying that this gauge is the only one that is physical. Yet, even the Coulomb gauge is not unique as the transformations A → A + ∇χ and V → V − ∂χ/∂ct where ∇^2χ = 0 leave A and V in the Coulomb gauge (i.e., ∇ · A = 0). Those who consider the vector potential to be physical insist that its physical form is A^{(C)} = ∫ J dVol/cr, which applies only when the current distribution is static.^2

As a technical footnote, recall that the canonical momentum of an electric charge q with (rest) mass m and velocity v in an electromagnetic field can be written as p_{canon} =

1For a brief history of this insight, see p. 246 of [10].

2A static example can have nonzero electromagnetic-field momentum, but the total momentum should be zero in this case. Hence, we infer the existence of a (physical) “hidden” mechanical momentum [14] equal and opposite to the electromagnetic field momentum. This is a “relativistic” effect [15] in a static example, which is a surprising insight following from the (misguided) attempts to assign a physical significance to the vector potential.

p_{mech} + qA/c for the vector potential A in any gauge, with p_{mech} = mv/ √ 1 − v^2/c^2. Then, the Hamiltonian, H = c[m^2c^2 + (p_{canon} − qA/c)^2]^{1/2} + qV , of the electric charge in an electromagnetic field appears not to be gauge invariant, but the equation of motion, obtained by taking derivatives of the Hamiltonian, is gauge invariant, being m a = q(E + v/c × B), i.e., the Lorentz force law. This is perhaps the most significant descendant of Maxwell’s notion that the vector potential is a kind of “electromagnetic momentum”.

References

[1] E.J. Konopinski, What the electromagnetic vector potential describes, Am. J. Phys. 46, 499-502 (1978). https://doi.org/10.1119/1.11298

http://kirkmcd.princeton.edu/examples/EM/konopinski_ajp_46_499_78.pdf

[2] M.D. Semon and J.R. Taylor, Thoughts on the magnetic vector potential, Am. J. Phys.

64, 1361-1369 (1996). https://doi.org/10.1119/1.18400

http://kirkmcd.princeton.edu/examples/EM/semon_ajp_64_1361_96.pdf

[3] N.K. Georgieva and H.W. Tam, Potential Formalisms in Electromagnetic-Field Analysis, IEEE Trans. Micro. Tech. Meas. 51, 1330-1338 (2003).

https://doi.org/10.1109/TMTT.2003.809188
https://kirkmcd.princeton.edu/examples/EM/georgieva_ieeemtt_51_1330_03.pdf

[4] G. Rousseaux, On the physical meaning of the gauge conditions of Classical Electromagnetism: the hydrodynamics analogue viewpoint, Ann. Fond. Louis de Broglie 28, 261-269 (2003). https://hal.science/hal-00013234

https://kirkmcd.princeton.edu/examples/EM/rousseaux_aflb_28_261_03.pdf

[5] D. Iencinella and G. Matteucci, An introduction to the vector potential, Eur. J. Phys.

25, 249-256 (2004). https://doi.org/10.1088/0143-0807/25/2/011

https://kirkmcd.princeton.edu/examples/EM/iencinella_ejp_25_249_04

[6] G. Rousseaux, R. Kofman and O. Minazzoli, The Maxwell-Lodge effect: Significance of electromagnetic potentials in the classical theory, Eur. Phys. J. D 49, 249-256 (2008).

https://doi.org/10.1140/epjd/e2008-00142-y
https://kirkmcd.princeton.edu/examples/EM/rousseaux_epjd_49_249_08.pdf

[7] G. Giuliani, Vector potential, electromagnetic induction and ‘physical meaning’, Eur.

J. Phys. 31, 871-880 (2010). http://dx.doi.org/10.1088/0143-0807/31/4/017

https://kirkmcd.princeton.edu/examples/EM/giuliani_ejp_31_871_10.pdf

[8] S. Barbieri, M. Cavinato and M. Giliberti, An educational path for the magnetic vector potential and its physical implications, Eur. J. Phys. 34, 1209-1219 (2013).

http://dx.doi.org/10.1088/0143-0807/34/5/1209
https://kirkmcd.princeton.edu/examples/EM/barbieri_ejp_34_1209_13.pdf

[9] J. Adams and C. Dunston, Numerical modeling of the magnetic vector potential and the associated electromagnetic momenta, Am. J. Phys. 94, 113-119 (2026).

https://doi.org/10.1119/5.0246553
http://kirkmcd.princeton.edu/examples/EM/adams_ajp_94_113_26.pdf

[10] K.T. McDonald, The Poynting vector should be E × B/μ_0 not E × H, Am. J. Phys. 94, 245-247 (2026). https://doi.org/10.1119/5.0297408

http://kirkmcd.princeton.edu/examples/EM/mcdonald_ajp_94_245_26.pdf

[11] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2. (Clarendon Press, Oxford, 1873). See eq. (7) of Art. 590.

[12] W.H. Furry, Examples of Momentum Distributions in the Electromagnetic Field and in Matter, Am. J. Phys. 37, 621-636 (1969).

https://doi.org/10.1119/1.1975729
http://kirkmcd.princeton.edu/examples/EM/furry_ajp_37_621_69.pdf

[13] Y. Aharonov, P. Pearle and L. Vaidman, Comment on “Proposed Aharonov-Casher effect: Another example of an Aharonov-Bohm effect arising from a classical lag,” Phys. Rev. A 37, 4052-4055 (1988). https://doi.org/10.1103/PhysRevA.37.4052

http://kirkmcd.princeton.edu/examples/QM/aharonov_pra_37_4052_88.pdf

[14] K.T. McDonald, On the Definition of “Hidden” Momentum (July 19, 2012).

http://kirkmcd.princeton.edu/examples/EM/hiddendef.pdf

[15] D. Babson et al., Hidden momentum, field momentum, and electromagnetic impulse, Am. J. Phys. 77, 826-833 (2009). See p. 828. https://doi.org/10.1119/1.3152712

http://kirkmcd.princeton.edu/examples/EM/babson_ajp_77_826_09.pdf