“Hidden” Momentum in an e^+e^− Pair

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (April 30, 2015; updated August 3, 2015)

1 Problem

Discuss the momentum (mechanical, field, and total) of an e^+e^− pair in the classical limit, supposing the particles move in a circle at opposite ends of a diameter.

Take into account that the electron and positron have rest mass m_e, electric charge of magnitude e and magnetic moments of approximate magnitude eℏ/2m_ec (in Gaussian units), where ℏ is Planck’s constant divided by 2π, and c is the speed of light in vacuum.^{1,2}

2 Solution

2.1 Thomson on the Field Momentum of a Charge and a Magnet

In 1891, J.J. Thomson [9] first enunciated what has since become the standard expression for the density of momentum stored in electromagnetic fields in vacuum,

p_{EM} =

E × B 4πc . (1)

In 1904, he argued (p. 348 of [10], see also [11, 12]) that the total field momentum,

P_{EM} = ∫ p_{EM} dVol = ∫ E × B 4πc dVol, (2)

is equal, assuming the magnetic field to be due to electrical currents (and that electromagnetic waves can be neglected), to the form,

P^{(Maxwell)}

EM = ∫ ρA^{(C)} c dVol, (3)

given by Maxwell [13, 14], who built this concept on Faraday’s electrotonic state,^3

1That electrons have intrinsic angular momentum (spin) and an intrinsic magnetic moment was first proposed by Uhlenbeck and Goudsmit (1925) [1], and was deduced as a consequence of Dirac’s (quantum) theory of the electron (1928) [2]. That theory included nominally negative-energy states, which were reinterpreted as positive-energy “electrons” that have positive charge by Dirac (1931) [3] (in a paper better known for introducing the quantum condition ep/c = nℏ/2 if magnetic monopoles p exist). The experimental discovery of positive electrons was reported by Anderson (1933) [4], who named them positrons (apparently following a suggestion by a referee). Quantum e^+e^− states were first discussed by Mohoroviĉiĉ (1934) [5], given the name positronium by Ruark (1945) [6], and first detected by Deutsch (1951) [7].

2This problem on “classical positronium” was considered in Appendix B of [8], with neglect of the magnetic moments.

3Faraday first speculated on an electro-tonic state in Art. 60 of [15]. Other mentions by Faraday of the electrotonic state include Art. 1661 of [16], Arts. 1729 and 1733 of [17], and Art. 3269 of [18].

where ρ is the electric charge density and A^{(C)} is the vector potential in the Coulomb gauge (that Maxwell used prior to the explicit recognition of gauge conditions [19]).^{4,5} In 1904, Thomson [10, 11, 12] illustrated the concept of electromagnetic field momentum for several examples of systems at rest, including a small magnet with magnetic dipole moment m together with an electric charge q well outside the magnet. He computed that if the magnetic field is due to electrical currents (Ampèrian magnetic moment), than the field momentum of the system is,

P_{EM} = qA c = q m × r̂ cr^2 = E × m c , (8)

where r̂ points from the magnetic dipole to the charge, such that E = −q r̂/r^2 is the electric field at the magnetic dipole due to the electric charge. In contrast, if the magnetic dipole were due to a pair of opposite, true (Gilbertian) magnetic poles, Thomson noted that the field momentum would be zero.

4Some of Thomson’s thoughts on field momentum are traced in [20].

Thomson [9] argued that a sheet of electric displacement D (parallel to the surface) which moves perpendicular to its surface with velocity v must be accompanied by a sheet of magnetic field H = v/c × D according to the free-space Maxwell equation ∇ × H = (1/c) ∂D/∂t. Then, the motion of the energy density of these sheets implies there is also a momentum density, eqs. (2) and (6) of [9],

p^{(Thomson)}

EM =

D × H 4πc . (4)

In 1893, Thomson transcribed much of his 1891 paper into the beginning of Recent Researches [21], adding the remark (p. 9) that the momentum density (4) is closely related to the Poynting vector [22, 23], S = c 4π E × H. (5)

Thomson argued, in effect, that the field momentum density (4) is related by p_{EM} = S/c^2 = uv/c^2.

Variants of this argument were given by Heaviside in 1891, sec. 45 of [24], and much later in sec. 18-4 of [25], where it is noted that Faraday’s law, ∇ × E = −(1/c) ∂B/∂t, combined with the Maxwell equation for H implies that v = c in vacuum, which point seems to have been initially overlooked by Thomson, although noted in sec. 265 of [26].

The form (4) was also used by Poincaré in 1900 [27], following Lorentz’ convention [28] that the force on electric charge q be written q(D + v/c × H), and that the Poynting vector be (c/4π) D × H. In 1903 Abraham [29] argued for,

p^{(Abraham)}

EM =

E × H 4πc = S c^2

, (6)

and in 1908 Minkowski [30] advocated the form,

p^{(Minkowski)}

EM =

D × B 4πc . (7)

Minkowski, like Poynting [22], Heaviside [23] and Abraham [29], wrote the Poynting vector as E × H. See eq. (75) of [30]. For some remarks on the “perpetual” Abraham-Minkowski debate see [31].

5Thomson did not relate the momentum density (2) to Maxwell’s argument that radiation pressure P of light (sec. 792 of [14]) is equal to its energy density u, P = u = D^2/4π = H^2/π, eq. (2), until 1904 (p. 355 of [10]) when he noted that P = F/A = c p_{EM} = D^2/4π = H^2/4π for fields moving with speed c in vacuum, for which D = H. Possibly, Thomson delayed publishing the relation of radiation pressure to his expression (4) until he could demonstrate its equivalence to Maxwell’s form (3). For other demonstrations of this equivalence, see Appendix B of [41], and [32].

Thomson was somewhat aware that it would be unusual for a system “at rest” to have nonzero total momentum, and commented (p. 348 of [10]) on the ambiguity as to whether the charge or the magnet would move if the magnetic moment were to vanish. This difficulty went largely unnoticed until 1967 [33, 34], leading Shockley [35] to conclude that the system contains a hidden momentum that had been overlooked in the (macroscopic) analyses, such that the total momentum of a system “at rest” is indeed zero.^6

2.2 Field Momentum of an Electron and Positron at Rest

We infer from eq. (8) that if an electron and positron could be at rest in each other’s electromagnetic fields, then their total field momentum would be,

P_{EM} =

E × (m_+ + m_−) c (e^+e^− at rest), (9)

where E is the electric field of the electron at the position of the positron (which equals the field of the positron at the position of the electron), and m_+ and m_− are the magnetic moments of the positron and electron, respectively.

We then expect that the system contains a “hidden” momentum,

P_{hidden} = −P_{EM} =

(m_+ + m_−) × E c , (e^+e^− at rest), (10)

such that P_{total} = P_{hidden} + P_{EM} = 0.

The existence of this “hidden” momentum is somewhat disconcerting, in that as far as is known from high-energy scattering experiments, the electron and positron are structureless,^7 and hence can’t “hide” any momentum inside themselves. Of course, the fact that electrons and positrons have magnetic moments is also disconcerting, given their apparent lack of internal structure.

The magnitude of the field momentum (9) and of the “hidden” momentum (10) is of order e^2ℏ/m_ec^2d^2 = ℏr_e/d^2, where d is the distance between the electron and positron, and r_e = e^2/_ec^2 is the so-called classical electron radius. As these momenta are of order 1/c^2 they are sometimes called “relativistic” effects.

The notion of “hidden” momentum was invoked above to restore to zero the total momentum of an isolated system “at rest”. See [41] for a general definition of “hidden” momentum in a macroscopic description of a subsystem, isolated or not, in terms of quantities of that subsystem only. One consequence of this definition is that the field momentum (2) is also the “hidden” momentum of the subsystem of macroscopic electromagnetic fields in quasistatic examples where electromagnetic waves are neglected.

6Variants of Thomson’s example of a magnet and an electric charge in which the (electrically neutral) current is modeled as charges moving inside a nonconducting tube are considered in [33], ex. 12-13 of [36], and [37]. A model of the current as charges fixed on the rim of a rotating disk is considered in [35, 38], and the case of a toroidal permanent magnet is discussed in [39].

7A controversial interpretation [40] of the data is that the size of the electron is about 10^{−17} cm, ≈ 1/10, 000 of the size of a proton/neutron. My view here is that this value should be regarded as the present experimental limit on the size of the electron.

2.3 Circular Motion

An electron and positron will not stay at rest, but can be in a quasistatic state of uniform circular motion with radius r and velocity v related by v^2/c^2 ≈ r_e/4r, if radiation is ignored.^8 As discussed, for example, in sec. 4.1.4 of [41], the field momentum and “hidden” momentum of quasistatic systems are at order 1/c^2, and the same as those for the corresponding system at rest. Hence, we anticipate that eqs. (9)-(10) hold for an e^+e^− system in uniform circular motion, where the symbol R is twice the radius r of the circular orbit. Justification of this claim is given to order 1/c^2 in Appendix A.

Of particular interest is the case that m_+ = m_−, and both moments are perpendicular to the plane of their orbits.^9 Then, the field momentum E × (m_+ + m_−)/c of the system is nonzero,^{10} while its total mechanical momentum is zero. The center of mass/energy of this system is at rest, so the total momentum must be zero. Hence, there must be a “hidden mechanical momentum” associated with the moving electrons/positrons which is equal and opposite to the field momentum.

There is no classical model for this “hidden” momentum, in that there exists no successful classical model of the magnetic moment of an electron. One can say that the “hidden” momentum in an e^+e^− system is a quantum effect that protudes into a classical discussion.

2.4 Comments

“Hidden” momentum can exist in the macroscopic description of (sub)systems not involving permanent magnetism, which was the context of Shockley’s original consideration [35] of this concept. In such cases, macroscopic explanations can be found for the “hidden” momentum, as in [33, 36, 37]. If one takes a microscopic view of these examples, in which intrinsic magnetic moments are neglected and all charges are structureless points that can’t contain internal momentum, one finds [42] no microscopic “hidden” momentum,^{11} and that the

8See Appendix B for discussion of the velocity, and Appendix C for discussion of the radiation. 9The spin angular momentum S_± of an electron or positron has magnitude ℏ/2, and is related to its magnetic moment m_± by S_± = ±(mc/e)m_±, so that if m_+ = m_− the total spin angular momentum of the pair is zero.

10The electromagnetic field momentum associated with the magnetic fields B_±(v) = v_±/c × E_± of the moving charges is zero. To see this, we note that the electric fields at point r are E_± = ±eR_±/R^3_± = ±e(r − r_±)/R^3_±, where r_− = −r_+ and v_− = −v_+. Hence,

P_{EM}(v) = ∫ (E_+ + E_−) × (B_+ + B_−) 4πc dVol = ∫ E_+ × B_+ + E_− × B_− 4πc dVol + ∫ E_+ × B_− + E_− × B_+ 4πc dVol

= −e^2 ∫ (r − r_+) × [v_− × (r − r_−)] + (r − r_−) × [v_+ × (r − r_+)] 4πc^2R^3_+R^3_− dVol

= −e^2 ∫ [r · (v_− + v_−)]r − (r · v_−)r_+ − (r · v_+)r_− − (r_+ · v_−)r − (r_− · v_+)r + (r_+ · v_−)r_− + (r_− · v_+)r_+ 4πc^2R^3_+R^3_− dVol

= 0. (11)

11See also sec. 4 of [41].

macroscopic “hidden” momentum of electrical currents is associated with the field momentum of the microscopic electromagnetic fields which were neglected in the macroscopic view. Of course, such microscopic arguments fail for examples involving permanent magnetism, and also fail to account for the stability of macroscopic matter, both of which phenomena are better understood in quantum theory.^{12,13}

A Appendix: Darwin’s Approximation

As “hidden” momentum (including the field momentum) is of order 1/c^2, we will consider details of circular motion of an e^+e^− system only to this order. A general discussion of the motion of charged particles to order 1/c^2 was given by Darwin [44] (1920), prior to the understanding [1] that particles can have intrinsic magnetic moments.

A.1 The Darwin Approximation without Magnetic Moments

The Lagrangian for a charge e of mass m that moves with velocity v in an external electromagnetic field that is described by potentials V and A can be written (see, for example, sec. 16 of [45]), L = −mc^2 √ 1 − v^2/c^2 − eV + e v c · A. (12)

Darwin [44] worked in the Coulomb gauge, and kept terms only to order v^2/c^2. For a collections of charged particles, the Darwin Lagrangian is, L = ∑ i m_iv^2_i 2 + ∑ i m_iv^4_i 8c^2 − ∑ i>j e_iV^{(C)}_{ij} + ∑ i>j e_i v_i c · A^{(C)}_{ij} , (13)

where we ignore the constant sum of the rest energies of the particles, and V^{(C)}_{ij} , A^{(C)}_{ij} are the Coulomb-gauge potentials at particle i due to particle j.

The Lagrangian (13) does not depend explicitly on time, so the corresponding Hamiltonian, H = ∑ i p_i · v_i − L, (14)

is the conserved energy of the system, where,

p_i = ∂L ∂v_i

= m_iv_i + m_iv^2_i 2c^2 v_i + ∑ j≠i

e_i

A^{(C)}_{ij} c (15)

12One could take that attitude that “classical” electromagnetism excludes quantum effects, and hence excludes intrinsic magnetic moments and permanent magnetism. Then, in the microscopic view of this “classical” electrodynamics, that all electrical charges are structureless points and “point” magnetic dipoles don’t exist, there will be no “hidden” momentum. It remains that “hidden” momentum exists in a macroscopic description of this electrodynamics.

Note that the “classical” electrodynamics of structureless point charges is quite different from Maxwell’s vision of electrodynamics [13], which accommodated permanent magnetism,and did not assume that electric charge is associated with mathematical points.

13A quantum calculation of “hidden” momentum in a hydrogen atom, ignoring electron spin, has been given in [43].

is the canonical momentum of particle i. Hence, the Hamiltonian/energy is,^{14} U = ∑ i m_iv^2_i 2 + ∑ i 3m_iv^4_i 8c^2 + ∑ i>j e_ie_j R_{ij} + ∑ i>j e_iV^{(C)}_{ij} + ∑ i>j e_i v_i c · A^{(C)}_{ij} . (17)

The Coulomb-gauge scalar and vector potentials due to a charge e that has velocity v but no magnetic moment are (see sec. 65 of [45] or sec. 12.6 of [46]),

V^{(C)}_e = e R , A^{(C)}_e = e[v + (v · n̂)n̂] 2cR , (18)

where n̂ is directed from the charge to the observer, whose (present) distance is R. Then, the Lagrangian, the canonical momenta and the conserved energy/Hamiltonian for a system of electrical charges without magnetic moments are, L = ∑ i m_iv^2_i 2 + ∑ i m_iv^4_i 8c^2 − ∑ i>j e_ie_j R_{ij} + ∑ i>j e_ie_j 2c^2R_{ij}

[v_i · v_j + (v_i · n̂_{ij} )(v_j · n̂_{ij} )] , (19)

p_i = m_iv_i + m_iv^2_i 2c^2 v_i + ∑ j≠i

e_ie_j 2c^2R_{ij}

[v_j + n̂_{ij} (v_j · n̂_{ij} )] (20)

and, U = ∑ i m_iv^2_i 2 + ∑ i 3m_iv^4_i 8c^2 + ∑ i>j e_ie_j R_{ij} + ∑ i>j e_ie_j 2c^2R_{ij}

[v_i · v_j + (v_i · n̂_{ij} )(v_j · n̂_{ij})] , (21)

as first given by Darwin [44].

The part of this Hamiltonian/energy associated with electromagnetic interactions is,

U_{EM} = ∑ i>j e_ie_j R_{ij} + ∑ i>j e_ie_j 2c^2R_{ij}

[v_i · v_j + (v_i · n̂_{ij} )(v_j · n̂_{ij} )] . (22)

A.2 The Darwin Approximation Including Magnetic Moments

In a frame where a particle with intrinsic electric and magnetic dipole moments p and m has velocity v it appears to have both an electric dipole moment p^′ and magnetic moment m^′ given by,^{15}

p^′ = p + v c × m − (1 − 1/γ)(v̂ · p)v̂, m^′ = m − v c × p − (1 − 1/γ)(v̂ · m)v̂. (23)

14The integral form of eq. (17),

U_{EM} = 1 2 ∫ ( ρϕ +

J · A c ) dVol, (16)

shows the possibly surprising result that the electromagnetic energy in the Darwin approximation has the form of that for a system of quasistatic charge and current densities ρ and J (which implies use of the Coulomb gauge; see, for example, sec. 5.16 of [46] or secs. 31 and 33 of [50]).

15The transformation (23) was first written for macroscopic densities P and M of electric and magnetic dipole moments by Lorentz [47], and for an electron by Frenkel [48, 49].

As far as we know, the intrinsic electric dipole moment p of electrons and positrons is zero, so the moments of a moving electron/positron are, ,approximately,

p^′ ≈ v c × m, m^′ ≈ m. (24)

The Coulomb-gauge scalar potential associated with the “motional” electric dipole moment p^′ is, to order 1/c^2,

V^{(C)}_m = p^′ · n̂ R^2 ≈ n̂ · (v × m) cR^2

, (25)

The vector potential of a magnetic moment at rest is,

A^{(C)}_m = m × n̂

R^2

. (26)

The vector potential of a moving magnetic dipole differs from this, but with terms that depend on various powers of 1/c. Since we want the electromagnetic momentum qA/c to order 1/c^2, we only need the vector potential to order 1/c. Then, as the magnetic moment m is of order 1/c, we don’t need any corrections for the form (26).

We can verify this conclusion by following the procedure of sec. 65 of [45], which first finds the (approximate) retarded potentials in the Lorenz gauge, and then transforms these to the Coulomb gauge.

The retarded (Lorenz-gauge) vector potential is,

A^{(L)}_m (t) = [ m^′ × R R^3 ] t^′=t−R/c ≈ m × R

R^3 | | |_t = m × n̂ R^2 | | |_t , (27)

since we want the electromagnetic momentum qA/c to order 1/c^2, we only need the vector potential to order 1/c. Then, since the magnetic moment m is of order 1/c, we don’t need any corrections to these that effects of retardation negligible for A in the desired approximation. More care is required for the retarded scalar potential, which can be expanded as,

V^{(L)}(r, t) = ∫ ρ(r^′, t^′ = t − R/c) R dVol^′ ≈ ∫ ρ(r^′, t) R dVol^′ − 1 c ∂ ∂t ∫ ρ(r^′, t) dVol^′ + 1 2c^2

∂^2 ∂t^2 ∫ Rρ(r^′, t) dVol^′. (28)

For an electric dipole moment p^′ = qd^′ consisting of electric charges ±q separated by (small) distance d^′, we have that R_± = R_± ± d^′/2, R_± ≈ R ∓ n̂ · d^′/2, so the Lorenz-gauge scalar potential of the magnetic dipole in the lab frame is,

V^{(L)}_m ≈ p^′ · n̂ R^2 − 1 2c^2

∂^2 ∂t^2 p^′ · n̂. (29)

We now wish to transform the Lorenz-gauge potentials into the Coulomb gauge via a gauge-transformation function χ,

V^{(C)}_m = V^{(L)}_m − 1 c ∂χ ∂t , A^{(C)}_m = A^{(L)}_m + ∇χ. (30)

Comparing eqs. (25) and (29), we see that, χ = 1 2c ∂ ∂t p^′ · n̂, (31) and hence,

A^{(C)}_m = A^{(L)}_m + 1 2c ∂ ∂t ∇(p^′ · n̂) ≈ m × n̂

R^2 + 1 2c ∂ ∂t (p^′ · ∇)n̂ = m × n̂

R^2 + 1 2c ∂ ∂t p^′ − (p^′ · n̂)n̂ R (32)

Now,

∂p^′ ∂t ≈ a c × m , ∂R ∂t = −v, R ∂R ∂t = ∂ ∂t R^2 2 = ∂ ∂t R^2 2 = R · ∂R ∂t = −v · R, ∂R ∂t = −v · n̂, ∂ ∂t 1 R = v · n̂ R^2 , ∂n̂ ∂t = ∂ ∂t R R = 1 R ∂R ∂t − R R^2 ∂R ∂t = −v + (v · n̂)n̂ R , (33)

where a = dv/dt is the present acceleration of the dipole. Finally, the Coulomb-gauge vector potential of the moving dipole in the lab frame is,

A^{(C)}_m ≈ m × n̂ R^2 + (v × m · n̂)(v − (v · n̂)n̂) 2c^2R^2 + a × m − (a × m · n̂)n̂ 2c^2R ≈ m × n̂

R^2

. (34)

Now that we have the potentials of a moving magnetic dipole to order 1/c^2 in the Coulomb gauge, we readily obtain the Lagrangian, the canonical momenta and the conserved energy/Hamiltonian for a system of electrical charges with magnetic moments, L = ∑ i m_iv^2_i 2 + ∑ i m_iv^4_i 8c^2 + ∑ i>j e_i ( − e_j R_{ij} + e_j [v_i · v_j + (v_i · n̂_{ij} )(v_j · n̂_{ij} )] 2c^2R_{ij} − n̂_{ij} · (v_j × m_j ) cR^2_{ij} + m_j × n̂_{ij} cR^2_{ij} ) , (35)

p_i = m_iv_i + m_iv^2_i 2c^2 v_i + e_i ∑ j≠i ( e_j 2c^2R_{ij}

[v_j + n̂_{ij} (v_j · n̂_{ij} )] + m_j × n̂_{ij} cR^2_{ij} ) , (36)

and, U = ∑ i m_iv^2_i 2 + ∑ i 3m_iv^4_i 8c^2 + ∑ i>j e_i ( e_j R_{ij} + e_j [v_i · v_j + (v_i · n̂_{ij})(v_j · n̂_{ij} )] 2c^2R_{ij} n̂_{ij} · (v_j × m_j ) cR^2_{ij} + m_j × n̂_{ij}

cR^2_{ij} ) . (37)

A.3 Field Momentum for e^+e^− in Circular Motion

After these lengthy preliminaries, we find that the electromagnetic field momentum for an e^+e^− in uniform circular motion has the same form (9) for the charges at rest,

P_{EM} = e_+A_{+−} + e_−A_{−+} c ≈ − e^2 cR^2

[v_− + n̂(v_− · n̂)v_+n̂(v_+ · n̂)] + e(m_+ + m_−) × n̂ cR^2 = e(m_+ + m_−) × n̂ cR^2 = E × (m_+ + m_−) c , (38)

where n̂ points from the electron to the positron, and E = −e n̂/R^2 is the electric field due to the electron at the location of the positron.

B Forces On an e^+e^− Pair in Circular Motion

The potentials of a moving electron/positron in the Darwin approximation are,

V^{(C)} = e R + n̂ · (v × m) cR^2

, A^{(C)} = e[v + (v · n̂)n̂] 2cR + m × n̂

R^2

, (39)

and the corresponding electromagnetic fields are,^{16}

E = −∇V^{(C)} −

∂A^{(C)} ∂ct = e n̂ R^2 + 3[n̂ · (v × m)]n̂ − v × m cR^3 − e 2c^2R [ a + (a · n̂)n̂ +

3(v · n̂)^2 − v^2 R n̂ ] − ṁ × n̂ cR^2 + m × v cR^3

, (40)

B = ∇ × A^{(C)} = ev × n̂ cR^2 + 3(n̂ · m)n̂ − m R^3

, (41)

In general, the electric field is not along n̂, i.e., not along the line of centers of the electron and positron.

We restrict our attention to electrons an positrons in uniform circular motion with radius r = r/2, and with m_+ = m_− ≡ m ⊥ n̂. Then, the magnetic field at the electron or positron (due to the positron or electron) is parallel to its magnetic moment, such that the torque on this moment is zero, and ṁ_± = 0. Further, v × m is parallel to n̂, so the Lorentz force e(E+v/c×B) on the electron or positron is parallel to n̂. Also, the lab-frame electric dipole moment p^′ = v/c × m is parallel to n̂, so the force on this moment, (p^′ · ∇)E is parallel to n̂. Finally, m · B = emv/cR^2 − m^2/r^3, so the force ∇(m · B) on each magnetic dipole is parallel to n̂.

The total force on the electron or positron is parallel to n̂, and to leading order is just the Coulomb force e^2/R^2 = e^2/4r^2. All other force terms discussed above are of order 1/c^2. To a good approximation, the radial force equation is,

F_r = − e^2 4r^2 = − m_ev^2 r v^2 c^2 = e^2 4m_ec^2r = r_e 4r , (42)

where m_e is the rest mass of the electron and r_e = e^2/m_ec^2 = 2.8 × 10^{−13} cm is the so-called classical electron radius. For example, if r = 1 cm, then v/c ≈ 2.6×10^{−7}, and v ≈ 8000 cm/s.

C Lifetime of the e^+e^− Circular Motion

We have ignored electromagnetic radiation in the preceding. However, the e^+e^− system emits energy, predominantly in the form of electric dipole radiation, at the rate, dU dt = − 2d̈^2 3c^3 = − 2d^2ω^4 3c^3 = − 8e^3r^2v^4 3c^3r^4 = − 8e^2cr^2_e 3r^4

, (43)

16The generals fields of a moving magnetic dipole have been given in [51].

noting that the electric dipole moment of the system is d = 2er. The energy of the system is, U = − e^2 4r , dU dt = e^2 4r^2 dr dt , (44)

such that,

r^2 dr dt = − 2cr^2_e 3 , r^3 = r^3_0 − 2cr^2_e t. (45)

The radius of the e^+e^− system falls to zero in time, t = r^3_0 2cr^2_e

= 2 × 10^{14}r^3_0 s, (46)

for initial radius r_0 of the orbit in cm. The lifetime is very long for r_0 = 1 cm, but only about 10^{−10} s for r_0 = 1^∘A (which is roughly the lifetime of the ground state of positronium).

References

[1] G.E. Uhlenbeck and S. Goudsmit, Ersetzung der Hypothese vom unmechanischen Zwang durch eine Forderung bezüglich des inneren Verhaltens jedes einzelnen Elektrons, Naturw. 13, 953 (1925), http://kirkmcd.princeton.edu/examples/QM/uhlenbeck_naturw_13_953_25.pdf

[2] P.A.M. Dirac, The Quantum Theoy of the Electron, Proc. Roy. Soc. London A 117, 610 (1928), http://kirkmcd.princeton.edu/examples/QED/dirac_prsla_117_610_28.pdf

[3] P.A.M. Dirac, Quantised Singularities in the Electromagnetic Field, Proc. Roy. Soc.

London A 133, 60 (1931), http://kirkmcd.princeton.edu/examples/QED/dirac_prsla_133_60_31.pdf

[4] C. Anderson, The Positive Electron, Phys. Rev. 43, 491 (1933),

http://kirkmcd.princeton.edu/examples/EP/anderson_pr_43_491_33.pdf

[5] S. Mohoroviĉiĉ, Möglichkeit neuer Elemente und ihre Bedeutung fur die Astrophysik, Atom. Nachr. 253, 93 (1934),

http://kirkmcd.princeton.edu/examples/QED/mohorovicic_an_253_93_34.pdf

[6] A.E. Ruark, Positronium, Phys. Rev. 68, 278 (1945),

http://kirkmcd.princeton.edu/examples/QED/ruark_pr_68_278_45.pdf

[7] M. Deutsch, Evidence for the Formation of Positronium in Gases, Phys. Rev. 82, 455 (1951), http://kirkmcd.princeton.edu/examples/QED/deutsch_pr_82_455_51.pdf

[8] K.T. McDonald, Darwin Energy Paradoxes (Oct. 29, 2008),

http://kirkmcd.princeton.edu/examples/darwin.pdf

[9] J.J. Thomson, On the Illustration of the Properties of the Electric Field by Means of Tubes of Electrostatic Induction, Phil. Mag. 31, 149 (1891),

http://kirkmcd.princeton.edu/examples/EM/thomson_pm_31_149_91.pdf

[10] J.J. Thomson, On Momentum in the Electric Field, Phil. Mag. 8, 331 (1904),

http://kirkmcd.princeton.edu/examples/EM/thomson_pm_8_331_04.pdf

[11] J.J. Thomson, Electricity and Matter (Charles Scribner’s Sons, 1904), pp. 25-35,

http://kirkmcd.princeton.edu/examples/EM/thomson_electricity_matter_04.pdf

[12] J.J. Thomson, Elements of the Mathematical Theory of Electricity and Magnetism, 3^{rd} ed. (Cambridge U. Press, 1904), http://kirkmcd.princeton.edu/examples/EM/thomson_EM_4th_ed_09.pdf

[13] J.C. Maxwell, A Dynamical Theory of the Electromagnetic Field, Phil. Trans. Roy. Soc.

London 155, 459 (1865), http://kirkmcd.princeton.edu/examples/EM/maxwell_ptrsl_155_459_65.pdf

[14] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2, 3^{rd} ed. (Clarendon Press, 1892), Arts. 618 and 792, kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_92.pdf

[15] M. Faraday, Experimental Researches in Electricity, Phil. Trans. Roy. Soc. London 122, 125 (1832), kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_122_163_32.pdf

[16] M. Faraday, Experimental Researches in Electricity.—Thirteenth Series, Phil. Trans.

Roy. Soc. London 128, 125 (1838),

http://kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_128_125_38.pdf

[17] M. Faraday, Experimental Researches in Electricity.—Fourteenth Series, Phil. Trans.

Roy. Soc. London 128, 265 (1838),

http://kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_128_265_38.pdf

[18] M. Faraday, On the Physical Character of the Lines of Magnetic Force, Phil. Mag. 3, 401 (1852), kirkmcd.princeton.edu/examples/EM/faraday_pm_3_401_52.pdf

[19] J.D. Jackson and L.B. Okun, Historical roots of gauge invariance, Rev. Mod. Phys. 73, 663 (2001), http://kirkmcd.princeton.edu/examples/EM/jackson_rmp_73_663_01.pdf

[20] K.T. McDonald, J.J. Thomson and “Hidden” Momentum (Apr. 30, 2014),

http://kirkmcd.princeton.edu/examples/thomson.pdf

[21] J.J. Thomson, Recent Researches in Electricity and Magnetism (Clarendon Press, 1893),

http://kirkmcd.princeton.edu/examples/EM/thomson_recent_researches_sec_1-16.pdf

[22] J.H. Poynting, On the Transfer of Energy in the Electromagnetic Field, Phil. Trans.

Roy. Soc. London 175, 343 (1884),

http://kirkmcd.princeton.edu/examples/EM/poynting_ptrsl_175_343_84.pdf

[23] O. Heaviside, Electrical Papers, Vol. 1 (Macmillan, 1894),

http://kirkmcd.princeton.edu/examples/EM/heaviside_electrical_papers_1.pdf

See p. 438 for the Poynting vector. Heaviside wrote the momentum density in the Minkowski form D × B/4πc on p. 108 of [24].

[24] O. Heaviside, Electromagnetic Theory, Vol. 1 (Electrician Publishing Co., 1891),

http://kirkmcd.princeton.edu/examples/EM/heaviside_electromagnetic_theory_1.pdf

[25] R.P. Feynman, R.B. Leighton and M. Sands, The Feynman Lectures on Physics, Vol. 2 (Addison-Wesley, 1963), http://www.feynmanlectures.caltech.edu/II_17.html#Ch17-S4

http://www.feynmanlectures.caltech.edu/II_18.html#Ch18-S2

[26] J.J. Thomson, Elements of the Mathematical Theory of Electricity and Magnetism (Cambridge U. Press, 1895), http://kirkmcd.princeton.edu/examples/EM/thomson_EM_1st_ed_95.pdf

[27] H. Poincaré, La Théorie de Lorentz et la Principe de Réaction, Arch. Neer. 5, 252 (1900), http://kirkmcd.princeton.edu/examples/EM/poincare_an_5_252_00.pdf Translation: The Theory of Lorentz and the Principle of Reaction,

http://kirkmcd.princeton.edu/examples/EM/poincare_an_5_252_00_english.pdf

[28] H.A. Lorentz, La Théorie Électromagnétique Maxwell et Son Application aux Corps Mouvants, (Brill, Leiden, 1892),

http://kirkmcd.princeton.edu/examples/EM/lorentz_theorie_electromagnetique_92.pdf

[29] M. Abraham, Prinzipien der Dynamik des Elektrons, Ann. Phys. 10, 105 (1903),

http://physics.princeton.edu/~mcdonald/examples/EM/abraham_ap_10_105_03.pdf

[30] H. Minkowski, Die Grundgleichungen für die elektromagnetischen Vorgänge in bewegten Körper, Nachr. Ges. Wiss. Göttingen 1, 53 (1908),

http://kirkmcd.princeton.edu/examples/EM/minkowski_ngwg_53_08.pdf
http://kirkmcd.princeton.edu/examples/EM/minkowski_ngwg_53_08_english.pdf

[31] K.T. McDonald, Abraham, Minkowski and “Hidden” Mechanical Momentum (June 6, 2012), http://kirkmcd.princeton.edu/examples/abraham.pdf

[32] J.D. Jackson, Relation between Interaction terms in Electromagnetic Momentum ∫ d^3x E × B/4πc and Maxwell’s eA(x, t)/c, and Interaction terms of the Field Lagrangian L_{em} = ∫ d^3x [E^2 −B^2]/8π and the Particle Interaction Lagrangian, L_{int} = eϕ− ev · A/c (May 8, 2006), http://kirkmcd.princeton.edu/examples/EM/jackson_050806.pdf

[33] P. Penfield, Jr and H.A. Haus, Electrodynamics of Moving Media (MIT, 1967), p. 215,

http://kirkmcd.princeton.edu/examples/EM/penfield_haus_chap7.pdf

[34] O. Costa de Beauregard, A New Law in Electrodynamics, Phys. Lett. 24A, 177 (1967),

http://kirkmcd.princeton.edu/examples/EM/costa_de_beauregard_pl_24a_177_67.pdf

Physical Reality of Electromagnetic Potentials?, Phys. Lett. 25A, 375 (1967),

http://kirkmcd.princeton.edu/examples/EM/costa_de_beauregard_pl_25a_375_67.pdf

“Hidden Momentum” in Magnets and Interaction Energy, Phys. Lett. 28A, 365 (1968),

http://kirkmcd.princeton.edu/examples/EM/costa_de_beauregard_pl_28a_365_68.pdf

[35] W. Shockley and R.P. James, “Try Simplest Cases” Discovery of “Hidden Momentum” Forces on “Magnetic Currents,” Phys. Rev. Lett. 18, 876 (1967),

http://kirkmcd.princeton.edu/examples/EM/shockley_prl_18_876_67.pdf

[36] D.J. Griffiths, Introduction to Electrodynamics, 4^{th} ed. (Addison-Wesley, 2012),

http://kirkmcd.princeton.edu/examples/EM/griffiths_8.3_12.12.pdf
http://kirkmcd.princeton.edu/examples/EM/griffiths_em3.pdf

[37] K.T. McDonald, “Hidden” Momentum in a Current Loop (June 30, 2012),

http://kirkmcd.princeton.edu/examples/penfield.pdf

[38] K.T. McDonald, “Hidden” Momentum in a Charged, Rotating Disk, (Apr. 6, 2015),

http://kirkmcd.princeton.edu/examples/rotatingdisk.pdf

[39] K.T. McDonald, “Hidden” Momentum in a Magnetized Toroid (Mar. 29, 2015),

http://kirkmcd.princeton.edu/examples/toroid_cap.pdf

[40] I. Dymnikova, A. Sakharov J. Ulbricht, Appearance of a Minimal Length in e^+e^− Annihilation Adv. High Energy Phys. 707812 (2014),

http://kirkmcd.princeton.edu/examples/EP/dymnikova_ahep_707812_14.pdf

[41] K.T. McDonald, On the Definition of “Hidden” Momentum (July 9, 2012),

http://kirkmcd.princeton.edu/examples/hiddendef.pdf

[42] T.H. Boyer, Interaction of a magnet and a point charge: Unrecognized internal electromagnetic momentum, Am. J. Phys. 83, 433 (2015),

http://kirkmcd.princeton.edu/examples/EM/boyer_ajp_83_433_15.pdf

[43] J.S. Oliveira Filho and P.L. Saldanha, Hidden momentum in a hydrogen atom and the Lorentz force law, Phys. Rev. A 92, 052107 (2015),

http://kirkmcd.princeton.edu/examples/EM/oliveirafilho_pra_92_052107_15.pdf

[44] C.G. Darwin, The Dynamical Motions of Charged Particles, Phil. Mag. 39, 537 (1920),

http://kirkmcd.princeton.edu/examples/EM/darwin_pm_39_537_20.pdf

[45] L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields, 4^{th} ed. (Butterworth- Heinemann, 1975), http://kirkmcd.princeton.edu/examples/EM/landau_ctf_71.pdf

[46] J.D. Jackson, Classical Electrodynamics, 3^{rd} ed. (Wiley, 1999),

http://kirkmcd.princeton.edu/examples/EM/jackson_ce3_99.pdf

[47] H.A. Lorentz, Alte und Neue Fragen der Physik, Phys. Z. 11, 1234 (1910),

http://kirkmcd.princeton.edu/examples/EM/lorentz_pz_11_1234_10.pdf
http://kirkmcd.princeton.edu/examples/EM/lorentz_pz_11_1234_10_english.pdf

[48] J. Frenkel, Spinning Electrons, Nature 117, 653 (1926),

http://kirkmcd.princeton.edu/examples/EM/frenkel_nature_117_653_26.pdf

[49] J. Frenkel, Die Elektrodynamik des rotierenden Elektrons, Z. Phys. 37, 246 (1926),

http://kirkmcd.princeton.edu/examples/EM/frenkel_zp_37_243_26.pdf

[50] L.D. Landau and E.M. Lifshitz and L.P. Pitaevskii, Electrodynamics of Continuous Media, 2^{nd} ed. (Butterworth-Heinemann, 1984),

http://kirkmcd.princeton.edu/examples/EM/landau_ecm2.pdf

[51] J. Heras, Explicit expressions for the electric and magnetic fields of a moving magnetic dipole, Phys. Rev. E 58, 5047 (1998),

http://kirkmcd.princeton.edu/examples/EM/heras_pre_58_5047_98.pdf