A Driven Disk with Chaotic Motion

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (June 12, 2024; updated November 18, 2024)

1 Problem

A uniform, thin disk of mass m and radius ρ is constrained to lie in the (vertical) x-y plane, where the x-axis is horizontal, the y-axis is vertical, subject to gravitational acceleration g = −g ŷ. The center C of the disk is not fixed, but rather some point on the disk, instantaneously at fixed point O in the lab frame, is constrained to have constant, vertical velocity V = V ŷ with respect to a fixed origin O in the lab frame. The constraint could be applied by a pair of rollers, driven with constant angular velocity, that lie in the (vertical) y-z plane, where where ẑ = x̂ × ŷ points out of the page in the left figure below; the rollers make contact with the disk at the fixed point O.

Deduce the equations of motion of this system, supposing that the drive rollers exert both a force F and a torque τ_O on the disk, where the latter can be approximated at −kθ̇ ẑ with k > 0.

This problem is based on [1].

2 Solution

The center of mass of the disk, at point C = (x, y) in the x-y plane, is at distance r = x x̂+y ŷ from origin O that is fixed in the lab frame. We define θ as the angle between r (line OC) and the x-axis. Then, Ω = dθ/dt ẑ = θ̇ ẑ can be called the “orbital” angular velocity of the disk about fixed point O.

The disk has “spin” angular velocity ω = ϕ̇ z about its center, C, where angle ϕ is measured with respect to a horizontal axis through the center C of the disk, for some reference point fixed on, say, the rim of the moving disk.

This problem can be described by three independent coordinates, x, y, or r, θ, of the center of the disk and and angle ϕ of a point on the disk to the x-axis.

2.1 Constraint Relations

A key first step in analyses of examples of constrained motion is to identify the constraint. The (nonholonomic) constraint on the velocity V of the point on the disk instantaneously at the origin O can be written as

V = V ŷ = ṙ − ω × r, (1)

which is the sum of the velocity ṙ = ẋ x̂ + ẏ ŷ of the center of the disk and the velocity ω × (−r) = yϕ̇ x̂ − xϕ̇ ŷ, relative to the center of the disk, of the point on the disk at instantaneously at O.

The x- and y-components of the constraint relation (1) are then,

ẋ = −yϕ̇, ẏ = V + xϕ̇. (2)

While our analysis will emphasize (x, y) coordinates, it is useful to display some results in terms of (r, θ) coordinates. First, we note that

ṙ = ṙ r̂ + r θ̇ θ̂, (3)

in cylindrical coordinates (r, θ). Then, we find from eqs. (1) and (3) that

V · r = V r sin θ = V y = r · ṙ = rṙ, (4) V sin θ = ṙ. (5)

Also, we can relate θ̇ to ϕ̇, x and y by noting that

[V × r]_z = −V r cos θ = [(ṙ − ω × r) × r]_z = [(ṙ r̂ + r θ̇ θ̂ − ϕ̇ ẑ × r) × r]_z = −r^2θ̇ + r^2ϕ̇, (6)

V cos θ = r ( θ̇ − ϕ̇ ) , (7)

V r cos θ = V x = r^2 ( θ̇ − ϕ̇ ) , (8)

θ̇ = ϕ̇ + V x x^2 + y^2

, (9) since r^2 = x^2 + y^2.

2.2 Equations of Motion

The forces on the disk are −mg ŷ due to gravity, acting at the center of the disk, and a frictional force F (in the x-y plane) acting at the fixed origin O to maintain the constant velocity V of the point on the disk instantaneously at point O. In addition, there exists a frictional torque τ_O on the disk about point O, which can be approximated as τ_O = −kΩ = −kθ̇ ẑ with k > 0.

The equations of motion of the disc are then

mr̈ = F − mg ŷ, (10) and dJ dt = τ_O + r × (−mg ŷ) = −k θ̇ ẑ − mgx ẑ. (11)

Here, J is the angular momentum of the disk about the fixed origin O,

J = r × mṙ + I_C ω = (mxẏ − my ẋ + I_Cϕ̇) ẑ, (12)

being the sum of the “orbital” angular momentum r × mṙ of the center of mass about point O and the “spin” angular momentum I_C ω of the disk about its center of mass, where I_C = mρ^2/2 is the moment of inertia of a uniform disk of radius ρ about its center. Recalling eq. (2), we can rewrite eq. (12) as

J = J ẑ = ( mxV + mx^2ϕ̇ + my^2ϕ̇ + I_C ϕ̇ ) ẑ = ( mxV + mr^2ϕ̇ + I_C ϕ̇ ) ẑ. (13)

Then, recalling eqs. (2), and (4), the angular equation of motion (11) reduces to dJ dt = −myV ϕ̇ + 2mrṙϕ̇ + mr^2ϕ̈ + I_C ϕ̈ = myV ϕ̇ + ( mr^2 + I_C )¨ ϕ = −k θ̇ − mgx, (14)

I_O ϕ̈ = −k ϕ̇ − kV x x^2 + y^2

− mgx − mV y ϕ̇. (15)

where we have introduced I_O = mr^2 + I_C as the (time-dependent) moment of inertia of the disk about point O, and used eq. (9) to obtain eq. (15) from (14).

We do not need to use the force equation (10) to solve for the motion as we already have the results of eq. (2),

ẋ = −yϕ̇, ẏ = V + xϕ̇, (16)

from the constraint equation (1), which are in effect first integrals of second-order differential equations of motion.^1 Once the motion is known, eq. (10) could be used to compute the constraint force F.

The equations of motion (15)-(16) are not simple, and in general the motion is complex/chaotic, bearing some relation to the cases of a double pendulum and a driven, inverted pendulum. See [2]-[31] for discussion of these themes.

We could rewrite eqs. (15)-(16) in terms of the “spin” angular velocity ω = ϕ̇ as

ẋ = −yω, ẏ = V + xω, I_O ω̇ = −kω − kV x x^2 + y^2

− mgx − mV y ω, (19)

1We can also display the equations of motion in terms of the coordinates r, θ and ϕ. The vector constraint, eq. (1), provides two scalar relations among these three coordinates, eqs. (4) and (7),

ṙ = v sin θ, r ( θ̇ − ϕ̇ ) = V cos θ. (17)

The needed third equation of motion is obtained from eq. (14), rewriting it in terms of r, θ and ϕ as

I_O ϕ̈ = −k θ̇ − mgr cos θ − mV r sin θ ϕ̇. (18)

such that the three first-order differential equations (19) are closely related to eqs. (25)-(27) in the paper [32] by Lorenz that stimulated modern “chaos theory”.^2 See also [34, 35]. See [36]-[41] for a different “tabletop” experiment that illustrates Lorenz’ equations.^3 A somewhat related paper is [42].

The only solution with steady motion for V > 0 is with x = 0, θ = 90^∘, ϕ = constant,^4 in which case y = r = −ρ + V t. This steady, vertical motion of the disk, without rotation, holds only for 0 < t < 2ρ/V , and is unstable against small perturbations.

However, there exists a motion for large V that can be slowly varying, with the center of the disk at rest at y = 0 and x = −V/ϕ̇ according to eq. (16). Then, ẋ ≈ 0 = ẏ, and the equation of motion (15) reduces to I_Oϕ̈ ≈ −mgx, such that the “spin” angular velocity ω = ϕ̇ changes slowly for small x (and hence large ϕ̇). Here, the disk simply spins with its center near the point of contact with the drive wheels.^5

For smaller V there exists a quasisteady motion very similar to that of a simple pendulum with the center of the disk moving in a quasicircular arc at a nearly constant distance from the point of contact with the drive wheels.^6

A Appendix: The Plane of the Disk is Horizontal

If the disk is constrained to lie in a horizontal plane (rather than in a vertical plane as above),^7 then the preceding analysis holds supposing the y axis is horizontal and the z-axis in vertical, and g is set to zero (as gravity has no effect on the motion in this case).

Then, the equation of motion (15) simplifies slightly to

I_O ϕ̈ = −k ϕ̇ − kV x x^2 + y^2

− mV y ϕ̇, (20)

while the constraint relations (16) hold as before.

Now, the motion with center of the disk at rest with y = 0 and x = −V/ϕ̇ is steady, with constant ϕ̇ = ω_0. However, this motion is unstable in that if y is perturbed to a negative value, then I_Oϕ̈ ≈ −mV y ϕ̇, so ϕ̇ moves away from ω_0 and does not return to this condition.

References

[1] L.R.M. Maas, The upward-driven disk, a steadily forced chaotic pendulum (to be published). https://www.youtube.com/watch?v=PkyFFNbrUl4

[2] A. Stephenson, On induced stability, Phil. Mag. 15, 233-236 (1908),

https://doi.org/10.1080/14786440809463763
http://kirkmcd.princeton.edu/examples/mechanics/stephenson_pm_15_233_08.pdf

2Lorenz is perhaps best known for coining the term “butterfly effect” [33] as a description of mathematical chaos._3

See also https://sciencedemonstrations.fas.harvard.edu/presentations/chaotic-waterwheel 4For V < 0, the steady motion has x = 0, θ = −90^∘, ϕ = constant and y = r = ρ+V t for 0 < t < −2ρ/V . 5See times 2:47-2:58 of the video in [1]. 6See times 2:27-2:38 of the video in [1].

7Additional support rollers are required to maintain the disk in a horizontal plane.

[3] B. van der Pol and M.J.O. Strutt, On the stability of the solutions of Mathieu’s equation, Phil. Mag. 5, 18-38 (1928), https://doi.org/10.1080/14786440108564441

http://kirkmcd.princeton.edu/examples/mechanics/vanderpol_pm_5_18_28.pdf

[4] P.L. Kapitza, Dynamic Stability of the Pendulum with Vibrating Suspension Point (in Russian), Sov. Phys. JETP 21, 588-597 (1951). Summarized in § 30, pp. 93-95 of L.D. Landau and E.M. Lifshitz, Mechanics (Pergamon Press, Oxford, 1976).

http://kirkmcd.princeton.edu/examples/mechanics/landau_mechanics_76.pdf

[5] F.M. Phelps III and J.H. Hunter Jr, An Analytical Solution of the Inverted Pendulum, Am. J. Phys. 33, 285-295 (1965), https://doi.org/10.1119/1.1971474

http://kirkmcd.princeton.edu/examples/mechanics/phelps_ajp_33_285_65.pdf

Am. J. Phys. 34, 533-535 (1966), https://doi.org/10.1119/1.1973087

[6] J.L. Bogdanoff and S.J. Citron, Experiments with an Inverted Pendulum Subject to Random Parametric Excitation, J. Acoust. Soc. Am. 38, 447-452 (1965),

https://doi.org/10.1121/1.1909711
http://kirkmcd.princeton.edu/examples/mechanics/bogdanoff_jasa_38_447_65.pdf

[7] R.E. King, The Inverted Pendulum, Am. J. Phys. 33, 855-856 (1965),

https://doi.org/10.1119/1.1971009
http://kirkmcd.princeton.edu/examples/mechanics/king_ajp_33_855_65.pdf

[8] L. Blitzer, Inverted Pendulum, Am. J. Phys. 33, 1076-1078 (1965),

https://doi.org/10.1119/1.1971158
http://kirkmcd.princeton.edu/examples/mechanics/blitzer_ajp_33_1076_65.pdf

[9] D.J. Ness, Small Oscillations of a Stabilized, Inverted Pendulum, Am. J. Phys. 35, 964- 967 (1967), https://doi.org/10.1119/1.1973655

http://kirkmcd.princeton.edu/examples/mechanics/phelps_ajp_33_285_65.pdf

[10] H.P. Kalmus, The Inverted Pendulum, Am. J. Phys. 38, 874-878 (1970),

https://doi.org/10.1119/1.1976486
http://kirkmcd.princeton.edu/examples/mechanics/kalmus_ajp_38_874_70.pdf

[11] E.D. Yorke, Square-wave model for a pendulum with oscillating suspension, Am. J.

Phys. 46, 285-288 (1978), https://doi.org/10.1119/1.11139

http://kirkmcd.princeton.edu/examples/mechanics/yorke_ajp_46_285_78.pdf

[12] J.B. McLaughlin, Period-doubling bifurcations and chaotic motion for a parametrically forced pendulum, J. Stat. Phys. 24, 375-388 (1981),

https://doi.org/10.1007/BF01013307
http://kirkmcd.princeton.edu/examples/mechanics/mclaughlin_jsp_24_375_81.pdf

[13] B.P. Koch et al., Experimental evidence for chaotic behaviour of a parametrically forced pendulum, Phys. Lett. A 96, 219-224 (1983),

https://doi.org/10.1016/0375-9601(83)90336-5
http://kirkmcd.princeton.edu/examples/mechanics/koch_pl_96a_219_83.pdf

[14] M.M. Michaelis, Stroboscopic study of the inverted pendulum, Am. J. Phys. 53, 1079- 1083 (1985), https://doi.org/10.1119/1.14036

http://kirkmcd.princeton.edu/examples/mechanics/michaelis_ajp_53_1079_85.pdf

[15] R.W. Leven, Experiments on periodic and chaotic motions of a parametrically forced pendulum, Physica D 16, 371-384 (1985),

https://doi.org/10.1016/0167-2789(85)90015-6
http://kirkmcd.princeton.edu/examples/mechanics/leven_physica_16d_371_85.pdf

[16] J.A. Blackburn et al., Driven pendulum for studying chaos, Rev. Sci. Inst. 60, 422-422 (1989), https://doi.org/10.1063/1.1140394

http://kirkmcd.princeton.edu/examples/mechanics/blackburn_rsi_60_422_89.pdf

[17] B. Duchesne et al., Chaos in the motion of an inverted pendulum: An undergraduate laboratory experiment, Am. J. Phys. 59, 987-992 (1991),

https://doi.org/10.1119/1.16657
http://kirkmcd.princeton.edu/examples/mechanics/duchesne_ajp_69_987_91.pdf

[18] W. van de Water, M. Hoppenbrouwers and F. Christiansen, Unstable periodic orbits in the parametrically excited pendulum, Phys. Rev. A 44, 6388-6398 (1991),

https://doi.org/10.1103/PhysRevA.44.6388
http://kirkmcd.princeton.edu/examples/mechanics/vandewater_pra_44_6388_91.pdf

[19] J.A. Blackburn, H.J.T. Smith and N. Grønbech-Jensen, Stability and Hopf bifurcations in an inverted pendulum”, Am. J. Phys. 60, 903-908 (1992),

https://doi.org/10.1119/1.17011
http://kirkmcd.princeton.edu/examples/mechanics/blackburn_ajp_60_903_92.pdf

[20] H.J.T. Smith and J.A. Blackburn, Experimental study of an inverted pendulum, Am.

J. Phys. 60, 909-911 (1992), https://doi.org/10.1119/1.17012

http://kirkmcd.princeton.edu/examples/mechanics/smith_ajp_60_909_92.pdf

[21] N. Alessi, C.W. Fischer and C.G. Gray, Measurement of amplitude jumps and hysteresis in a driven inverted pendulum, Am. J. Phys. 60, 755-756 (1992),

https://doi.org/10.1119/1.17086
http://kirkmcd.princeton.edu/examples/mechanics/alessi_ajp_60_755_92.pdf

[22] J. Starrett and R. Tagg, Control of a Chaotic Parametrically Driven Pendulum, Phys.

Rev. Lett. 74, 1974-1977 (1995), https://doi.org/10.1103/PhysRevLett.74.1974

http://kirkmcd.princeton.edu/examples/mechanics/starrett_prl_74_1974_95.pdf

[23] M.J. Moloney, Inverted pendulum motion and the principle of equivalence, Am. J. Phys.

64, 1431 (1996), https://doi.org/10.1119/1.18395

http://kirkmcd.princeton.edu/examples/mechanics/moloney_ajp_64_1431_96.pdf

[24] W.T. Grandy Jr and M. Schöck, Simulations of nonlinear pivot-driven pendula, Am. J.

Phys. 65, 376-381 (1997), https://doi.org/10.1119/1.18774

http://kirkmcd.princeton.edu/examples/mechanics/grandy_ajp_65_376_97.pdf

[25] J.G. Fenn, D. A. Bayne and B.D. Sinclair, Experimental investigation of the “effective potential” of an inverted pendulum, Am. J. Phys. 66, 981-984 (1998),

https://doi.org/10.1119/1.19019
http://kirkmcd.princeton.edu/examples/mechanics/fenn_ajp_66_981_98.pdf

[26] S.-Y. Kim and B. Hu, Bifurcations and transitions to chaos in an inverted pendulum, Phys. Rev. E 58, 3028-3035 (1998), https://doi.org/10.1103/PhysRevE.58.3028

http://kirkmcd.princeton.edu/examples/mechanics/kim_pre_58_3028_98.pdf

[27] E.I. Butikov, On the dynamic stabilization of an inverted pendulum, Am. J. Phys. 69, 755-768 (2001), https://doi.org/10.1119/1.1365403

http://kirkmcd.princeton.edu/examples/mechanics/butikov_ajp_69_755_01.pdf

[28] A. Alasty and R. Shabani, Chaotic motions and fractal basin boundaries in springpendulum system, Nonl. Anal. 7 81-95 (2006),

https://doi.org/10.1016/j.nonrwa.2005.01.003
http://kirkmcd.princeton.edu/examples/mechanics/alasty_narwa_7_81_06.pdf

[29] J.H. Hubbard, The Path From the Simple Pendulum to Chaos (2009),

https://pi.math.cornell.edu/~hubbard/pendulum.pdf
http://kirkmcd.princeton.edu/examples/mechanics/hubbard_08.pdf

[30] J. Bevivino, The Path From the Simple Pendulum to Chaos (2009),

https://www.math.colostate.edu/~shipman/47/volume12009/bevivino.pdf
http://kirkmcd.princeton.edu/examples/mechanics/bevivino_09.pdf

[31] R.M. Carbo, R.W.M. Smith and M.E. Poese, Stability of the parametrically excited damped inverted pendulum: Theory and experiment, J. Acoust. Soc. Am. 128, 1623- 1631 (2010), https://doi.org/10.1121/1.3478787

http://kirkmcd.princeton.edu/examples/mechanics/carbo_jasa_128_1623_10.pdf

[32] E.N. Lorenz, Determinisitc Nonperiodic Flow, J. Atmos. Sci. 20, 130-141 (1963),

https://doi.org/10.1175/1520-0469(1963)020<0130:DNF>2.0.CO;2
http://kirkmcd.princeton.edu/examples/fluids/lorenz_jas_20_130_63.pdf

[33] E.N. Lorenz, Predictability: Does the Flap of a Butterfly’s Wings in Brazil Set Off a Tornado in Texas? Am. Assoc. Advance. Sci. Meeting (Dec. 29, 1972).

https://mathsciencehistory.com/wp-content/uploads/2020/03/132_kap6_lorenz_artikel_the_butterfly_effect.pdf

http://kirkmcd.princeton.edu/examples/fluids/lorenz_721229.pdf

[34] L.R.M. Maas, A simple model for the three-dimensional thermally and wind-driven ocean circulation, Tellus A 46, 671-680 (1994), doi.org/10.3402/tellusa.v46i5.15651

http://kirkmcd.princeton.edu/examples/fluids/maas_tellus_46a_671_94.pdf

[35] G. van der Schrier and L.R.M. Maas, The diffusionless Lorenz equations; Shilńikov bifurcations and reduction to an explicit map, Physica D 141, 19-36 (2000),

doi.org/10.1016/S0167-2789(00)00033-6
https://webspace.science.uu.nl/~maas0131/files/SchrierMaasPhysd.pdf

[36] M. Kolár̆ and G. Gumbs, Theory for the experimental observation of chaos in a rotating waterwheel, Phys. Rev. A 45, 626-637 (1992), doi.org/10.1103/PhysRevA.45.626

http://kirkmcd.princeton.edu/examples/fluids/kolar_pra_45_626_92.pdf

[37] S.H. Strogatz, Nonlinear Dynamics and Chaos (Perseus Books, 1994). See Sec. 9.1.

http://kirkmcd.princeton.edu/examples/fluids/strogatz_94.pdf

https://www.biodyn.ro/course/literatura/Nonlinear_Dynamics_and_Chaos_2018_Steven_H._Strogatz.pdf

http://kirkmcd.princeton.edu/examples/fluids/strogatz_18.pdf

[38] A.A. Mishraa and S. Sanghi, A study of the asymmetric Malkus waterwheel: The biased Lorenz equations, Chaos 16, 013114 (2006), doi.org/10.1063/1.2154792

http://kirkmcd.princeton.edu/examples/fluids/mishra_chaos_16_013114_06.pdf

[39] L.E. Matson, The Malkus-Lorenz water wheel revisited, Am. J. Phys. 75, 1114-1122 (2007), doi.org/10.1119/1.2785209

http://kirkmcd.princeton.edu/examples/fluids/matson_ajp_75_1114_07.pdf

[40] L. Illing et al., Experiments with a Malkus-Lorenz water wheel: Chaos and Synchronization, Am. J. Phys. 80, 192-202 (2012), doi.org/10.1119/1.3680533

http://kirkmcd.princeton.edu/examples/fluids/illing_ajp_80_192_12.pdf

[41] A. Tongen, R.J. Thelwell and D. Becerra-Alonso, Reinventing the wheel: The chaotic sandwheel, Am. J. Phys. 80, 127-133 (2013), dx.doi.org/10.1119/1.4768893

http://kirkmcd.princeton.edu/examples/fluids/tongen_ajp_81_127_13.pdf

[42] N.J. Moore and J.M. Huang, Large-scale circulation reversals explained by pendulum correspondence, J. Fluid Mech. 993, A3 (2024), doi.org/10.1017/jfm.2024.584

http://kirkmcd.princeton.edu/examples/fluids/moore_jfm_993_a3_24.pdf