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A recent paper [1] presented an alternative history of early quantum theory in which use
of the so-called Pi theorem of dimensional analysis was made. Here, we give two examples
of the early use of dimensional analysis in quantum theory.

1. We recall that Wien gave a distribution law for the spectrum of blackbody radiation
in 1896 [2],
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where )\ is the wavelength, T is the absolute temperature, and the C; are constants. In terms
of the frequency v = ¢/\, where c is the speed of light, this can be written as

I(v,T) = Cyv3 e /T, (2)

In January 1899, Planck [3] argued that this law should involve the characteristic energy k7T,
where k is Boltzmann’s constant (first defined by Planck), and he used dimensional analysis
to introduce the symbol b (later called h) such that br has dimensions of energy, and Wien’s
law can be rewritten as?

I(v,T) = Cs b e /*T (3)

From the data on blackbody radiation available in 1899, Planck determined b = h to within
4% of its presently accepted value. Thus, Planck introduced his constant A without any
consideration of quantum physics. He considered that this constant was of fundamental
significance, and in sec. 26 of [3], he used dimensional analysis to introduce the Planck
length, mass, time and temperature.

As better data on blackbody radiation became available in 1899-1900, it became clear
that Wien’s distribution law was not accurate for long wavelengths, which led Planck to infer
(October 1900, [5, 6]; see also [7]) that h represents the quantum of action, and that the
oscillators of frequency v in the walls of a blackbody cavity have energies that are integer
multiples of hv.?

2. Closer to the theme of Ref. [1], we note that in 1912, Nicholson [10, 11, 12] (see also
[13]) considered a precursor to the Bohr atom, involving a positive nucleus surrounded by
n electrons equally spaced around a circular orbit of radius r, all with the same angular
velocity w. Nicholson supposed that there was a spectral line with this angular frequency
(in contrast to Bohr’s view [14] that spectral lines are due to transitions of electrons from
one orbit to another).

1See the equation for u after eq. (53) of [3], where a = b/k. One of the few discussions of this in English
is in [4]; see eq. (102) on p. 50.

2In 1911, Planck [8, 9] argued for the existence of zero-point energy hr/2 of an oscillator of frequency
v, such that possible energies are (n + 1/2) hv for non-negative integer n. This could not be anticipated by
dimensional analysis.



Nicholson supposed that the structure of an atom has something to do with Planck’s
constant h, whose dimensions are energy times time. So he declared (p. 679 of [12]) that the
“energy” of the n electrons was nmuv? (twice their kinetic energy), where m is the mass of an
electron, whose velocity is v = wr. He took the orbital period, 27 /w, to be the characteristic
time of the atom, and assumed by dimensional analysis that (nmw?r?)(2r /w) = Nh for some
integer N (not necessarily n). He also noted that the angular momentum of the n orbital
electrons is nmvr = nmwr? = Nh/27 = Nh, and claimed that any change in the angular
momentum of an atom involves an integer multiple of A.

Following Nicholson, Bohr supposed (p. 25 of [14]) that the angular momentum of an
atomic electron is an integer multiple of & = h /27, which was the key step towards his model
of an atom. Bohr, unlike Nicholson, supposed that the spectral lines of an atom are due to
transitions from an orbit of an excited electron to a lower-energy electron orbit.

Nicholson’s effort illustrates that dimensional analysis alone is not sufficient to arrive at
a good model of an atom.
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