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1 Introduction

It is claimed in two distinguished textbooks [1, 2] that an image method exists for a line
charge parallel to the axis of an electrically neutral, linear dielectric cylinder, but there are
small imperfections in the discussion there, which are reviewed in this note.!

2 What Should an Image Method Involve for
Dielectric Media?

For stationary charges and conductors in vacuum, the image method is a prescription for
computing the electric field E (and the force ¢E on acharge ¢) using only a set of charges in
vacuum. Here, all charges except bound charges in the interior of conductors can be called
“free” charges”. When (linear) dielectric media are present we must also consider the the
field D = €E where, in Gaussian units as used in this note, € is the relative permittivity of
a dielectric medium. Computation of the force on a free charge ¢peo in a dielectric medium
is complicated by the presence of polarization charges in the dielectric medium next to the
charge. We are less interested in the force on ¢ge. than that on ¢yoa as needed to hold the
free charge at rest in, say, a gaseous medium.

The image method should give a prescription for computing E in the dielectric media
along with an awareness of the relation between ¢pee and gota1. In electrostatics it is usual
to take the vector potential A to be zero, such that the electric field can be computed from
a scalar potential V' according to E — —VV, so the image method can be considered as
a prescription for computing the potential V| and hence E, in dielectric media based on
charges in vacuum.

As for the relation between ggee and giora1 We note that the electric field near a “point”
charge is dominated by the self field of the charge. For a line charge gge. (per unit length) in
a medium of relative permittivity e, the nearby D field would be 2¢. T/, for r, measured
with respect to the line charge. Then, close to the charge E = D /e = 2¢jee Ty /€1y, which is
due to a total line charge (per unit length)

Gotar = 2. M)

The image method associated with a free charge ¢ in a dielectric medium of relative
permittivity e should involve image charge ¢/e, rather than ¢, at the position of the actual

1A review of image methods is in Ref. [3]. There is no image method for a point charge and a dielectric
sphere, as acknowledged in the footnote to Prob. 3 of §7 of Ref. [2].



charge in a computation based only on charges in vacuum.?

3 A Delicacy in Landau’s Analysis

The argument of Landau, in Probs. 3 and 4 of §7 of Ref. [2] is more compact than that of
Smythe in sec. 4.04 of Ref. [1], so we review it first.?

Landau argued that the success of the image method for a (free) electric charge outside
a conducting sphere suggests that the case two-dimensional of a (free) line charge ¢ per
unit length as distance b outside (or inside) a dielectric cylinder of radius a and relative
permittivity €, surrounded by an otherwise infinite medium of relativity permittivity e, can
be solved a version of the image method. The figure below supposes the line charge is outside
the dielectric cylinder

Landau found that for » > a the potential V' can be computed as that due to three line
charges in an infinite medium of relative permittivity e, with ¢ at (r,0) = (b,0), line charge
¢’ (per unit length) at (r,0) = (c,0) with ¢ = a?/b, and line charge —¢q along the z-axis, as
sketched in the figure below.

Observer at r > a Observer at r < a
For r < a the potential is due only to a line charge ¢” (per unit length) at the position
(r,0) = (b,0) of the actual line charge, but in an infinite medium of relative permittivity €.
In this argument there are only two unknowns, ¢’ and ¢”, and there are two boundary
conditions, the the radial component of D, and the tangential component of E, are continuous
across the boundary at r = a. Hence, a solution is possible, which has the form
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2Many authors prefer an image method involving only a single, infinite dielectric medium, which leads
to confusion in examples where two different dielectric media are involved.
3A version of Landau’s argument is given in Probs. 4.3 and 4.4 of [4]. See also sec. 8.3.6 of [5].



If instead we suppose the image method should consist of charges in vacuum, as in the
figure below, the form of the potential would be
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4 A Difficulty with Smythe’s Analysis

In sec. 4.09 of Ref. [1], Smythe considered a line charge in vacuum outside a dielectric
cylinder, and his eq. (7) of this section agrees with our eq. (2) for an image solution with
e =1 and ¢ = K in Smythe’s notation. A difficulty with his argument, based on Fourier
analysis, is in eq. (6) of sec. 4.04, which contains a term in In7 in the Fourier analysis of the
potential in the region r < a, which implies an infinite potential at the origin.

In the rest of this section we exhibit a more consistent Fourier analysis the potential.

Again we suppose the vector potential is everywhere zero in this electrostatic problem,
such that the (static) electric field E can be deduced from an electric scalar potential V'
according to E = —VV. Then, according to one of Maxwell’s equations (in Gaussian units),

V-E= 47Tptotal = _V2V7 (6)

often called Poisson’s equation, where p,.,; is the volume density of electric charge. In
regions where p, .., = 0 we have Laplace’s equation,

V2V =0, (7)

which admits solutions via the method of separation of variables.

In the present example p;.., i nonzero only at the line charge at (r,6) = (b,0), and on
the surface of the dielectric cylinder. This indicates that we can look for solutions via the
method of separation of variables in the three regions, 0 <r < a, a <r < band r > b.

In the present example the scalar potential has the symmetry V(r, —6) = V(r,60), so a
Fourier expansion for the potential (see, for example, egs. (10)-(11) of sec. 4.01 of Ref. [1])
contains terms in cos k,6, but not sin k, 6 for integer n > 0, nor in 6. Since in the present



example 0 < 0 < 27 we must have cos 27k, = 1, so k, = n. Then, the potential V' in the
present example has the general form

B,
V(r,0) :K—i—Clnr—l—Zcosn@ (Anrn—i—r—n) , (8)

n=1

for constants K, C, A, and B,.

In the first region, 0 < r < a, where p, .., = 0, the potential must be finite, and so C' and
B, are zero here.* In the third region, r > b, the potential can be at most logarithmically
divergent, so A,, is zero here. Hence, we can write the potential for the present example as

K+, An(£)" cosnd (0<r<a),
Vir,)=¢ K'+C'Inr+%,_, (A, (5)71 + B! (%)n) cosnf (a <r <b), 9)
K"+ C"lnr+ Y, BY (£)" cosnd (r > b).

For large r the D field, due to the free charge on the wire, is D ~ 2¢ /7, and so the electric
field (a large r) is E = D/e = 2q1/er. Hence the potential at large r is —(2¢/¢) Inr, and so

C" = —2q/e. (10)

Continuity of the potential at » = @ and r» = b implies that K + C'lna = K’ + C'Ilna and
K'+C'Inb= K" + C"1Inb, independent of angle #. This can be satisfied by taking®

K' =0=K", c'=c", and K =C"Ina=—(2¢/¢)lna. (11)
Continuity of the potential at » = a also implies that
A, =A, + B,,. (12)

A second relation among the constants of eq. (12) can be obtained by noting that the radial
component of the electric displacement field D = eE = —eVV is continuous across the
boundary r = a at which there can be bound charge but not free charge. Hence,

E,GV(OL_) IV (a™)

= 13
or “Tor (13)
€Ay = (A, B)) = A+ B, (14)
€
recalling eq. (12). Thus,
!
B! :A;Zi. (15)

4This requirement is not satisfied by eq. (6) of sec. 4.04 of Ref. [1], so most of the analysis in that section
is not valid.

®These choices will make our eventual solution (23) for the potential reduce to that of a line charge ¢
(per unit length) at (r,0) = (b,0) in vacuum, yielding eq. (24) below.



Using eq. (15) in eq. (12), we find

/
A=A, (16)
and then eq. (15) also tells us that
o
B = A,° 266 (17)

Continuity of the potential at » = b tells us that
b 2ne+e’+e—e’ (18)
a 2¢ 2 |

B, A (2) ot 0<r<a)
V) = Blur s £, A 50+ 5 () Teosnd @<r<y, (19
_%lnr—l—zn:lfl [“LE <Zi) + 62:/ (¢) }cosn@ (r >0).

1 / b 2 /
B'=A (2) +B =A,
a

The potential (9) now can be written as

Finally, the remaining Fourier coefficients A,, can be determined from the Maxwell equation
V - D = 47pg., by considering a Gaussian surface (of unit length in z) that surrounds the
cylindrical shell (b, 6),

AT Gtree in = /D - dArea = be / df (E.+ — E,-). (20)

From this we learn that,

4rg6(0) = be(Enr — B, ) = be (_Wa(fﬂ N 5Va(f‘))
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Multiplying eq. (21) by cosnf and integrating over 6 we find that,

A= (3) (22)

With this, the potential (19) becomes

(0 <r<a),
R <a2r/b)n} cosnf (a<r<b), (23)
< ) } cosnf (r >b).
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To interpret this as due to a set of line charges in vacuum, for which ¢ = 1 = €/, we can
use these values in eq. (23) to obtain the potential for a single line charge ¢ (per unit length)
in vacuum at (r,0) = (,0) as
—2¢Inb+2¢>,_, * (%)ncosne (0 <r<b),

—2¢Inr +2¢>,_, 2 ()" cosnd (r>b).

n=1n

‘/q in vacuum(ry 6‘) - (24)

We now identify the potential of eq. (23) for r < a, inside the dielectric cylinder, as that (to
within an additive constant) due to a line charge 2q/(e + €') (per unit length) in vacuum at
the location of the actual line charge at (r,60) = (b,0).

For the region r > a we would like to identify the potential as that of a line charge ¢/¢
(per unit length) in vacuum at the position of the actual line charge, together with a line
charge ¢’ = q(e — €)/e(e + €) (per unit length) at (r,0) = (a?/b,0) inside the cylinder and
line charge —q along thez-axis, with all three line charges in vacuum. This is consistent with
eq. (24) when we add and subtract 2¢Inr(e —€')/e(e + €) to the forms for r > a in eq. (23).

Then, the result of the Fourier analysis, interpreted as an image method, agrees with the
corrected version (2) of Landau’s analysis.

5 Line Charge inside the Dielectric Cylinder

An image solution also exists for a free line charge ¢ per unit length at distance b < a from
the axis of a dielectric cylinder of radius a with relative permittivity € surrounded by a
medium of relative permittivity €, as sketched in the figure below.

&

The image solution for the potential at r < a involves line charge ¢/¢ at r = b and line
charge ¢ = q(e — €')/€'(e + €') at ¢ = a?/b, both in vacuum, as sketched in the left figure
below.

The potential at r > a involves line charge ¢” = 2¢/(e + €') at r = b and line charge ¢’
along the axis, both in vacuum, as in the right figure below.

q
C
vacuum vacuum vacuum vacuum
Observerat r < a Observerat r > a

This case is discussed in prob. 4, §7 of Ref. [2], and prob. 4.4 of Ref. [4] where their e
and A should be e/¢" and /€.



This note was inspired by e-discussions with Elly England.
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