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Problem

It is generally considered that systems with friction are not part of Hamiltonian dynamics,
but this is not always the case. Show that a (nonrelativistic) damped harmonic oscillator can
be described by a Hamiltonian (and by a Lagrangian), with the implication that Liouville’s
theorem applies here.
Consider motion in coordinate x of a particle of mass m with equation of motion,
mẍ + β ẋ + kx = 0,

or

ẍ + αẋ + ω 20 x = 0,

(1)

where α = β/m and ω 20 = k/m.
Comment on the root-mean square emittance of a “bunch” of noninteracting particles
each of which obeys eq. (1).
Deduce two independent constants of the motion for a single particle.
Hint: Consider ﬁrst the case of zero spring constant k.
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Solution

2.1

k=0

When the spring constant k is zero there is no potential energy, so the spirit of Lagrange
and Hamilton is to consider the kinetic energy T = mẋ2 /2. The equation of motion (1) can
be written in the manner of Lagrange as,1
∂T
d ∂T
+α
= 0.
dt ∂ ẋ
∂ ẋ
This form can be written more compactly as,

(2)

d ∂T 
= 0,
where
T  = T eαt .
(3)
dt ∂ ẋ
Hence, a Lagrangian for this case is L = T , and the canonical momentum p conjugate to
coordinate x is,
∂L
= mẋ eαt = pmech eαt ,
∂ ẋ
where pmech = mẋ is the ordinary mechanical momentum.
The Hamiltonian for this case is then,
p=

H = ẋp − L = L =
1

See sec. 2a of [1].

1

mẋ2 αt
e .
2

(4)

(5)

2.2

Nonzero k

When the spring constant k is nonzero we consider the potential energy V = kx2 /2, and the
equation of motion (1) can be written as,
d ∂T
∂T
∂(−V )
+α
=
.
dt ∂ ẋ
∂ ẋ
∂x

(6)

This form can be written more compactly as,
∂(−V  )
d ∂T 
=
,
dt ∂ ẋ
∂x

T  = T eαt,

where

V  = V eαt .

(7)

Hence, a Lagrangian for this case is L = T  − V  . The momentum conjugate to coordinate
x is again,
p=

∂L
= mẋ eαt = pmech eαt ,
∂ ẋ

(8)

so the Hamiltonian for this case is,2
H = ẋp − L = T  + V  = (T + V ) eαt =

p2 −αt
mẋ2 + kx2 αt
+ V eαt =
e
e = U eαt ,
2m
2

(9)

where U is the mechanical energy of the system.3

2.3

Liouville

This section is based on sec. 3.8 of [24].
The motion of a system governed by eq. (1) can be written as,


where α =
tum (8) is,





x(t) = x1 e(α −α)t/2 + x2 e−(α +α)t/2,

(10)

α2 − 4ω 20 is possibly imaginary (as may be x1 and x2 ). The canonical momen-

p(t) = mx1

α − α (α +α)t/2
α + α −(α −α)t/2
e
e
− mx2
.
2
2

(11)

The initial conditions (at time t = 0) are,
x(0) ≡ x0 = x1 + x2,

α − α
α + α
− mx2
.
2
2
p0
α − α
x2 = x0
−
.

2α
mα

p(0) ≡ p0 = mx1

p0
α + α
+
,
x1 = x0

2α
mα
2

(12)
(13)

The Hamiltonian (9) appears to have ﬁrst been given via the present argument in [2]. Impressively, this
procedure for identifying Hamiltonians can be extended to certain nonlinear examples with dissipation [3].
The Lagrangian L = (T − V )eαt was deduced by Bateman in 1931 [4], top of p. 817, as a special case of his
“dual-Lagrangian”. This Lagrangian is also discussed in [5]-[23].
3
Clearly, the Lagrangian L = (T − V )eαt and the Hamiltonian H = (T + V )eαt apply to any particle
subject to velocity-dependent damping as well as a force derivable from a potential V .
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Thus,

⎞

⎛
⎝

x(t)

⎠= ⎝

A B
C D

p(t)
where,

⎞⎛

⎛

⎠⎝

⎞
x0

⎠,

(14)

p0



A =
B =
C =
D =


α + α α t/2 α − α −α t/2
e
+
e
e
,
2α
2α


eα t/2 − e−α t/2
,
e−αt/2
mα
α2 − α2 α t/2

e
m eαt/2
− e−αt /2 ,

  4α

α − α α t/2 α + α −α t/2
αt/2
e
e
+
e
.
2α
2α
−αt/2

(15)
(16)
(17)
(18)

The determinant of the transformation matrix is,
Δ = AD − BC
α2 − α2 α t α2 + α2 α2 − α2 −α t α2 − α2 α t
−α t
e
+
+
e
−
−
2
+
e
e
= 1. (19)
=
4α2
2α2
4α2
4α2
Thus, the linear (canonical) transformation (14) preserves area in the x-p (phase) space,
which veriﬁes that Liouville’s theorem [25, 26, 27] holds for this Hamiltonian system.

2.4

RMS Emittance

When considering a “bunch” of particles, a practical measure of their extent in phase space
is the root-mean-square emittance, which for a 2-dimensional phase space as in the present
example can be deﬁned as,
canonical(t) =

x2 (t) p2 (t) − x(t)p(t)2 .

(20)

As noted in [28], this rms emittance is invariant under linear canonical transformations, so
 of eq. (20) is a constant of the motion for a “bunch” of (noninteracting) particles each of
which obeys eq. (1).
However, in most applications of the rms emittance concept, people use the mechanical
momentum pmech rather than the canonical momentum p. In the present example, pmech =
e−αtp according to eq. (8), such that the rms mechanical emittance decreases exponentially
with time,
mech (t) =

x2 (t) p2mech (t) − x(t)pmech(t) = e−αt canonical(t).
2

(21)

The rms mechanical emittance (21) is “cooled” by the damping, whereas the rms canonical emittance (20) is not.4
4

This contrasts with a theorem due to Swann [29] that if a particle of electric charge e is acted upon
only by an electromagnetic ﬁeld with vector potential A then the volume in (x, p) phase space of a “bunch”
of such particles is the same as that in (x, pmech) phase space, where p = pmech + eA/c.
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2.5

Relativistic Damped Harmonic Oscillator

In accelerator physics the particles of interest typically have velocities near the speed c of
light in vacuum, so we also give a relativistic version of the preceeding analysis.
If the force on the particle (of rest mass m) can be deduced from a potential V , a
relativistic Hamiltonian is,
(22)
H(x, pmech ) = Emech + V = c m2c2 + p2mech + V,


where pmech = γmẋ, Emech = γmc2 = c m2c2 + p2mech and γ = 1/ 1 − ẋ2 /c2 . Hamilton’s
equations of motion for this system are,
∂H
pmech
dx
=
=
= ẋ,
dt
∂pmech
Emech
dpmech
∂H
∂V
= −
=−
= F.
dt
∂x
∂x

(23)
(24)

If the force includes the velocity-dependent term −β ẋ = −αmẋ, we follow sec. 2.2 to consider
the canonical momentum,
p = pmech eαt ,
and the Hamiltonian,
αt

(25)




H(x, p, t) = e (Emech + V ) = e

αt

c

m 2 c2

+

p2mech

+V

= eαt c



m2c2 + p2 e−2αt + V .(26)

Hamilton’s equations of motion for this system are,

d(pmech eαt )
dp
=
= eαt
dt
dt



dpmech
dt

∂H
p e−αt
pmech
dx
=
=
=
= ẋ,
dt
∂p
Emech
Emech

∂H
∂V
+ αpmech
= −eαt
,
= −
∂x
∂x

(27)
(28)

The last equation can be rewritten as,
dpmech
∂V
∂V
+ αpmech +
= γ 3 (ẋ)mẍ + β ẋ +
= 0,
dt
∂x
∂x

(29)

which is the equation of motion (nonlinear in ẋ) of a relativistic particle subject to velocitydependent damping and another force that is derivable from the potential V .
In particular, we see that the relativistic, damped harmonic oscillator is a Hamiltonian
system, and a “bunch” of such (noninteracting) particles obeys Liouville’s theorem.
If we characterize the extent of the “bunch” in phase space by an rms emittance, we must
note that the canonical transformation (x0, p0 ) → (x(t), p(t)) is not linear (unlike the nonrelativistic case), with the implication that the rms canonical emittance (20) actually grows
with time [30]. The rms mechanical emittance (21) is again e−αt times the rms canonical
emittance, and the exponential damping factor is stronger than the emittance growth due to
the nonlinear relativistic time evolution, such that the rms mechanical emittance is “cooled”
with time.
4

2.6

Constants of the Motion and Alternative Hamiltonians

The second-order diﬀerential equation (1) has two independent constants of integration,
implying that motion governed by this equation has two independent constants of the motion.
Of course, the physical signiﬁcance of these constants will be unclear in systems where energy
is not conserved, so this section is largely a mathematical exercise.
If the Hamiltonian of the system were time independent, it would be such a constant
of the motion, so one method of identifying the desired constants of the motion is to seek
alternative Hamiltonians that are independent of time. This was ﬁrst done for the damped
harmonic oscillator by Havas [5], and next by Leach [31] (and by Lemos [13]5 ), each of whom
displayed one time-independent Hamiltonian (which happen to be “inequivalent”6).
The analysis of Lemos is much simpler than that of Havas, so we ﬁrst illustrate the
former. Inspection of the Hamiltonian (9) indicates that the change of variables,7
X = x eαt/2,

P = p e−αt/2,

(30)

leads to the formally time-independent form h(X, P ) = P 2 /2m + kX 2 /2. However, h is
not the Hamiltonian in terms of the coordinates X and P . For that, we need the so-called
generating function Φ of the canonical transformation (30),8 which obeys p = ∂Φ/∂x and
X = ∂Φ/∂P . In the present case, Φ = xP eαt/2, and the transformed Hamiltonian is,
H(X, P ) = H(x, p, t) +

P2
αXP
kX 2
∂Φ
=
+
+
,
∂t
2m
2
2

(31)

which is independent of time, and hence a constant of motion of the system. We rewrite
H(X, P ) in terms of x and p or ẋ (using eqs. (8) and (30)) as the constant function,
F (x, p) =

p2 e−αt αxp kx2 eαt
m 2
+
+
= eαt
ẋ + αxẋ + ω 20x2 ,
2m
2
2
2

(32)

which reverts to the mechanical energy when α = 0.
Havas’ approach [5] does not involve a change of variables, but seeks an “integrating
function” f(x, ẋ, t) such that an equation of motion g(x, ẋ, ẍ, t) = 0 can be related to a
Lagrangian L according to,9
fg =

d ∂L ∂L
−
.
dt ∂ ẋ
∂x

(33)

Then, if the corresponding Hamiltonian H = ẋp − L is independent of time, where p =
∂L/∂ ẋ, it will be a constant of the motion. For a damped oscillator with g = mẍ + β ẋ + kx,
5

Leach analyzed a damped harmonic oscillator with time-dependent friction and spring constant, and
Lemos gave a simpliﬁed analysis for time-independent parameters.
6
Given two “inequivalent”, time-independent Hamiltonians for a systems, one can generate an inﬁnite
set of alternative Hamiltonians, as discussed in [32]. See also [23] and references therein.
7
This change of variables was considered in sec. 11 of [33].
8
See, for example, sec. 45 of [27].
9
Havas’ method diﬀers slightly from that used in secs. 2.1-2 where the nominal Lagrangian L0 = T − V
was multiplied by eαt to give a Lagrangian L = eαt L0 from which the equation of motion can be deduced.
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Havas found (p. 387 of [5]) that f = (mẋ2 + βxẋ + kx2 )−1 , and for 4km > β 2 ,


2mẋ + βx
2m
ẋ
+
βx
1

tan−1
L = 
− ln(mẋ2 + βxẋ + kx2 ),
2
2
2
x 4km − β
x 4km − β


β
2mẋ + βx
1

H = −
tan−1
+ ln(mẋ2 + βxẋ + kx2).
2
2
2
4km − β
x 4km − β

(34)
(35)

Other constants of the motion can be found by a clever approach to integrating eq. (1)
[34]. In this, the parameters α and ω 20 are replaced by λ1 and λ2 according to,

α ± α2 − 4ω 20
2
α = λ1 + λ2 ,
ω 0 = λ1 λ2,
λ1,2 =
,
(36)
2
such that the equation of motion becomes,
ẍ + (λ1 + λ2 )ẋ + λ1 λ2x = ẍ + λ1 ẋ + λ2 (ẋ + λ1x) = 0.

(37)

This is a ﬁrst-order diﬀerential equation in the variable ẋ + λ1 x, which can be integrated to
give,
eλ2 t (ẋ + λ1 x) = const = D1 .

(38)

Interchanging λ1 and λ2 we obtain a second constant of the motion,
eλ1 t (ẋ + λ2 x) = const = D2 .

(39)

These two constants of the motion can be combined to give other constants of the motion,
such as,
m
m
m
F = D1 D2 = e(λ1 +λ2 )t (ẋ2 + (λ1 + λ2 )xẋ + λ1λ2x2 ) = eαt (ẋ2 + αxẋ + ω 20x2 ), (40)
2
2
2
and,
B=

D1λ1
(ẋ + λ1 x)λ1
=
.
(ẋ + λ2 x)λ2
D2λ2

(41)

The constant F of eq. (40) is the same as that found in eq. (32), while the constant B of
eq. (41) appears to be diﬀerent from H of eq. (35). The symbol B is used in honor of Bohlin,
who apparently discussed constants of this form in 1908 [34].
Interest in Hamiltonians for the damped oscillator arises mainly in the context of quantum
theory, where there seems to be an ongoing debate as to which of the many “inequivalent”
Hamiltonians is “best”. A review as of 1981 is [17], and an example of recent commentary
is [35].
Another issue illustrated by the present example is that equations of motion for a system
with damping can be deduced from a variational principle in some cases, as perhaps ﬁrst
noted by Bateman [4]. This issue relates to the origin of conservation laws, as time invariance
of a Hamiltonian (such as eq. (35)) apparently does not necessarily imply that this constant
Hamiltonian is the system energy). That is, Noether’s theorem [36, 37] applies to (classical
and quantum) ﬁeld theory but not to classical mechanics. The ongoing debate on this theme
is reviewed in [38]; a recent comment is at [39].
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2.7

Time-Dependent Forces

In the application of the present example to accelerator physics we have tacitly imagined
performing the analysis in the rest frame of a reference particle near the center of a “bunch” of
(noninteracting) particles. In practice, as the “bunch” propagates it will encounter diﬀerent
external forces at diﬀerent times, which leads to an interest in a Hamiltonian description for
time-dependent forces.
Studies of an undamped harmonic oscillator with a time-dependent spring constant began
with Lecornu (1895) [40] and Rayleigh (1902) [41] in classical contexts. In a famous discussion
at the 1911 Solvay Conference [42], Lorentz posed the problem of a time-dependent quantum
oscillator, and Einstein argued (brieﬂy) that the ratio of the instantaneous energy U(t) =
(mẋ2 + k(t)x2)/2 to the instantaneous angular frequency ω(t) would be constant (which
notion seems clearer in a quantum view than classically). Einstein’s prescient remark lead to
the development by Ehrenfest (1916) [43] of the concept of adiabatic invariance in systems
with “slow” time dependence.10 Kruskal (1962) [45] suggested a method for analysis when
the time dependence is somewhat more rapid than that for which adiabatic invariance holds,
and Lewis (1967) [46, 47] extended this method to arbitrary time dependence of the spring
constant.11 Leach (1978) [31] extended Lewis’ analysis to include time-dependent damping
proportional to the velocity.
Following Leach [31], we consider a damped harmonic oscillator with time-dependent
forces,
ẍ + α(t)ẋ + ω(t)2 x = 0.

mẍ + β(t)ẋ + k(t)x = 0,
Multiplying this diﬀerential equation by,



f(t) =

t

α(t) dt ,

(42)

(43)

0

it can be rewritten as
∂
d
(mẋ ef ) +
dt
∂x



k e f x2
2


= 0.

(44)

This equation of motion can be deduced from the Lagrangian,
mẋ2 − kx2 f
e ,
L=
2
for which the canonical momentum is,
p = mẋ ef ,

(45)

(46)

and the Hamiltonian is,12
H = ẋp − L =

p2 −f kx2 f
ẋ2 + ω 2 x2 f
e +
e =m
e .
2
2
2

10

(47)

Certain mathematical subtleties related to adiabatic invariance in Lorentz’ example are considered to
have been clariﬁed only in 1963 [44].
11
For a perspective on the methods of Kruskal and Lewis, see [48].
12
Similarly, replacing αt by f in eq. (26) provides a Hamiltonian for the relativistic, damped harmonic
oscillator with time-dependent forces.
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Thus, the time-dependent damped harmonic oscillator is also a Hamiltonian system, and
a “bunch” of particles that each obey eq. (42) also obey Liouville’s theorem.
If, for example, the damping is constant until time t1, and zero thereafter,
⎧
⎨ eαt (0 < t < t ),
1
f(t) =
(48)
⎩ eαt1 (t > t ).
1

When the damping goes to zero at time t1 , the canonical momentum does not revert to the
mechanical momentum mẋ, but to this multiplied by the (large) constant eαt1 . The rms
canonical emittance (20) is ef times the rms mechanical emittance (21) at all times, so again
the former remains constant in time while the latter is exponentially damped.
The literature is much concerned with the invariants of the time-dependent damped
harmonic oscillator, although only one such invariant has been found so far.13 Lewis [46, 47]
deduced an invariant for the undamped, time-dependent harmonic oscillator, which turns out
to have been anticipated in a little-known work by Ermakov in 1880 [49]. The generalization
of this invariant for the case of time-dependent damping was given by Leach [31].14 As might
be expected, the physical signiﬁcance of these invariants is obscure.

2.8

Comment (Dec. 17, 2020)

This note has emphasized the damped oscillator in classical mechanics, but there is a substantial literature on this system in quantum mechanics, including [1, 2, 11, 12, 14, 18, 17, 19, 51][69]. The review [68] contains extensive references.

2.9

Additional Comments (Mar. 27, 2022)

In 1931, Bauer published a Corollary, p. 314 of [70], stating that The equations of motion
of a dissipative linear dynamical system with constant coeﬃcients are not given by a variational principle. As the Euler-Lagrange equations of motion of a mechanical system are
often deduced via a variational principle, the Corollary of Bauer is sometimes interpreted as
“proving” that the equations of motion of dissipative linear dynamical system with constant
coeﬃcients cannot be obtained from a Lagrangian (or Hamiltonian).15 The examples in this
note show that this claim is wrong, although it it true that the Lagrangians considered above
were not found via a variational principle.16
13

Replacing αt by f in eq. (30) leads to a canonical transformation with generating function Φ = xP ef/2 ,
so the transformed Hamiltonian again has the form (31), but this is no longer independent of time as α = α(t),
and eq. (32) (with f for αt) is not an invariant.
14
Leach’s invariant can be deduced by seeking a (generalized) canonical transformation in the extended
phase space (x, p, t, −U ) such that the Hamiltonian H  (x , p ) is independent of t (and so H  = U  is
constant). See sec. 3.3 of [50].
15
This is implied, for example, on p. 298 of [71].
16
Bateman [4] showed that a varational principle can lead to the equations of motion of a combination
of eq. (1) and the somewhat nonphysical system of that equation with a negative damping constant −β.
A larger view of Lagrangians for dissipative (nonconservative) systems in given in the rather mathematical
book [72]; see p. 183 for some general comments. See also [73].
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