Is There a Maximum Z for an Atom?

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (June 2, 2010)

1 Problem

Is there a maximum electric charge Ze for the nucleus of a stable atom, where −e is the charge of an electron?

2 Solution

According to nonrelativistic quantum mechanics there is no obvious maximum Z for the nucleus of an atom. However, the binding energy of a K-electron, E = (Zα)^2mc^2 2 , (1)

where α = e^2/ℏc ≈ 1/137, equals the rest energy mc^2 of an electron when Z = √ 2/α ≈ 194, which suggests that relativistic corrections may be prominent for large Z. And indeed, the relativistic variant of the Bohr atom [1] given by Sommerfeld [2] predicted the binding energy of a K-electron to be

E = 1 − 1 √ 1 + (Zα)^2/ [ n_r + √ n^2_ϕ − (Zα)^2

]_2 mc^2, (2)

with n_r = 0 and n_ϕ = 1, which expression approaches mc^2 as Z approaches 1/α and is complex for larger Z. An identical expression is obtained for a Dirac electron in the Coulomb potential of a point nucleus of charge Ze [3, 4], although the interpretation of the quantum numbers n_r and n_ϕ is different (n_ϕ = j + 1/2, n_r = n − j − 1/2).

The question of atoms with large Z seems to have been little considered in the “heroic” era of quantum theory, with the first, brief mention of this topic perhaps given by Schiff et al. [5] in 1939. They note that for a bare nucleus of large Z the lowest energy state is not simply nucleus + vacuum. It appears that not until 1968 was it noted (by Pieper and Greiner [6]) that the lowest-energy state for a point nucleus with Zα > 1 consists of a one-electron atom + free positron. For a real nucleus with finite radius the critical value of Z, beyond which atoms are always accompanied by positrons, is somewhat larger than 1/α, as reviewed in [7].

Independent of the issue of whether nuclei can exist with Zα >∼ 1, atoms with such nuclei could not be regarded as stable, in that they could interact with their accompanying positron(s) and change their state (at least temporarily). However, since there are no longlived nuclei with Z >∼ 100, this question is “academic”.

In principle, a short-lived, high-Z state can be produced in the collision of heavy nuclei, such that one or more positrons might be emitted from the collision region, which latter then contains an equal number of electrons. Despite some early controversial experimental results, it is considered that no such effect has been observed experimentally to date [8].

A version of this argument in which one of the electron or positron becomes bound into a gravitational “orbit” underlies the concept of Hawking radiation [9, 10].

References

[1] N. Bohr, On tile Constitution of Atoms and Molecules, Phil. Mag. 26, 1 (1913),

http://kirkmcd.princeton.edu/examples/QM/bohr_pm_26_1_13.pdf

[2] A. Sommerfeld, Zur Quantentheorie der Spektrallinien, Ann. Phys. 356, 1 (1916),

http://kirkmcd.princeton.edu/examples/QM/sommerfeld_ap_356_125_16.pdf

[3] P.A.M. Dirac, The Quantum Theory of the Electron, Proc. Roy. Soc. London A117, 610 (1928), http://kirkmcd.princeton.edu/examples/QED/dirac_prsla_117_610_28.pdf

[4] C.G. Darwin, The Wave Equations of the Electron, Proc. Roy. Soc. London A118, 654 (1928), http://kirkmcd.princeton.edu/examples/QED/darwin_prsla_118_654_28.pdf

[5] L.I. Schiff, H. Snyder and J. Weinberg, On the Existence of Stationary States of the Mesotron Field, Phys. Rev. 57, 315 (1940),

http://kirkmcd.princeton.edu/examples/QED/schiff_pr_57_315_40.pdf

[6] W. Pieper and W. Greiner, Interior Electron Shells in Superheavy Nuclei, Z. Phys. 218, 327 (1969), http://kirkmcd.princeton.edu/examples/QED/pieper_zp_218_327_69.pdf

[7] W. Greiner, B. Müller and J. Rafelski, Quantum Electrodynamics of Strong Fields, 3^{rd} ed. (Springer-Verlag, 1985), http://kirkmcd.princeton.edu/examples/QED/greiner_qed_03.pdf

[8] L. Ahmad et al., Positron-electron pairs produced in heavy-ion collisions, Phys. Rev. C 60, 064601 (1999), http://kirkmcd.princeton.edu/examples/QED/ahmad_prc_60_064601_99.pdf

[9] S.W. Hawking, Black hole explosions?, Nature 248, 30 (1974),

http://kirkmcd.princeton.edu/examples/QED/hawking_nature_248_30_74.pdf

[10] S.W. Hawking, Particle Creation by Black Holes, Comm. Math. Phys. 43, 199 (1975),

http://kirkmcd.princeton.edu/examples/QED/hawking_cmp_43_199_75.pdf