Ph 205 Problem Set #10 Due Dec. 8 1988

1, We have:
. . 1. . .
Tyt = (6" + 8 sin? 6) + Ta(deosd + )

Where the 8, ¢, ¢ are Euler angles.
1 250 2
Tcm = E'ma 8” cos &

and

V = magsin§
Therefore:
PR . . 1 : .
L= g-maz(fil2 + ¢*sin® 8) + %maz(rﬁ cos+¥)? + Ema’f}z cos® @ — mgasinf

From the Lagrange, we have

d, . .
S ($eosb+ ) =0 (1)
%(‘ﬁ sin? 6 + 2(d cos 8 + ) cos 8) =0 (2)
2 A 1 [
3:_%((1 + 4 cos? 8)8) = —ma® cos #sin 68 + %mazq‘;z ¢os @ sin 6—
%maz(d" cos@ + )¢ sinf — mgacos @ (3)

For steady motion 6 = const. and ¢ = const. ¥ = const. From (3) we have:

-z—qﬁz sinf cosf — q'B(q'ScosB + 1}:) sing - %cosf) =0
Define:
w1 = ¢eosd+ 14 = angular momentum about symmetry axis

So:
1qz'stinBcos(:i‘ 1d>w sinf— Zcoso=0
4 27t a B

3 d4gcos? ¢
w £ le F “asind

cos @

Solve the equation we have:




For = L,uy = 0,(;'5 is arbitrary, From (1) we have:
=0 = w; =0 always
Let’s define 6 = § + ¢, from (2} we have:
(,!'Ssin2 8= q'ﬁo = constant
therefore, rfS: d:"o to first order in e. Now, expand (3) to first order in € we have
cos(g+e)m-e ; sin(%—t—e)zl ; Bmé

So:

ma?

4

1 .
i — Zma%’e + mgae

Ez(ég—qp)e
a
q'5>2\/%

Therefore, the orbit is stable if

N
2. ?
~
~
!
N\
3 = cosfi +sing2 (1)
The angular velocity of the 1,3, 3 frame is
B, =¢% — 63

. PO A ia 2
=¢cosfl + ¢sinb2 — 63 @

The total angular velocity of the object is:
@ = (Y + dcosB)I + psinp3 - 63

v and w; = 1!')+ q'Scosﬁ.



The angular velocity of the the object is:

=13 2(I1w1i + Iz(ﬁsin Bﬁ - I3é§)

2 (3)
= %{mg + $sin 63 — 63)
From the condition of rolling without slipping, we have
T=dxd=—a2xd
s s (4)
-a(wl 3+ 91)

From Newton’s law and (4) we have:
Fiot =Feontact — mgZ = ma -—t(wl 361)

] g . (5)
Feontact =mg2 + maa(wﬁ + 61)

And

di 5
a = —a2 X Feontact
From (5) and (3) we have:

1 d A N A o _ g - - d [P ~
25(2@111 + ¢sinf2 — 83) = ;cosB:} —2x 5(81 + wy 3) (6)

This is the equation of motion. If wy, ¢ and # are constants, then (6) becomes:

ES

d3

1 (.i:- o dA A A
- (2:»1-1+q5sm9—2) = %cosﬁS—(Z X =

s\ @ dt Jor L

equation (2) becomes @, = ¢3 we have:

A

di . ..
ﬁzwaxlr—gbsm%
j—f:wnxﬁzq&cossﬁ

j—j=—$c056§+$sinﬂi

From (7} we have:

¢? sin 6 cos 6 — 6w, psin 6 — %’gcosﬂ =0
For § = %, we have the rolling solution é = 0. Oscillations about 8 = % and gb =0, Let’s

3



set =% + ¢ withe <<1and é << \/E From (), to first order in ¢ and & we have

1 1 dA 1,44 Lo 1-4 15 7
o+ o 2(42 - 03) + 36, x (42 63) (®)
aadi s %65—(@ X i)é"‘ﬁx (a"a X (é.j-"""-"’lﬁ))_‘(§ X §)d11

To fist order in ¢ and ¢, &, & ¢2 — 63. So, from (8) we have:
8.+ A, 1 . L lis ge s s
Ewll + (Ztﬁ— 5(019)2 - (Ze+ Z(}")z - ( a +8+ WI¢’)3

50;

@ =0 = w = const.

q.b. xZwlé = ¢ = 2w e (11)
5. eg 3w,
_.B e — ——
4 a 2 ¢
Using (11), we have
5. g
1¢= —e(3w? — ;)

Therefore, stable condition is;




(a) The condition of rolling without slipping is:
0=F+@xa-Qx7

Therefore:

(b)

L dL
¥=a
=18
2
N=ax F=10%
1-
where v? = (Qr — wa)? but
dL da Va
"a? = IE? = Iw—l
‘Therefore:
mvla Ivw
r
or !
m(Qr — wa)a = Jw
Therefore:
Q7 ma?r
w= — | ——
a \ I+ ma?
(c)
& d,~ . . .
o _a(ﬂ XF—@xd
W
- dt  di
Howeven:
. 47 L
= ma ; =ax F
Therefore:
did _ mi « dv
dt T I T dt

(1)



So, (1) yields

a =g T
2
= ., ma®d¥
= x ¥— T -&-i'
So, we have:
dav I -
dt I+ma29xv

Integrating this:

I+ mnat
I
I-}-maz( x )
s N
IS ;
-
>
N
as!
F:ﬁ-i—ﬁ
we have
o, IT+mat~
R=7%+ Iz 1 x v
Gxd= ! ax(F-R)—x7
I+

But as @ L & we have

(d)



dﬁ‘__ﬁng _.xdo'.:'
F di di

F is the force provided by the table:

—
—

. & 10
F —mgsina = m-—

dt

and we have

ﬁ =ax I}‘
we have
dd md di  mgsine,
a1 @t 9
Therefore:
di ma? ~  dFf mga’sina,
= =/ V= ol bl
at (1 7 ) x5 i
- di  mgalsina.,
= L Lk
x (dt T )
Let:
T= 7, 4 ¥g
with
. _’mgu2 sinaﬁ‘
4 QI
and:
di, I =
dat I+ ma2n X Ve

which we have already solved in part (c}.



Neddh . st ~ A3 5
A ) 2 |
5 . N
A
East *f\?’
94
A L 72
3 w
S~
(a) We have:
Ix:ﬂ{az H 122132%1‘4'0',2
and
Q =0(cos A2 + sin AN)
N = cos 81 — sin 62
So
§ = Q(sin A cos 81 + cos 82 — sin 8sin A3)
dN = 7 x (—2dmfl x %)
with
dm:ﬁ{d(ﬁ i T=0xF
n
7(¢) =acos$3 + asin ¢3
& =ol ‘
Fx (§ x 7) =(7 9§t~ (7. 1)
=a?Qw(cos A cos ¢ — sin A sin ¢ sin 8)(sin ¢2 — cos $3)
Therefore: .
2x
N= f aN(4)
0 .
:Mazwﬂ(sin X sin 82 + cos /\ﬁ)
Now; we note that wy; = —& because 2 is up, so we have:
—§I2 = Np = Ma?wlsin Asin6 = Ma?wfisin A"
As

Ig ==Ma



we have:

8~ —2w(lsin A8

"Pherefore, it gives oscillatory solution with frequency V2w sin A
(b) As before:

& =(w,0,0)
é:(ﬂ,-—é,ﬂ)
and
= Q(sin A cos 8, cos A, — sin A sin §)
For a disk:
L=iMda ; L=I==>Ma
1=3 ¢ 3 h=lL=7 a
So:
Bioy =@+ 6+
=(w + 2sin A cosf,tcos A — 8, -2 sin A sin 6)
So:
L = L{2w + 02sin Acos 4, cos A — 6, —Q sin Asin 8)

And

dr* . P . :

- = I(2& — Q2sin A sin 66, —8, —~Q sin X cos 66}

G+f)xL
P 3 3
=1 Qsin A cos@ QcosA—f —Qsindsing
7 2w—}-2hsinz\c059 flcosA—8 —QsinAsing )
= — I(2w + 2 sin A cos )2 sin A sin 82 — I (2w + Qsin ) cos §)(2cos A — 6)3
Therefore: '
ar

- (E+ 1) x L= K20 — 22 sin A sin 86, —6 — (2w + 2 sin A cos 6)§ sin A sin 6,
—Q?sin Acos 86 — (2w + sin Acos 8) (R cos A — §)) = 0

From the 1 term:

2% = 2( sin A sin 68

But, g and @ are small, 50 w = const. The 2 term:

f = —2wsin Asiné — 0% sin® AcosOsin b



But Q << w and 8 << 1, we have

6~ —2wtsin A0

so, the angular frequency is:

Vv 2wilsin A

as in part {a).

I? =Dl + Tk + Bl
2T 2110)3 + Izwg + I3w§

From pg. 196 of the note, we have:

0 =2TL — L* = (L — L)w! + Is(I5 — Is)w}

Thus:
a it
Then:
L’ - Bw} —(Il 7, — ia L + 13)wi
LiL{L ~ Is) w?
=T nL-r °®

Now w; and w3 are symmetric, so:

2ol h L*-Nw} L1 L — Lw}
'Y I-5n LI Li—13 §Lb

“From Euler equation with N = 0

0 = Ly + waw () — 1)

I — L)1y — In)
- __ 2 12 2 ( 1~ f2 -
(L 2 2) (11 13)2111312 (Il 13)

Ly —wz)\/ e

10




Let:

\/ (h - L)(I, — Is)

" So:

LI
Wimax — 3=
F Ij
So:
Wy = -—-kwgmax + kwg
wy = wymax tanh{kwamax(t + to))
And:

w2~ ) I_z(lwzmax"‘ kwi)!/?
AT I
/(I ~I)L L ‘ '
(I 1,3)1, IZSGCh(szmax(t-!-fo))
)

I, — I3
E — I:)I: wimaxsech(kwzmax(t + t0))
By symmetry, we have!
Iy — ),
Wz = %ﬁ:ﬁwamaxsech(kw;max(t + to))



