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I. INTRODUCTION

The record of a rapidly responding temperature-sensing
element located at a fixed position near the ground on a
clear day reveals that the natural wind is thermally heterow
geneous to an extent that would remain wholly unsuspected if
only inert instruments, such as the conventional mercurial
thermometer, were used to study the temperature field. This
heterogeneity is a consequence of turbulent exchange of air
between strata characterized by mean temperatures which vary
systematically with height above the ground. The meteorolog-
ist is fundamentally interested in the final results of such
exchange processes, since these processes are responsible for
the vertical transport of heat, momentum, water vapor, and
other properties in the lower layers of the atmosphere.

In the past there has been very little attention given
to the details of the fluctuations themselves, other than
those of wind veloeity; but growing interest in the structure
of atmospheric turbulence has recently led to séme preliminary
theoretical analyses of the thermal fluctuation problem (Let-
tau, 1949; Sutton, 1948). Aware of the paucity of data suita-
ble for testing the validity of the theoretical conclusions of
these investigations, the Geophysical Research Directorate of
the Air Force Cambridge Research Laboratories has sponsored
a study of turbulent temperature fluctuations to be carried

out by members of the Department of Physics of the Iowa State
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College.t The work described herein has been done as a part
of this contract research,

The development of instrumentation, organization of field
obaarvatiéna, and planning of analysis techniques for this
investigation of temperature fluctuations called for analyses
of a number of problems which have received scarcely any pre-
vious attention due to prior lack of interest in the fluctua-
tions as observable quantities, Those problems which will be
examined here fall into two principal categories: radiation
errors and lag effects,

When a thermal element is exposed to radiative heating
its temperature rises above that of the ambient air until the
rate of dissipation of heat from the element by conduction
to the passing alr reaches equality with the rate of addition
by radiation. If the irradiation is constant while the
ambient air speed fluctuates, then no steady-state radiation
error can develop; rather the errar'fluétuateﬁ, with the
undesirable consequence that spuriocus fluctuations of indicated
temperature become superimposed on the fluctuations due to
true air temperature fluctuations., A study of the magnitude
of such spurious fluctuations is presented here for two parti-
cular sensing elements (bead-type thermistor and thermocouple).

When a thermal element is exposed to fluctuating ambient

ailr temperatures its instantaneous indication is not, in gen-

1This work is being done under Contract No. AFL9(122)=k40.
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eral, the true instantaneous temperature due to effects of
lag. The lag problem has been explored both in terms of
general relationships that must axist between true and appar-
ent fluctuation statistics as determined from the record of

a lagging sensor, and also in terms of the specific magnitudes
of lag effects to be expected when either thermistors or
thermocouples are employed.

Throughout the following discussions, "temperature fluc-
tuations® are to be understood to be those impliéd in the
Bulerian time derivatives and never the Lagrangian1¢ Since
the Lagranglan "eddy diameter" is reiated, through the instan-
taneous wind velocity, to the Eulerian "period", all of the

current ambiguity of the former term is passed on to the lat-

lThe Lagrangian (or "individual®) and Eulerian (or
nlocal®) time~differential operators of hydrodynamic theory
are related according to ‘

d ? . 2 d >
--a?——&..._-%m,,a_§u. ax*“f 3y4w*5? ’

where 4 is the lLagrangian operator, ~%r§-is the Eulerian
operat&®, and u, v, w are the particle veldcity components in
the direetions x, y, %, respectively. Experimentally, it is
very much simpler to measure the Eulerian time derivative of
a meteorological variable than it is to measure the Langrangian
so most observational programns in dynamic meleorology are
based on an Bulerian framework in spite of the fact that the
Lagrangian point of view is conceptually more straightforward.
The almost complete lack of progress towards Lagranglan obser-
vational techniques must be admitted to be one of the most
serious defects in the present development of the subject of
dynamic meteorology, and this same defect exists in the pre-
sent study of turbulent temperature fluctuations to the ex-
tent that the study is regarded as an effort to elucidate

the dynamical processes involved in turbulent heat transfer.
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ter, aggravating a semantic problem of meteorology which will
not be attacked here. Instead, the spectrum of periods (or
frequencies) will here be tacitly regarded as that derived
from a Fourier analysis of the fluctuations observed over a
definite period of time. This point of view, it must be
noted, neglects the serious difficulties inherent in the
(essential) open-endedness of the time-series comprised by
the temperature fluetuations oceurring at any fixed point

of observation.

A very rough criterion may be introduced at this point
to indicate the approximate upper and lower limits on the
periods of temperature fluctuations one might expect te en-
counter in the lower atmosphere. If the mean speed of a
layer of air bounded below by the earth's surface is U, and
if the depth of the layer is H, then on the crude but plaue
sible assumption that thermally distinet masses of air
("eddies") whose horizontal diameters are of the order of H
may be embedded ln this flow, the Eulerian periods of the
fluctuations caused by the passage of these eddies past a
fixed sensor will be of the order of H/U., Considering the
lowest layer of interest to be characterized by H of the
order of 1 decimeter and U of the order of 1 meter per second,
periods as low as 10~1 second may be anticipated. Consider-
ing, at the other extreme, the whole boundary layer with H
of the order of 1 kilometer and U of the order of 10 meters

per second, periods as large as 107 seconds may be expected
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to oecur. Undoubbtedly fluctuations of both smaller and
larger periods than those lying between these approximate
bounds do occur in the atmeosphere, but it is unlikely that
those of periods lower than 10~l second can contribute appre-
ciably to turbulent transport of heat, and those of periods
greater than 10¢ seconds are of too large a scale to warrant
treatment as "turbulent” fluctuations. Hence the following
analyses will deal with problems encountered in the measure-
ment and analysis of fluctuations with periods of from 10-1
to 10% seconds, approximately. It will become apparent that
fluetuations near the lower limit of this range of periods

pose serious problems of instrumentation and analysis.
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II. REVIEW OF LITERATUHE

There certainly does not exist in the literatﬁre a
definitive study of turbulent temperature fluctuations. Such
work as has been reported can frequently na%'be}cléarly inter-
preted due to omission of information concerning response
characteristics of the sensing element employed, especially
its lag~time. Hence no attempt will be made to cite all of
the literature references wherein temperature fluctuation
data have been mentioned.

Giblett (1932) and his associates made an early contrie
bution to the study of longer period fluctuations, and called
attention to the negative correlation that normally exists
between wind speed and ailr temperature. Such a correlation
‘ arisaaybecauae the surface wind speed increases when a mass
of air descends from the faster-moving overlying layers which
are usually also cooler than the surface layers at midday.
Best {1931) analysed the instantaneous temperature differences
observed at two points separated by a horizontal distance of
fifty feet. His work drew well-founded criticism from Bilham
(1935) on the grounds that the observations were seriously
biased by instrument lag effects. Bilhau's paper appears to
represent the first (and also the last) serious effort under-
taken to assay the statistical distortions which lag can
impose upon data obtained from inert instruments, The analy~-

ses of lag problems presented below in Part IV may be regarded
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as an extension of the point of view first taken by Bilham
in this 1935 paper.

Haude (1934 ) has described surprisingly non-correlated
temperature fluctuations at levels of 1 millimeter and 1
centimeter above a level desert surface. More recent observa-
tions of temperature profiles and fluctuations very near a
desert surface {at heights of 0.0l to 1.0 inch) have been
reported by Vehrencamp (1951); but the 0.003-inch diameter
thermacauples used must have developed appreciable radiation
errors whiech interacted with wind speed variations to add
spurious fluctuations. 8chilling and others {1946) mentioned
briefly some measurements made with a 0,0005-inch diameter
resistance wire thermometer from which they concluded that
the air tamp@rature at a fixed point may rise or fall by as
"much as 10 C° in a second or two, notable here as the most
extreme oscillation reported in the literature examined.
Hoehndorf, quoted by Slater (1948), reported "average fluctua-
tions® of 3.9 €% at a height of 1 meter, 2.4 C° at 10 meters,
ahd 1.8 C° at 20 meters above an airport surface near midday
on a eloudless summer day.

Data such as those Just cited,'sparse as they are, help
point out the nature of the measurement and analysis problems
one must expect to face}in the investigation of turbulent tem-
perature fluctuations. They provide, however, practically no

answer to questions concerning the intensity spectrum of the
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fluctuations, dependence of fluctuation statistics on height,
wind speed, stability of vertical temperature distribution,
and degree of correlation between fluctuations occurring
simultaneously at nearby points., The answers to these latter
questions should, when they are found, shed considerable light
on the problem of the ultimate details of the process of tur-
bulent transport of heat. To fill some of these large remain-
ing gaps is the objective of the fluatuatian study of which

the present work is a part.
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III. RADIATION ERROLS IN FLUCYTUATION IMEASUREMENIS

The fundamental requirement for accurate measurement of
the temperature of a fluid ia that the thermal sensing element
shall be in thermal equilibrium with the fluid which imme-
diately surrounds it. If the element is in radiative communi-
cation with matter located at some position remote from that
element, then the fundamental requirement will not, in general,
be satisfied, and hence the t@mparature indicated by the element
will not represent the temperature of the enveloping fluid.
Instead, some positive or negative radiation error will exist.

Whereas such radiation errbra can be avoided in many
meteorological temperature measuremants by enclosing the sense
ing element within some sultable shield, they are almost in-
escapable in fluctuation studies because the radiation shields
would so interfere with the free flow of the wind past the
element that something quite different fr&m the true fluctua-
tions would be indicated by the element.

If the rate of irradiation of an element were constant
over the period of observation of a series of air temperature
fluctuations, it might appear admissible to ignore the radia-
tion error since it would seem to affect only the mean tem-
perature, leaving unaltered the deviations from the mean which
are of principal interest in fluctuation studies., However, if
ginmultaneous fluctuations of wind speed are occurring, these

latter imply fluctuations in the ventilation rate and hence



in the heat dissgipation rate of the element, with the unfortu=-
nate consequence that the error level fluctuates. Hence
spurious fluctuations of indicated temperature will be
superimposed as background "noise" on the true [luctuations.
By this action of wind speed fluctuastions on a radiatively
heated element, the true fluctuations becoume confounded with
the spurious ventilational effects, so the assocliated errors
may be referred to as "confoundiﬁg grrors?,

Since no analyses of such confounding effects had been
made in conjunction with any of the previous limited studies
of temperature fluctuations, it was considered necessary to
explore this problem quite carefully and quantitatively with
particular reference to the element tentatively selected for
use in the fluectuation measurements, the Western Electric bead
thermistor No. Eul?é?&@. In addition, a comparison with the
confounding effects to be expected with a representative type
of thermocouple was desirable since this element probably
provides the best alternative to the use of the bead thermis-
tor in fluctuation studies.

A brief description of the g@ﬂaral}plaﬁ of attack used
to study the confounding problem will help teo clarify the
steps actually taken and the results obtained. First, for
gach element (bead thermistor and thermocouple) the magnitudes
of the several radiative fluxes involved were determined as

a function of time of day and year. With these magnitudes
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available, the total radiative power to be converted into heat
in the element and dissipated by heat transfer to the ambient
air was computed. Then the dissipation function of each element
{(rate of heat loss per degree excess temperature as a function
of wind speed) was determined and used in conjunction with
representative data on actual wind conditions prevailing near
the earth's surface to evaluate the steady-state radiation
errors and the confounding errors under various conditions
likely to be encountered in the field, These analyses will

be most conveniently described by considering the two sensing

elements separately.
ks Thermistor Radiation Errors

The Western Electric D-176980 bead thermistor is a
roughly spherical mass of semiconductor material (oxides of
nickel and manganese) enclosed in a vitreous envelope through
which a pair of lead wires paﬁé to make contact with the sami~
conducting nucleus within., The entire bead is quite small,
only 0,033 centimeters in diameter, so the abamlute magnitude
of the radiative power which it abé&rbs is not large. For
analysis purposes its shape will be regarded as that of a
sphere although it is perhaps most aptly described as lemon-
shapeds The photographs of Figures 1 and 2 &hoé'the details
of the bead structure and the method of mounting for field

UEG



Figure l.

Close~up view of mounted thermistor.

Background scale is a centimeter seale, the

smallest divisions being millimeters, The ther-

mistor bead is at the extreme right, supported

on four fine wires, (Bead is below and slightly
to the right of the "1" of the "l4" on the scale
in the background.)

Figure 2.

Photomicrographs of a Western Electric
D-176980 bead thermistor.

View perpendicular to plane of wires
axhibihiag symmetry but non-eircular out«
line, (The four fine wires have here been
arranged to lie in the plane containing the
portions of those wires surrounded by the
thermistor itself.,) |

View parallel to wires exhibiting nearly
circular outline. Qiaﬁetar of this section

is approximately 0.033 centimeters,
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1. Galgulations of the components of the total radiative

gxchange
A freely exposed thermal sensing element may fail to

be in perfect thermal equilibrium with the immediately adja-
cent air because of the disturbing influences of the follow=-
ing remote energy sources: the sun, the scaltering particles
in the atmosphere, the ground acting as a reflector of direct
solar and indirect scattered radiation, and the ground and
atmosphere acting as infrared sources. Concurrently the
ground and atmosphere act as infrared sinks. The role of each
of these sources and sinks was evaluated quantitatively in
order to draw a total radiation balance for the bead thermis-
tor. These aeveral flux eéleulatians for the thermistor will
 be diﬂ@ﬁsaed in the following paragraphs. |

as Direct solar radiation. Since a thermistor bead is

nearly spherical, its direct solar radiative heating will be
dependent not upon the insolation rate per unit horizontal
area {a rate which is of great ¢limatological importance);
but rather upon the insclation intensity measured normal to
the solar beam, i.e., upon the “intansity" of photometric
terminology. This intensity varies seasonally because of

(1) variation of solar declination, and (2) variation of
precipitable water vapor in the atmosphere (water vapor being
the only seésenally variable absorbing constituent of any

importance).
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To secure the necessary data on seasonal and diurnal
variations of intensity of the solar beam at the earth's
surface, the Solar Radiation Data sections of the Monthly
Weather Review were used. Lingoln, Nebraska was selected as
the station whose observations could be expected to be most
representative of conditions that will prevail during obser-
vations to be made in the course of the present study. The
1949 cumulative average intensitles for Lincoln for each of
the several tabulated solar altitudes were obtained for each
of the four principal climatological months, January, April,
July, and October (Monthly Weather Review, 1949, pp. 28, 131,
216, 300).

Since the objective of the present analysis was to deter-
mine the largest values of radiation error that might be
attained, it is important to point out here that intensity
measurements are never made at U, S. Weather Bureau stations
on cloudy days, so the averages employed here have not been
lowered by dilution with decreased intensities characteristic
of cloudy days. In order to see how valid it would be to
uge mean intensities here, a statistical examination of the
individual daily values was carried out on five years of
observations at Lincoln and, as a check, on a gimilar group
of observations at madison, Wisconsin, This study revealed
that the mean values which have been utilized here do not
represent the means of a widely fluctuating variable; for

near noon, when radiation errors are the greatest, the
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extreme insolation intensities for very dry, clear days exceed
the means by only about 10 ?er cent of the means themselves.
In view of this result, the means, which were readily available

from the Monthly Weather HReview, have been employed here.

The details of the calculation of intensities for all
the desired solar hour angles from the few values which are
tabulated in the Monthly Weather Heview need not be elaborat-
ed here; being quite‘straightforward. It will be sufficient
to point out that the tabulated intensities were plotted
against their respective air masses on log-log coordinates,

a smooth curve drawn through them and values for other air
masses obtained by interpolation and extrapolation. Figure

3 %hmwslﬁhe resulting mean insolatlon intensities for each

of the four months, plotted against solar hour angle on the
abscissa, (Plotting the data against solar hour angle as if
it were simply symmetric does obscure the frequently occurring
excess of afternoon insolation values over morning values of
the same hour angle, but these asymmetries are seldom greater
than a few per cent of the means.) The scale of the ordinate
shown at the left gives these intensities in langleys per
minute (gram-calories per square centimeter per minute), whila
that at the right gives the corresponding radiant power, in
milliwatts, intercepted by a spherical bead thermistor of
eross-sectional area 8.5 x 10~4 square centimeters (D-176980).
These values of power intercepted will be regarded as values

of power absorbed because of the low reflectivity of the



Figure 3. Direct solar radiation intensities.

Monthly average ilntensities for each solar hour
angle from noon to sunset (sunrise) are shown for
four different months of the year. Ordinate scale
at left gives beam intensities in langleys per
minute; ordinate scale at right gives rates of
power interception by the 0.033-centimeter dia-
meter Western Electric D-176980 bead thermistor
in milliwatis,
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glass surface and high absorptivity of the dark nucleus.

That the extreme annual maximum value of intensity comes
in Spring is apparently a consequence of the phase difference
between the seasonsl variations of noon selar altitude and of
total precipitable water in the atmospheric column, The
annual maximum of the latter is displaced from the sumer
solstice to about the middle of July in the central United
States with the result that the struggle between decreasing
optical path length and increasing absorption coefficient
along that path length leads to an extremum around the first
of April, in the mean. It is a curious result of the come
promise between these same two fagtors that the noon inten~-
gities for January, July, and October are all the same to
within a few per cent at Lincoln, equaling very nearly 1.32
langleys per minute.

The right-hand power scale of Figure 3 reveals that bead
thermistors will be subjected to daily meximum values of ;
intaraaptad radiation of around 0.08 milliwatts when only the
direct solar beam is considered. Added to this component are
the several other radiant fluxes of which the next one to be
¢onsidered will be the diffuse sky radiation,

bs. Diffuse sky radiation. The existing literature con-

cerning the physics of radiation errors, sparse as it is, ine
cludes little mention of the role that may be played by
scattered radiation reaching a thermal element from all parts

of the sky. However, some figures given in one of the reports



of the Johns Hopkins University Laboratory of Climatology
{Thornthwaite, 1949) suggested that even when an element ié
shaded from the direct rays of the sun an appreciable residual
error due to diffuse sky radiation may exist, so this source of
error has been examined quantitatively and was found to be

too large to be neglected in a complete radiation error analy-
sis.

The first question thal arose in considering diffuse sky
radiation was that of whether a series of separate calculations
must be made, each for a different solar zenith angle, as was
necessarily the case for the direct solar radiation intensities
caleulated above, To answer this, the problem of the dependence
of diffuse sky irradiation of a sphere upon varying solar zen-
ith angle was solved to a first approximation in which the
density of scattering particles was assumed constant throughe
out the total scattering volume and in which primary but not
secondary (or higher) order scattering was considered,

The intensity of Beatter@ﬁ,sumiight, dL, originating in
an element of volume dV at distance r from the point of obser-

vation was taken as

dL a,-%%— (1 4 cos ¥ )av , (1)

where k is a constant for given wavelength and nature of scate-
tering partic¢les, n is the density of $aatﬁering particles,
and Yis the angle between the direction of the primary radia=

tion and the scattered ray from dV to the point of observation
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(see, for example, Humphreys, 1940, p. 561). On putting Y
in terms of the solar zenith angle and of the altitude and
azimuth of the volume element dV, {solar azimuth taken as
‘zero) expressing dV in terms of spherical coordinates, and
~integratingf@ver a hemispherical space of radius R (of the
~order of several tens of kilometers), aha finds the total
diffuse sky radiation iﬁnidan% upon a sphere of unit cross-

sectional area to be

Lg m,ﬁ%;k.’i@—.._, : (2)
independent of the solar éanith angle, to the first approxima~
tion employed. That the diffuse sky radiation is independent
of the position of the sun is é fortunate result as it implies
that a calculation of the diffuse irradiatian made for any
one solar zenith angle wili give at once the irradiation rate
for all solar zenith angles, i,e¢,'far all times of day and
year. This lack of dependence of diffusa irradiation upon
301&? position is hot true for badiaayaf arbitrary ahape. A
unit horizontal area, for example, recelves appreciably 1@3&
sky radiation with the sun near the horizon than with the sun
near senith (Humphreys, 194&, pPs 564).

As the next step in the analysis, thavaanual galeulations
of‘tha magnitude of the diffuse irradiation of the bead thermis-
tor might appear to have been achievable on theoretical grounds,

using (2) above, However, the appropriate values to assign
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to k, n, and R were seriously in doubt, so experimentally
observed diffuse irradiation rates for a plane horizontal
surface were obtained and these converted into equivalent
rates for a sphere by an indirect method which will be ex~
plained next,

fny portion of the sky contributes to the intensity of
sky radiation at a point on the ground an amount that is
proportional to (1) the solid angle which that portion of sky
subtends at the surface point, and (2) the local brightness
of that portion of the sky. If the contributlion of each
element?s flux to the total sky irradiation of a unit horizon=
tal area 1s to be csmputéd, then the intensity contribution
from each element of sky must be weighted by the sine of the
angle of altitude of that element and then the sum of the
weighted fluxes obtained for the whole sky. If on the other
hand, the total sky irradiation of a sphere of unit cross-
sectional area is to be computed, then since a sphere possesses
the unique property of presenting the same projected area
in all directions, the flux contributions are to be summed
directly over all elements of the dome of the sky unweighted
by any geometric factor.

As a means of removing from the final numerical results
any slight dependence of diffuse irradiation on solar zenith
angle that might have been obscured by the approximations
employed above, the actual determinations were carried through

for a middle value of solar zenith angle, 500, rather than for
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either a very low or a very high zenith angle. Observational
data on the variation of sky brightness with altitude and
azimuth were not available for any station in the central
United States, but Kimball and Hand (1921) have given very
extensive reports on sky brightness for Washington, D. C. so
these were employed to determine the relative contributions

of the various parts of the sky, while the final fixing of an
absolute magnitude of total flux reaching the sphere was based
upon & single observational datum for Lincoln, HNebraska, as
will be ex@lainad below. Both the sky brightness values for
Washington and the datum {total diffuse radiative flux on unit
horizontal surface) for Lincoln corresponded to a solar zenith
angle of 50°.

The actual computations began by reading off the loecal
mean clear-sky brightness values at the centers of sky ele-
ments bounded by vertical circles 10° apart and almucantars
10° apart on the chart given by Kimball and Hand {ibid.),
weighting each of these values by the cosine of the angle of
altitude of the center of its respective element (to allow
for decreasing solid angle subtended by 10Y-square elements
of inecreasing altitude), and then summing over azimuth and
altitude. This summation represented a double numerical
integration over the eﬂtirefﬁky and, in view of what was said
earlier, yielded a result that was proportional to the total
sky radiation received by a sphere at the ground.

The unknown quantity that remained to be determined was
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the proportionality constant, which was not dependent upon
the spherlecal nature of thé receiver, but only upon the
particular numerical units employed in expressing relative
sky brightnesses, . IThe numerical magnitudes actually used
happened to represent ratios of local sky brightness to zenith
sky brightness.) By using those same numerical units to carry
;hraugh a similar double numerical integration for the case
of & plane horizontal surface and then equa%ing-this latter
result to aectually observed diffuse sky radiation receipts on
a unit horizontal area at Lincoln, Nebraska, (0,017 langleys
per minube according to Kimball {(1927)), the proportionality
constant was determined. |

By the ébava indirect method the rate of sky irradiation
of a sphere of unit cross-sectional area was found to be
appreciably larger than for the horizontal area, equaling 0.40
langleys per minute in contrast to the 0.17 langleys per minute
for the horizontal plane surfaces If a sphere of unit cross-
sectional area receives 0,40 langleys per minute, a thermistor
bead of 8,5 x 1@“5 square centimeters cross-~seclional area
will receive diffuse sky radiation at a rate of about 0.025
milliwatts; and according to the first approximation analysis
described above, this rate will remain constant throughout the
day and year, The validity of this approximation undoubtedly
deteriorates as the altitude of the sun a@§raachaﬁ zero {due
to inereasing importance of higher*@rder scattering in the

long oblique path through the atmosphere), but this value was
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employed as a constant in the present analysis.

Hence, to each value of direct solar radiation intercepted
by the bead as shown by Figure 3 there was to be added a con-
stant value of 0.025 milliwatts due to diffuse sky radiation.
Since the direct solar beam delivers only 0,080 milliwatts to
the bead in the April noon extremal case, the diffuse radia-
tion is seen to contribute an additional amount which is al-
ways over 30 per cent of the direct solar contribution it-
selfs For large hour angles, when the direet solar beam inten-
sity decreases due to increased depletion in the long oblique
path through the atmosphere, the diffuse sky radiative contri-
bution to thermistor heating will actually become larger than
that of the sun itself, Clearly, sky radiation is not a
negligible factor iﬁ the total radiative balance of this ther-
mal element.

ce Ground-reflected radiation. An unshielded thermal

element receives short wavelength radiationl not only direct-
ly from the sun and indirectly from scattering particles in
the atmosphere, but also indirectly from ground reflection

of both of these first two components. Of all three short

lnshort wavelength radiation® is used in meteorology to
denote the portion of the electromagnetic spectrum in which
the sun radiates appreciably, hence from about 0,2 to 4
microns, This range is to be distinguished from "long wave-
length radiation" which refers to the spectral interval
within which a blackbody at normal atmospheric temperature
radiates, approximately 4 to 25 microns.
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wavelength contributions to radiative heating of a thermal
elamant,?thi& one is least subject to precise evaluation
because the albedo of the earth's surface depends consider-~
ably upon the nature and state of the surface. Geiger {1950,
pe 129) summarizes most of the important past studies of
surface reflectivity and from his compilation a value of
Os15 was selected as a representative working value for
grass covered soil, The same albedo waﬁ found typical of
bare sandy soil as measured recently by Thornthwaite (1950,
ps 11)a

Except for the special case of a water surface, where
nearly specular reflection will occur, the ground and its
vegetative cover will act as a diffuse reflector. The angu-
lar distribution of the intensity of reflected radiation will
then follow, to fair approximation, the c¢osine law of diffuse
reflection so that

B(®) = B,cose (3)

where B(®) is the brightness of the reflecting surface when
viewed from an angle of @ from the normasl to that surface,
and B, is the brightness when viewed from © = 0, i.e., normal
to the surface. (See, for example, MMoon, 1936, p. 256.) It
is the defining characteristic of perfectly diffuse reflectors
that they obey (3) independent of the angle of incidence of
the primary radiatian which is undergoing reflection. Sod
(or soil) is undoubtedly not a perfectly diffuse reflector

and, unfortunately, there appeared to be no observations



—25m

reported in the literature showing how closely various natural
ground cavers follow the cosine law. Nevertheless, ;t seemed
permissible to use (3) in view of the extent to which sod must
possess the essential requirement for diffuse reflection -

a large surface density of randomly oriented reflected sur-
faces, On this basis the ideal relation (3) was assumed to
hold here,

Before (3) could be used computationally in the problem
at hand it was found necessary to analyze the experimental
process by which the albedo of a ground cover is measured, in
order to learn how the quantity B, is related to the albedo
and the total incident flux; for this relation was, somewhat
éurprisingly, not discussed in any of the literature refer-
ences consulted in examining the grbund reflection problem,
This analysis will be summarized next and the result then
used to evaluate the ground-reflected coumponent of the ther-
mistor radiation balance,

The technique of determining the albedo of the ground
surface consists in measuring the incident flux when the
sensitive face of a pyrheliometer (type of tﬁerm@pile} is
turned directly downward towards the surface so that its
horimantal face receives reflected radiation from the full
terrestrial hemisphere, next measuring the incident flux
when the face is turned directly upﬁard towards the sky so
that it receives direct seolar and diffusely scattered sky

radiation from the full celestial hemisphere, and then
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dividing the first flux by the second. The quotient is
defined to be the albedo of the surface in question,

When the pyrhelicmeter is turned dewnward, the contri-
bution dE to its illumination made by an annular strip of
ground of radiua rsin® and radial width rd®sec® centered
about the vertical through the pyrheliometer (see Figure &)
is

dE = Baﬁﬂgﬁ c080 2 T rsin® rd@secé
r

in view of (3), the inverse square law, and the geometry of
the problem, Integration over the full terrestrial hemisphere
gave as the total reflected radiation received by the face
of the instrument

EZ TBo (&)
per unit area of the pyrhellometer face.

When the pyrheliometer is then turned upward to receive
the direct solar and the diffuse sky radiation, the total
ineident flux, Fy, which strikes unit area of the face of
the instrument is the same as that striking unit area of
horizontal ground surface. By definition, then, the albedo

of the ground surface is

B
X 5 k20
Fy
8o that |
B =_ X Fi (5)
/2

which identified B,, the normal brightness of the surface,

with the albedo and the total incident flux on unit horizone
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tal area, This relation is needed in the evaluation of the
groundw-reflected radiation incident upon any given thermal
‘element for a specified Fy.

For the bead thermistor of diametral cross-sectional
area A, the contribution made by an annular strip of ground

of radius rsine and width rd@secd is

dE = B, .‘E.?%ﬁ.. 2 7 rein@rdoseces, (6)
st

the projection factor, cos@, not appearing now as it did for
the case of reflective illumination of the plane horiszontal
pyrheliometer face. Integration of (6) over the whole terres-
trial hemisphere gave as the total ground-reflected radiation
incident on the sphere

E = 27B,A = 2 & Fii (7)
in view of (5). Gnmpariaen of (7) and (4) shows that a sphere
of given cross-sectional area intercepts just twice as much
groundereflected radiation as does a horizontal disc of
equal area, the difference being due to the dissimilarity in
the variation of projected area of sphere and dise with vari-
ation of the angle @.

To evaluate (7) fﬁr‘the bead thermistor the magnitudes
of Fj, the total flux of short wavelength radiation reaching
unit area of ground surface, were determined as a function
of time of day for the four principal climatological months
of January, April, July, and October. The procedure used con-

sisted of weighting the direct solar intensities (found



Figure 4. Geometry of pyrheliometric measurement of ground

albedo.

Figure 5. Gr@undgraflectad radiation.

Solid curves give diurnal variation of
ground-reflected flux {in milliwatts) intercepted
by the bead thermistor for each of four months
for a surface albedo of 0,15 (grass cover).

Dashed curve gives diurnal variation of
reflected flux in Januaryrfer an albedo of 0.85

{ snow cover).
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earlier in this Section) by the sines of the respective

solar altitude angles and adding to this weighted value a
flux of 0.170 langleys per minute representing the diffuse
sky radiation flux on unit area of ground surface. (Although
the diffuse irradiation of a plane horisontal surface, unlike
the sphere, does vary somewhat with solar zenith angle, using
the above value which corresponds to a 50° zenith aﬂgla
yielded results which were found to have a maximum error of
only about 4 per cent of the true value, so the assumption of
a constant value of 0,170 langleys per minute was employed
at this point.)

The resulting sums of Ei inserted into (7) gave the
gr@undmrﬁflﬁﬁtiaa flux incident upon the bead when its area
A was used and an appropriate value of the ground albedo
was euployed. The value selected above, & &« 0.15, was used
to compute the reflective fluxes which are plotted in Figure
5 as representative of grass~covered soil or bare sandy soil.
It may be seen from Figure 5 that the contribution of ground
reflection to the radiative heating of the bead thermistor
becomes largest at noon on ¢lear July days but is only
slightly smaller on April noens. For these extreme cases
reflective heating is approximately equal to heating by
diffuse sky radiation (0.025 milliwatts) but is only about
one-third as important as direet solar heating at the same
times (about 0,080 milliwatts).
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In addition to the reflective fluxes for the case of an
albedo of 0.15 for sod or soil, the flux for the special case
of the very high albedo of @ snow cover was also determined,
since field observations on the present study are expected to
be carried out throughout the year. Geiger (1950, p. 164)
reports snow-cover albedo measurements which suggest a mean
value of about 0.85, Using this value and January ground
irradiation rates, the reflective flux on the thermistor was
gomputed and the results shown as the dashed curve in Figure
5, Near noon on a ¢lear January day with a fresh snow sur-
face, the ground-reflection flux (0,075 milliwatts) is seen
to be nearly equal to the direct solar flux (0.077 milliwatts).
This implies the unexpected result that for the year as a whole
the most serious total radiation error of the bead thermistor
will appear 4in winter on c¢lear days with snow cover, at which
times the error may be expected to be almost twice as great
as on clear summer NOONS.

The determination of the ground-reflected flux completes
the treatment of the short wavelength contributions to the
radiative heating of the bead thermistor. There remains
only the long wavelength {infr&ra&) gontribution to be ex=-
amined,

d, Infrared radistion. The absorption and emlssion of

radiation in the wavelength range of from about 4 mierons to
about 20 microns must be examined for its role in the overall

radiation balance of any thermal sensing element, Unlike the



previous three short wavelength components of the total
radiative exchange, this last possesses the possibility of
constituting a net cooling influence under certain condi-
tions. Since the outer coating of the Western Electric

bead thermistor is glass, which is almost completely opaque
to the far infrared and to most of the near infrared, the
bead will not only absorb but also, in view of Kirchoff's
law, emit very nearly as a blackbody at atmospheric tempera=
turesl. The slight departures from blackbody characteristics
in a few bands peculiar to each variety of glass, have been
ignored in the analysis of infrared exchanges at the bead
surface.

The approximately spherical thermistor bead will radiate
uniformly into the full hemisphere at & rate that will, for
reasons Jjust cited, be taken as full blackbody emission.

This emission tends to cool the bead, On the other hand, the
bead tends to heat up as a result of receiving infrared radia-
tion from the full hemisphere; but this incoming radiation is
not of uniform intensity from all directions. It is nee-
essary to distinguish the terrestrial hémisphere from the
celestial hemisphere in treating the incoming infrared. The

horizon plane separates these two regions of space.

1The wavelength of maximum emission intensity for a
blackbody at 3000K is about 9 microns, well beyond the
redward cutoff of about 3 microns characteristic of most
glasses,
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- If the absorption and reemission of infrared radiation
within the slab of air lying between the soil surface and the
level of the thermistor could be completely neglected, then
assuming a soll surface of uniform temperature and possessing
blackbody emitting characteristics {the latter being a very
acgeptable assumption in the wavelength range of importance
here (Brunt, 1944, p. 138)), the infrared radiation incident
upon the bead from the terrestrial hemisphere would be uni-
form in intensity and equal to blaekéady radiation at the
s0il temperature. 4Actually, near the horizon the bead will
see s0 much air between it and the distant soil surface that
it will receive from these directions atmospheric radistion
in those bands to which water vapor is opaque, plus soil
radiation in the transparent band of the water vapor spectrum,
near 10 microns, So long as one considers measurements made
in about the first 10 meters above the surface, the fraction
of total "terrestrial radiation™ which originates in the air
itself in these long oblique paths and which may thus differ
in intensity from that of blackbody emission at the soil
temperature will be small, since the path length must ap=-
proach some 50 meters before the bead sees predominantly
atmospherie rather than soil radiation in the opaque bands.
Even fﬁr a point 10 meters off the ground, only 15 per cent
of the terrestrial hemisphere lies close @ncugh to the horie
zon {in the sense of solid angle subtended at the measuring

point) that atmospheric rather than purely soil radiation
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would have to be considered in a thorough analysis. For lower
points of observation a amallar‘fréetiun of the hemisphere is
involved. In the present study, where most of the observa-
tions will be made below about 6 meters elevation, this effect
may be ignored with little error. Only if it appears that the
net infrared radiative contributions are so large that very
careful allowance must be made for all factors will this re-
finement have to be made, It must be noted that the effect

in question makes a difference in the caleculations only when
the mean air temperature along the oblique path length differs
markedly from soil temperatures, and even then the coincidence
of the gap in the water vapor absorption spectrum with the
wavelength of maximum emission at atmospheric temperatures
renders the discrepancy less noticeable,

In view of the working assumption of negligible con~-
tribution of atmospheric radiation from the terrestrial hemi-~
sphere, the bead was regarded as seeing itselfl surrounded in
this lower hemisphere by a blackhody at solil temperature so
that the net power gain, Gy, via infrared exchange with the
terrestrial hemisphere was just

Gy = 27120 (Tgh - Th) (8)
where r is the bead radius, o is the Stefan-Boltzmann constant,
Tg is the soil temperature, and T is the bead temperature,

That the geometric factor 2Tr? is the appropriate one for
this expression may be seen intuiltively from syumeiry condi-

tions by imagining the spherical bead completely enveloped



by a sphere at Ty emitting as a blackbody and then taking just
half of the accompanying net gain. (The relation (8) can also
be obtained directly by integration of an expression of the
same form as (6) above.)

In turning ta‘tha celestial hemisphere, one sees that
the bead emits uniformly towards all genith angles but re-
ceives back-radiation whose intensity increases from a minimum
from the zenith to a maximum from near the horizon due to the
lower effective radiating temperature of the elevated sources
overhead (assuming the normal daytime decrease of air tem-
perature with height in the surface layers of air). The cal-
eculational problem for the celestial hemisphere is thus that
of estimating the magnitude of the net power gain, G, due
to the exchange between the gelestial hemisphere and the
bead integrated over all zenith angles, taking aaécunt of
varying back~-radiation.

A closely related problem has been treated by Linke
(1931) who found that Dubols' measurements of nocturnal radia-
tion! from surfaces oriented at‘vari@ua zenith angles could be
described by

N, = N,(cos 2) (9)

where N, is the nocturnal radiation per unit area from a plane

l1n physical meteorology the term, ™mocturnal radiation",
is defined to represent the net infrared radiative loss of
energy from a surface. Paradoxically, it is largest at about
noon.
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surface whose normal is directed towards zenith angle z, Ny
is the valué of N, for z = 0, and k is a function of atmos-
pheric humidity tabulated by Linke on an empirical basis,
Linke integrated this exchange function over zenith angle for
several different cases including that of the horizontal surw
face, the sphere, and the vertical ecylinder. The quantity

Ng enters into each result so it was necessary to evaluate

Ny in some way before Linke's integrals could be applied to
the problem at hand., It was possible to effect this evalua-
tion through consideration of the problem of the nocturnal
radiation frow a‘plan@ horizontal surfsce, a case for which
numerous observations exist,

Linke's integral for the case of the horizontal surface
represents the same net power loss found by Brunt (1944, p.
136) to be described with good accuracy over the range of
meteorological interest by the expression

ot [ 1= (0.44 4 0,080 ¥E)]

where T is the bead temperature and e is the vapor prassufe
in millibars at the level of the bead., By taking an e-value
of 13 millibars (largest value for which Linke tabulated his
exponent k), the nocturnal radiation from unit horizontal
area into the full celestial hemisphere was computed from
Brunt's formula, equated to Linke's integral for the same
quantity, and the parameter N, obtained therefrem: For the

particular numerical magnitudes selected here as representa=
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tive, N, was found to equal 0,10 @ T,

With this value of N, inserted into Linke's integral for
the total nocturnal radiation from a sphere of radius r into
the celestial hemisphere, a (negative) net power gain from
this hemisphere amounting to

Ge = = Ouk3TrioTh (10)
was obtained, The above procedure which takes account of
the particular geouwetry of the sphere becomes necessary even
in deriving only an approximate value for the celestial exe
change because the sphere may lose energy ét a rate almost
twice that of a horizontal surface of equivalent vertically
projected area.

The values of net power gain from the terrestrial and
celestial hemispheres as given by {(8) and {10} were added

Lo get the total net gain via infrared exchange
6z 27rio(Tgh - Th - Qbdrk)
= 27r? a’%[{%’:;’ - 1..22} . C(11)
-The exchange expression (11% was used to investigate two
particular cases of interest:

Case 1« T 2 Tg. If the s0il temperature is approximat-
ely equal to the air (and bead) temperature, the net power
gain at the bead due just to infrared flux becomes

- 0.43 TTRa Th,
This, of course, represents Just the total nocturnal radiae

tion to the celestial hemisphere, since complete cancella=
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tion of emission and absorption occurs for the terrestrial
hemisphere for this case. TFor a temperature of bead and soil
of 3009K, and for the radius egfthe bead therwmistor, the net
exchange represents a loss at a rate of very nearly 0.020
milliwatts. Sinece this {irst case of nearly equal soil and
air temperatures is likely to prevail near low-sun periods, a
comparison with the incident insolational power at, say, an
hour angle of 6 on a July day will be pertinent in forming
aamé notion of how significant a factor infrared exchange may
then be. Reference to Figure 3 reveals that for thiﬁytime
of day in July the direct insolational receipts themselves
amount to only about 0,02 milliwatts. To this must be added
about 0,025 milliwatts of sky radietion plus 2 small amount
of ground-reflection (0,006 milliwatts according to Figure
5) giving a short wavelength absorption of about 0.05 milli-
watts., For this case, then, a net loss via infrared amounting
to 0,02 milliwatts would decrease the radiation error to about
three-fifths of the value it would have in the absence of in-
frared exchange, If net infrared exchange were this signifi-
cant a factor under all meteorclogically important conditions
it would have been in order to redo the above exploratory
analysis under more refined assumptions:; However, the condi-
tions prevailing near midday remain to be examined as theA
other case of importance.

Case 2, Tg 2> T+ VWhen during midday conditions, in .

sunmer especially, the absorption of insolation at the soil
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surface raises its temperature appreciably above the air
temperature at instrument shélter level, the typicai net loss
by noeturnal radiation into the celestial hemisphere will tend
to be canceled by net gain via exchange between bead and hot
soil surface. Rather than consider a series of different
Tg=values, sufficient orientation in the matter was thought

to be attainable by determining only that soil surface teme
perature for which the bead just gains as much from the
terrestrial exchange as it loses in the celestial exchange.
Setting G equal to zero in (11) gave for this critical soil‘
temperature value 45°C. This condition for zero net infrared
exchange 1is, surprisingly, very close to the maximum soil sur-~
face temperatures observed under normal summer conditions with
moderately dry soil (excepting deserts and artificial sur-
faces such as pavements which often resch 60 - 70°¢),

Since soil~and ailr-temperature conditions more closely
approximate Case 2 than Case 1 during that part of the day
when turbulent temperature fluctuations are of interest as
indiaatara‘mf the process of vertical heat transport, it
was decided to omit the infrared contributions entirely in
all calculations, because for these conditions the net ex-
change by infrared is quite small. The remaining contributions
would then yield a heating rate estimate which, if anything,
would tend to be slightly too large, thus precluding any
underestimate of the sericusness of radlation errors.

Hence, adding the contributions of direet solar radiation,
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diffuse sky radiation, and reflected radiation, the total
{short wavelength) radiative heating of the bead thermistor
- wag found to vary as shown in Figure 6 for which the ground
‘albada.haé been ﬁ#kaﬁ as C = 0415 thr@ugheut'the whole year
for the solid curves, while & =z 0.85 for the dashed curve
for Jenuary days with snow cover, These curves provided

the information necessary to the prﬁdiahian of thermistor
radiation errors and hence of thermistor confounding errors.
Before treating the other factor which must be known in make
ing the error predictions, th&»diaai§&tian function of the
thermistor, an analysis of the role played by bead surface
properties in controlling the level of radiation absorption
will be summarized briefly and consideration given to the
possibility of modifying the radiation errors by altering the
surface properties.

2+ Analysis of thermistor absorption gross-section

In all of the previous discussions the thermistor has
been treated as if it were effectively blaek to incident short
wavelength radiation. The basis for this point of view, as

- mentioned earlier, is that the glass coating possesses very

low reflectivity, transmitting almost all of the incident
radiation to the dark semiconductor nucleus inside. This
viewpoint has neglected the effects of increasing reflectiv~
ity of the glass surface at those peripheral zones of the
bead where the angle of incidence approaches 90°. To deter-



Figure 6. Sum of all short wavelength radiation intercepted
by the bead thermistor.
Solid curves represent case for surface
albedo of 0.15 (grass-cover); dashed curve represents
case of surface albedo of 0.85 (snow=-cover) for Janu-

ary only.
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mine whether this latter effect is appreciable, the variation
of the reflectivity with angle of incidence was taken into
account in a calculation of what may be called the "absorption
cross-section"” of the bead.

Af'ter dividing the surface of the bead into 10%-zones of
latitude about a polar axis taken parallel to the incident
radiation and computing the projected area of each zone as
seen from the source of radiation each projected area was
weighted by the reflection coefficient characteristic of
the angle of incidence of the rays striking the central par-
allel of latitude of that zone. The reflectivities as a
function of angle of incidence were taken from Jenkins and
White (1937, ps 390), Summing these weighted projected areas
gave an effective absorption cross~section, as distinguished
from the geometric cross-section of the bead. The result
for the effective absorption cross-section was 0.91A, where
Ais the'gaametric cross-se¢tion; so the previous treatment
of the bead as fully black has involved an overestimate of
radiation absorption which amounts to an error of about 10
per cent., To correct for this difference between geometric
and effective cross-sections, all radiation totals have been
reduced by multiplication by 0.9 before being used elsewhere.,
(The correction is certainly not significant to more than
one digit in view of the fact that the beads are not perfect
spheres, )

Having determined the correction factor needed to allow
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for reflective losses at the glass surface of the beads there
remained the question of the extent of transmission losses.
Those incident rays which strike the bead near its equator
(defined with reference to the spherical coordinate system
used in the preceding paragraph) may, upon undergoing refrace
tion, fail to be deviated far enough to strike the dark
absorbing nucleus of semiconductor material, with the conse~
quence that all such rays will again reach the glasseair
interface and (except for slight internal reflection losses)
escape.,

The extent of such transmission losses of rays incident
on the lowelatitude zones depends on the refractive index of
the glass and on the ratic of nueleus radius to overall
radius. On assuming an index of refraction of 1.5 for the
glass and considering the case of the rays which just strike
the equator of the bead at grazing anglé of incidence (case
most favorable for transmission losses), one fiﬁda, from
geometrical optical considerations that these particular re-
fracted rays would fail to reach the absorbing nucleus only
if the latterts réaius were less than two-thirds as large as
- the radius of the glass-air interface. For all cases wherein
the nucleus radius exceeded this eritical value, and hence
for which no transmission losses could occur, the very refrace
tive effects responsible for the deviation of the rays towards
the nucleus would serve to make the nucleus appear, on visual

inspection, to fill completely the spherical space lying
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within the actual glass-air interface. 4nd, in general, to
determine the extent of transmission losses, one need only
compare the visually apparent projected area of the dark nue
cleus with the total projected area of the bead to determine
the ratio of effective absorbing eross-section to geometric
eross-section.t

Ten specimen beads were examined under a microscope to
detarmine tha ratio of the apparent prwjected area of the nuw
¢leus to th@ total projected bead area, The results of this
examination were distrubing to the above analysis in that the
-~ nuclear masses of semiconductor were found to be neither spheri-
cal nor congentrie with the outer surface in most beads, as
had been assumed in the above anslysis, Furthermore, the
diameters of the beads were uniformly higher than the value of
0,033 centimetors given in tha,m&nuféeﬁarar*s specifications
and used in numerical a&laulaﬁ&@na'ahawa; {The overall diameters
as measured with a traveling microscope a#aragad~a“936 centimet«
ers for the ten beads, the standard deviation being 0.002 centi=
meters.) Bub wost significant of all, the ratio of the apparent
diameter of the nucleus to the overall diameter averaged only
0.52, with a standard deviation of 0,07 for this ratio, the
relative variability of nuclear size being somewhat greater than

that of total size. 8inece the ratio of apparent areas must vary

lprs. D. W, Stebbins and L. T. Earls called this paint to
the author's attention,
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a8 the square of the linear dimensions, the effective absorp=
tion cross-section is only about {@mﬁziz'g 0427 times as large
as the geametris‘&r@sawaé&@ianw In view of the variability of
the measured nuclear dimensions, this computed ratio is best
rounded off to 0.3.

Bince the measured overall diameters averaged 0.04L0 centi-
meters while 0,033 centimeters had been used earlier in the
radiation e¢alculations, the correction factor to take account
‘both of transmission losses and of departures from manufacturer's
epecifications beocame 6.3{Qyﬂb6/aw933)2'u Oubly, better taken
simply as O.h here. ”

It should be noted that sinece the reflective losses dis-
cussed earlier occur predominately in the same peripheral zones
of the projected area of the bead wherein the transmission losses
occur, only the transmission loss fagtor of O.4, and not O.k
times 049 {reflection loss factor), is to be used to correct
previous radiation absorption rates. That is, one would be dis-
counting the loss of the peripheral rays twice if both factors
were employed, so only the transmission loss faetor of 0.4 is
to be used,

There remained one other factor which had to be considered
-~ radiative absorption by the wires and supporting members
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which are in thermal communication with the bead.l Figure 1
shows that the tiny bead is supported by four small copper
wires (0.,0025 centimeters in diameter and 0.4 centimeters long)
which are, in turn, secured to four larger copper wires (0.040
centimeters in diameter)., It is the question of possible ther=
mal influences exerted on the bead by these wires that is to be
considered.

If each of these wires were thermally isolated, they would
be absorbing radiation at some rate which would cause them to |
heat up to such an excess over ambient temperature that, in the
steady state, they would dissipate heat at exactly the rate of
absorption. But because they are not thermally isolated, the
possibility exists that they may be either losing part of their
radiatively absorbed energy via intra-wire conduction to neighbore
ing parte of the device or else gaining additional energy via
conduction from neighboring parts. In general, those parts of
the system which are poor absorbers but good dissipators will be
gaining heat via conduction from those parts which are good
absorbers but poor dissipators.

1me author is indebted to Dr. D. W. Stebbins for having
suggested this study of the role played by the wires, The ine
vestigation, which was carried out after completion of the major
part of this work, revealed that the very fine wire leads to the
thermistor bead are of considerable importance both in the absorp-
tion of radiation and in the dissipation of heat to the ambient
air. Unfortunately, the dissipation rates of small wires could
not be determined precisely enough to carry out this analysis
with satisfactory accuracy, but certain useful conelusions were
attainable and are described in the following discussion.



The first question to be considered is whether it is at all
possible that the wir@‘pavté might absorb radiation at a pate
that would become appreciable compared with that absorbed by
the bead itself. Assuming that each of the four &.G@%ﬁnﬁentia
meter diameter copper wires has an albedo of 0.5 and is 0.4
centimeters long, each will absorb 0.045 milliwatts if irree-
diated with just a direct solar intensity of 1.3 langleys per
minute., (This maximum direct solar intemsity (Figure 3) will
be used here in lieu of a rate based upon all of the effective
fluxes.) Hence all four wires will be absorbing a\tanal of
about 0.18 milliwatts, which is some three times more power
than the bead itself will absorb under extreme conditions (take
ing transmission losses into account). Furthermore, the larger
t@.@hﬂ*eéntimeter diameter) copper wires composing the support
for the fine wir@a:may'be expected to be abaarbing still larger
amounts of radiation, so it appears necessary to examine the
whole problem fairly carefully.

~ Since the four fine wires that are in contact with the
bead itself must be expected to influence the bead the most,
their thermal contributions will be studied first. If each
one of these wires receives radiative flux R per unit length,
ﬁhen thé steady-state h@aﬁ equation describing the fine wires

alone begomes

R4 Knr?d2F = 27rh(T - Ta) , {1la)

dx
where K is the tharmﬁl conductivity of the ¢copper wire, ris
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its radius, T is the temperature of the wire at a distance x
from the bead, T, is the ambient air temperature, and h is
the dis&ipa@iaﬁ“waﬁe in ealories per square centimeter per
second per degree excess of T over Tgs» The solution to this
equation is
R ~bx 11b
Tx) = eye &aﬁa‘lﬁ‘ ;W {11b)
where e, and e, are integration constants, and
bz s 2B, v (llc)
- ko |
Tha appliea%iam of (lib} to the determination of agtual
magnitudes of conduetional flow of heat from the wires to the
bead requires that the dissipation rate, h, be known for the
fine wires. A4s will become clearer from the discussion of
thgrm@gﬁaple errors given below, there exisis at present no
sure basis for assigning a numerical value to this quantity,
It will be sufficient here to point out that the caleulations
using (1lb) were initially based on an equation given by King
(191%) for the heat loss rates of small wires (see Equation
(19) below)s For a wire of 0,0025-centimeter diameter with an
ambient wind speed of 0,25 meters per second (chosen low in
order to place an upper limit on the errors), h is found from
King's equation to be 4.0 x 102 galories per square centi-
meter per seaand\par degrea excess of wire temperature over
ambient tamparaﬁarem ﬂﬁing this.vglﬁa of K'and imposing the
boundary conditions that T(0) e Ty, the thermistor temperature,
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and T(0.4) = Ty, the temperature of the heavy wire supports
located at the end of the fine wires, one finds the temperature
distribution within the wires to be given by |

T(x) = (0.036Tg ~ 0,002T, = 0,003)e8+3%
4 (=0.036T 4 1.002T, - 0.086)e~8+3% 4 0,088, (11d)

when the ambiént %emparaﬁﬁra, Ty4s 18 set equal to zZero as a
convenient reference value.

A plot of (11d) for almost any reasonable values of Ty
and Tg revealed that the temperature within the fine wires would
pass through a minim&m*waxﬁa such that heat would be flowing
by conduction from the bead th&rmiatar and also from the heavier
support wires. That is, the fine‘wiras would appear, on the
above assumptions, to be such good dissipators ﬁhat thay would
:ba abla to protect the besd from ganéuatianal heat-flow orige
inating in the larger and hence hotter support wires, and would
even assist the bead in dissipating some of its own radiatively
absorbed power, |

This promising conclusion was, hawevmr, subject to the
same uncertainty as to the validity of the King equation that
will be shown to exlst in the later discussions of the radia-
tion errors of thermocouples. There it will be pointed out
that some grmun&a exist for suspecting that the actual dissi-
pation rates of wires which are heated to only a few degrees
above ambient temperature may be only about one~tenth as large
as those predicted by King {aaé:aetualxy found by him to occur



for wires heated to several hundred degrees above room tempera~
ture).

- To see what ¢hanges would be imposed on the problem if
~the fine wires w@r%»aaly\enamtaﬁ@h as good dissipators as was
assumed above, (llb) was next evaluated for h s @»0310*3
gcalories per square centimeters Qar second per degree excess,.
It was found that if the bead were O.4 C° above ambient tem-
© perature, then it would lose heat via conduction to the fine
wires @ﬁiy as long as the heavy wire supports were no hotter
than & mere 0,1 C° above ambient temperature. (It turned out
that for this low value of the dissipation rate of the fine
wires, the latter were predicted by (11b) to be even hotter
‘ than O.4 C° unless the support wires were cool enough - less
than 0,1 €° &bavarambiaatAtemparatnre ~= to withdraw heat from
the fine wires themselves, This is elearly impossible, since
the heavy support wires will always be still poorer dissipa-
tors than the fine wires«) As this requirement on the support
wire temperatures gannot be meit, the bead must surely suffer
additional heating via inflow from the fine wires, which will
be passing it along from the a#ill~h@b%ﬁr supports, if it is
indeed true that the actual dissipation rate is as low as one-
tenth the King value.

The question of the appropriate values to assign to the
dissipation rates of small wires is so significant here and
in the evaluation of thermocouple errors that it was felt
worthwhile to extend the above analysis somewhat further in
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vkh@ hapé that some more reliable indication of th&'valiﬁiny,
afﬂlaakkaf‘validity,'af~the King equation might be found.
The &pyraéah employed consisted of an apalysis of the condie
tions existing during the experimental determination of the
dissipation rates of the bead thermistor. (This experimental
&ebavm&gatién will be discussed below in enough detail that it
 need not be elaborated here. See pp. 44 £f.) It 13 necessary
to point out ﬁhat‘éuring this determination the w&raé were not
| irradiated; but rather, all of the heat whieh they were dissie
, paﬁiﬁg reached them by conduction from the bead which was Joule
N heated. In the analysis the axaump@iﬁn,waé made that the
haaﬁy wires were infinitalyjlmng;‘and*tha haat equations for
the fine wire and the heavy wire wers solved as a ﬁimaltaneéua
system subject to continuity of temperature and of heat flux
@t the junction of the two wires. It was found that when the
King value of the dissipation rate was used in a numerical
evaluation of the aalutiaa,-thé predicted gonductional heat
flux out of the bead and inte the fine wires was impossibly
large, some six times greater {total for all four wires) than
the experimentally measured Joule heating rate within the bead,
This result appreciably strengthened the author's suspicions,
to be elaborated later here, that the King equation overestimates
the dissipatlon rates of wires operated at low excess tempera-
tur§$¢ As a rough check, the same caleulations were next pere
- formed using a dissipation rate only one~tenth as large as the
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King value, It was found that even for this reduced dissipa=
tion rate the combined conductional flow via the fine wires
was about 2.5 times greater than the t@t&lfdis&iﬁatian rate
measured during the iabaraﬁary determinations of the thermise
tor dissipation rates, which suggests that the dissipation of
heat from fine wires must be even less efficient than one-tenth
the King rates

With this result in mind, the problem of the irradiated
bead-and-wire system was reexamined, using a trial dissipation
rate one-tenth that given by King and it was found that for
almost any plausible values of bead temperature and supporte
wire temperature, heat would be flowing into, not out of, the
bead via conduction in the fine wires. For the case of a bead
temperature of 0.5 C° (approximate value of radiation error
actually measured under some preliminary field tests) and for
a support temperature of 2 C® (approximate radiation error found
by Thornthwaite (1949) for copper=constantan thermocouples made
from wire of the same size as that comprising the heavy supports),
the ¢ombined flux into the bead through all four fine wires was
gomputed to be 0427 milliwatts. This is abaunvtwu times larger
than the maximum radiative power absorption rate of 0.13 milli-
watts camputaﬂ for the bead and shown in;Figure 6. This flux
of 0,13 milliwatts was found prior to introduction of the
correction factor of Q¢4 for transmission losses. If the
correction for transmission losses and also for influx of con-

ducgtional heat are made on the basis of Jjust the above rough
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figures the total power load becomes about G;hxﬂals 4 0,27 =
0432 milliwatts as an extreme value for high radiation ine
tensity and low wind speeds . (Recall that a wind speed of only
0425 meters per second has been assumed throughout here.) This
estimated total is about 2,5 times larger than the previously
computed total radiation flux itself and about 80% of thia«haw&y
estimated total is due to conductional flux,

This result may only be regarded as indicative of the gene
eral order of magnitude of the heat flux from the heavy support
wires because it was based on a dissipation rate of one-tenth
the King value, & rate which is still too large if the analyses
discussed above are essentially correct. Laaking auitahl@ OXw
perimental data on wire dissipation rates, it does not appear
possible to make any more precise estimates of the overall heat
balance of the bead thérmiauar than the above very rough ones
In view of the uncertainties involved in assigning numerical
values to the rates of heat loss from the wire components of
uhm‘tharmiatar; the thermistor radiation error estimates given
below will be based upon the numerical power values previously
caleulated just from radiative heating of the bead alone.
Needless to say, the efforts made earlier to obtain fairly
accurate values of these radiative contributions to input power
are now rendered somewhat superfluous by the suspected large
conductional heating effects due to the wires.

The results found above which indicate that the King
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equation yields dissipation rates too high by a factor of at
least ten do rayré&en& one useful outcome of this analysis of
wire effects, Taken together with several isolated bits of
confirming evidence to be cited in the discussion of thermow
couple dissipation rates below, they foous suspicion on the
validity of King's hotewire anemometer squation for the analy=
sis af‘wirawﬁype'tharmai sensing elements., An experimental
investigation of heat loss from only slightly heated wires is
strongly recommended in order to provide precise information
as to the dissipation rates, for which no accurate values can
be obtained from the existing literature on this general subject.
As an additional comment on the importance of the fine
wires in exchanging heat between tha semiconductor nucleus
and the amblent air, it may be pointed out that a caleulation
of the heat flux from semiconductor to air via the glass coatw
ing and a similar caleulation for the copper wires indiecated
 that at least three-fourths of the heat exahénga is effected
‘via the wires., The thermal conductivity of copper is about
500 ﬁimaa greater than that of glass and so, despite the fact
that the conducting ¢ross-section of the wires is very much
smaller than that of the glass {of the order of one-~hundredth
as large), the copper wires must carry heat in or out about
thrﬁe times as well as does the glass goating., This result
was found on the assumption that the inner surface of the glass
shell and also the inner ends of the copper wires were at the

nucleus temperature; but since the wires are actually embedded
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in the nucleus while the inner surface of the glass is not in
contact with the central section of the nucleus where the cure
rent density must be highest, the above results probably tend
to be an underestimate of the relative emntribution of the wires.
This helps to understand why the thermistor exhibits directione
ality in its dissipation rate, a point to be discussed later here.
The seriousness of the radiation errors that develop as a
result of radiative heating of ﬁhe bead and wires may be reduced
if it becomes possible to apply to them a highealbedo coating
that will cut down the effective absorption eross-section.
‘Thus, in the case of Jjust the bead itself, a calculation of
the ratio of effective absorption cross-section of a silvered
bead to geometric cross-section revealed that this ratio might
be lowered to 0.l if the fullest reflecting possibilities were
realizable. Attempts to realize this reduction of radiation
error have not been carried out in complete enough fashion to
state whether it is a practicable solution to the problem.
3. . ,

The next step towards the evaluation of radiation errors
consisted in determining the rate at which heat is dissipated
by convectionl from the bead to the ambient air for given air-
speed and excess of bead temperature over air temperature,

The steady-state error of temperature indication of the

13ince the bead temperature never exceeded the air teme
perature by more than about 0.5 C° in the process of measuring
the dissipation rates, and since it was almost completely
surrounded by a chamber whose walls were at air temperature,
net radiative cooling was quite negligible.
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element for gilven power input and given air speed must be
the same whether that input power arrives as radiation or
ie supplied in any other fashion not altering the exterior
heat transfer boundary conditions, A particularly convenw
lent way of producing that heating effect was to employ in-
ternal Joule heating im the bead by operating the bead at
80 high a current level that the power dissipation was at
some known value in the general neighborhood of the radia-
tive power wvalues to be encountered under field conditions.
By measuring the alaatrigal~pawur'diaaipauiankat each of

a series of wind speeds covering the meteorclogical range
of intereae, noting for each the steady-state excess of bead
t&mparatura over amblent air temperature, and then dividing
the power dissipated by the observed temperature excess,

a set of heat-loss rates was obtained. This set of values
was regarded as defining the “dissipation function® of the
element. ;

This electrical method of determining the dissipation
function was used for a number of thermistor beads,l 1In
Figure 7 the curve through the experimental points shows,
for one particular specimen tharmiﬁtar, & sample plot of
the variation of excess of bead temperature over air teme

perature as the wind speed past the bead was varied (by

1Th$ experimental work on the dissipation function was
done by Dr. A. R, Kassander and Mr, R. W. Green of the Depart-
ment of Physics, Iowa State College.
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means of a rotating-arm technique at the low speeds and

in a wind tunnel at higher speeds). This particular plot

is for a Joule heating of 0,075 milliwatts. By dividing
this power dissipation by the excess temperature measured

at each wind speed, the dissipation function plotted as the
solid curve in the same figure, widh its ordinate scale at
the right, was obtained, In this manner all of the dissipa-
tion function curves of Figure 8 were derived. The heavier
curve in Figure 8 is identical with that of Figure 7 and

is seen to represent a fairly typical dissipation funetion.
As such it was used for all of the numerical computations |
to be discussed later,

As is to be expected, the dissipation funection is
smallest in still air, about 0.1 milliwatis per Centigrade
degree for the heavy curve of Figure 8, and increases rather
rapidly with wind spaed at low speeds, less rapidly at higher
speeds, and attains a value abaﬁt four times the stilleair
value at speeds of around 20 meters per second., Half of
the increase of the dlssipation observed in going from 0
to 20 meters per second is already realized at speeds of
only about 4 meters per second.

Unfortunately, the less than perfectly spherical shape
of the beads and the asymmetrically affixed lead wires im=
pose certain asymmetries of response of the beads to air

currents arriving from different directions. However, it



Figure 7. Example of variation of excess bead temperature
with varying wind ageeds, and derived dissipa-
tion function,

The experimental points represent excess of
bead temperature over ambient temperature and
refer to the left-hand scale of ordinates. The
dissipation funetion derived from the smoothed
curve of excess temperatures refers to the right-

hand scale of ordinates.

Figure 8, Dissipation functions of eight bead thermis~
tors,
The curve drawn heavier than the rest is the
dissipation function of the same bead as that

represented by the curves of Figure 7 above.
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was found &xperimannally nhat ﬁh& 1ead wiraa cauld be ae
deformed as t& permiﬁ maunting af the baa@a in a maﬁnﬁr
‘that reduced the ?&riakians af diﬁaipatian fanctian tn '
minimun for az&mnﬁhal variatiana af the wind vaatar, ?or
thim specially prap&raﬁ aanéiti@n; tha aximuthal variatiana
af ﬁne disaipatian fua«tﬁaa were ﬁaund t@ be &eas than 1@%
af tha mean, ?ariahiaas of the vertical eam@anann @f the
wind Qitb this manner ef m@nnﬁxng will 1ead ta additianal
fflu@tuations of diaﬁipation funcﬁian, but theaa will not
‘b@ taken into account here anﬁ are qnite ﬁmall anyway;

A dasariptian of the experimental taehniques amylayad in
‘the ﬁaﬁerminatian of the ﬁia&ipa%iaﬁ functions has heen givaa
by Kasaanéﬁrk€1§51); The wind numnel em@l@ywé in the work has
been discussed by ﬁanfard {1951) in a paper on tharmiauar
anemometry.
b Evaluati _effe
| As was paimted auh aﬁ %hﬁ mnd af ﬁhﬂ éiamuﬁﬁian af th@

effaeta of the wira laaﬁﬁ aﬂé auppnrta, the exact valuas ta be
-aﬁaigasd ta bh@ %@t&l r&ﬁiativa abaarptiaa ara quita uncertain
and will be unbil mxperimantal information ia avallable concern=
ing wire ﬁissip&ti@ﬁ rataa¢; lLacking this infarmabi@n, one c¢an
@nly’mﬂka vary raughlﬁatima&ea of the rialé.éarfonmanae of the
.beaé tharmiatarf' ﬂbmﬁvar, in érder to get é@ma idea as to how
aeriwua the radiatiaa errors might paasibly bw. these will be
analy&ad in this saatian on tha basis that uha abaarhed radia-
tive flux is that given by just the flux absorbed by the bead,



treated as a black absorber. That is, no allowance will be

" made for transmission losses. ﬁ@gleat of these l@ﬁsea will

: tend to a&ngal the ﬁimilarly nagle@teﬁ effects of the wires
in heating t&e bead. ‘The results can, of course, be regarded
- &8 only very w@mghvappréximatian$ ﬁ@ tha=raaiu@rrars*

-

d ra errors. The first applicae
- tion of the availabla raaiatian an& éiaaip&ti@n data will
be to a determination of the radiation error lsvel associated
with each of a number of steady wind speeds ever the full
day@ima range of hour angles from noon to sunset (or sunrise
to noon) for a clear Ju&y day,

Uaing the total ah&r@ wavalang@h radiation receipts
as givmn in Figure é, reduaiag them by a factor of 0.9 to
all@w,far'thm,aifferanae between effective and geometrie
eraﬁﬁna$¢ﬁians, and multiplying the several results by the
dissipation rates (Pigure 7) characteristic of sach of @
series of wind aﬁeéﬁa raagﬁng from complete calm up to 20
meters per aa@@ad, ﬁhg‘raﬁia%iéw BI'ror curves @f Figure 9
were obtained, ﬁiuaa'tha actual wind speed almost never
remains constant over a peﬁi&d ¢f,a whole day, it should
be amﬁhaaigad that these curves do not dapiﬁt directly the
diurnal variation of tharmistar/xaﬁiatian errors on any
one day. They are prgaanta& to in&i@aha the general magnie
tudes of mean errors associated wiﬁh various possible come
~ binations of time of day and of wind speed.
The case most éaa&uaivﬁ to large thermisgtor radiation



Figure 9. Dependence of steady-wind radiation error
of a bead thermistor upon wind speed and
hour angle for a clear July day.

Each curve is labeled with the steady wind

speed to which that curve applies.
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error, complete calm, is seen from Figure 9 to lead to a
predicted error which becomes as great as 1.1 C° at noon,
and is still about 0.2 €° at sunset (sunrise), due to twi-
light sky radiation and to ground-reflected sky radiation.,
As the wind speed increases from zZero the errors at any
given solar hour angle fall off fairly rapidly at first and
less rapidly later due to the nature of the dissipation
funetion, Even for very strong winds of 20 meters per
second the July noon error is more than 0.2 C°, The average
surface wind speed in Iowa (at anemometer level) in the sume
mer months is about 3 metlers per second,; so the radiation
errors near the ground {at a height of perhaps 2 meters)
might be expected to average about 0.5 C° near midday at
that time of year, Very close to the graamd éurfaca (first
millimeter); where the mean air speed is held to very low
values by surface friction, the errors must approach those
indicated by the uppermost curve of Figure 9.

& A ‘somewhat more ?@Vaéling mode of representing essen-
tially the same data is presented in the solid curves of
Figure 10, Here the radiation errors to be ex@ectad on a
clear July day at each of three different heights above
level ground have been computed using actually observed
wind speeds corresponding to each of the three heights. No
suitable wind data for any central U. S. station were avail-

able for use here, so mean wind speeds observed throughout



Figure 10. Dependence of radiation error of a bead
thermistor upon elevation and hour angle
for a c¢clear July day (solid curves) and
dependence of mean wind speed apen eleva-
tion and hour angle for summer months at
Potsdam {Hellmann).

Radiation error scale is at left, wind
speed scale at right. Each curve is labeled
with the height to which it applies.
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the summer months at Potsdam by Hellmann (reproduced in
‘Gaiger, 1950, p» 108) were employed for the levels at 0,05
meters and 2 meters above the ground. The values at the
10 meter level were obtained by extrapolation from Hell=
mann's data using a power law wind profile,

U, = UjzP,
where U, is the mean speed at height z, Uy is the mean speed
at a height of 1 meter, and the exponent p was taken as 0.3
on the basis of the form of Hellmann's profiles in the
first two meters. The wind speeds themselves are shown as
the dashed curves in Figure 10, the wind speed scale being
plotted at the right of the figure.

The chief implication of Figure 10 lies in the informa=-
tion it conveys concerning the variation of radiation errors
with height under representative wind-profile conditions.
Since the wind speed normally increases with height (in a
manner indicated by the power law employed above) there
will exist systematic bias in the temperature measurements
made at a series of levels above the ground, due to system-
atie variations in the mean value of the dissipation func-
tion. The solid curves of Figure 10 reveal, however, that
for the bead thermistar‘such bias is not extreme. Thus
the mean indicated temperature at the 0.05 meter level
will be oﬁly about 0«15 C° higher than that at the 10
meter level as a result of the decrease of wind speed near

the ground, Since a typical summer midday temperature
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distribution may involve an air-temperature difference of
3 to .4 C° between these levels, an error difference of
some Q.15 C° will not distort the measurement of lapse
rates by more than a few per cent.

One may conclude from these results that the bead therw
mistor will yield lapse rate measurements which are not, by
current micrometeorological standards of accuracy, seriously
affected by radiation error. This conelusion is pertinent
to the present study inasmuch as tharmistara will be used
to determine the lapse rates of temperature prevailing in
the layers of air in which fluctuation measurements are
made. The lapse rate of temperature is a measure of the
stability of mass stratification of the air which in turn
is of d@miaang importance in controlling the intensity of
turbulence of the wind.

De
considering any one time of day, one sees that if the wind

effects. By referring to Figure 9 and

speed is fluctuating, then, as the speed changes from one
value to another at the fixed point of temperature observation,
the indicated temperature must oscillate concurrently even
though no true air temperature fluctuations are occurring.

It was the determination of the intensity which could be ex~-
pected to characterize this sort of "eonfounding effect" that
constituted the ultimate objective of the present radiation

error study.
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On examining the problem, one immediately recognizes
that the degree of fluctuation of the wind speed must play
as important a role as does the extent of the radiation error
in controlling the amplitude of the spurious fluctuations
due to confounding effects, Hence & careful search of the
literature was undertaken to gather all available informae
tion concerning the degree of wind speed variability to be
expected under field conditions. ,

In some excellent studies made by Sherlock énd Stout
(1936) using rapidly responding pressure-plate anemometers
(lag-times of the order of 0.0l second), a standard devia-
tion of 6.5 miles per hour was found for the fluctuations
of wind épeeé about a mean of 31 miles per hour. This
represents a 0.21 coefficient of variation (ratio of stand-
ard deviation to mean)s It is pertinent to note here that
Sherlock and Stout found the diﬁttibuﬁieﬁ of fluctuations
to be skewed in the sense that there were only a few very
large positive deviations from the mean but many small
negative deviatlons. Inasmuch as the curvature of the
dissipation function is such as to imply smaller confound-
ing errors for positive deviations of given magnitude than
for negative deviations of the same magnitude, one would
tend to be erring on the side of overestimation of confounde
ing effects to use their figure of a 0.21 coefficient of
variationy as a simple analysis will show,

Giblett {1932, p. 49) studied the ratio of "mean eddy



~56=

speed” to mean speed and found an average value of 0.16 us-
ing pressure~tube anemometers at 50 feet above the ground.
He defined his "mean eddy speed™ as the mean of the absolute
magnitude of the vector difference between the hourly mean
wind vector and the individual 5~second mean wind vectors
with which he dealt, It was possible to extract additional
information from Giblett's work by making a statistical study
of the wind speed fluctuations indicated in the numerous
anemagraph records produced in his paper. It was found that
though occasional gusts involved temporary changes by as
much as half the mean itself, the standard deviation of

the fluctuaﬁions'waé only 0.3 times the mean.

Huss and Portman (1949) reported a coefficient of
variation of 0.10 for a mean wind of 10 miles per hour, |
increasing to 0415 for a mean of 30 miles per hour. Heywood
{1931) defined a "gustiness factor® as the mean width of
the anemograph trace divided by the mean wind itself, a
quotient roughly comparable to the coefficient of variation.
He found values of this factor ranging from O.1 to 0.2 at
95 meters elevation, with values as large as 0.48 at 13
meters elevation.

Using a rapidly responding hot-wire anemometer; Richarde
son (1950) measured wind fluctuations within a few mebters
of level ground and his results imply coefficients of varia-
tion lying below 0.20 in the majority of ¢ases, with the

greatest value only 0,32, Richardson's results are in
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good agreement with those of Cramer (1951) who found.
coefficients of variation of from 0,10 to 0.32 with a hot=
wire anemometer of 0.1 second lag-time, the largest values
of which were cobserved in the late afternoon or early evenw-
ing, to his surprise. 8chilling and others (1946) reported
a limited series of hote-wire anemometer measurements from
which they derived a coefficient of variation of 0,25,
Since the coefficient of variation derived from;analysis

of the wind speed record of a very inert instrument would
inevitably be lower than the true value, these last three
references were of particular wvalue heré in that they in-
volved studies made with the hot-wire anemometer, an in-
strument whose lag time is quite low.

On the basis of all of the above information on gusti-
ness it was decided that a working value of 0.25 fer the
coefficient of variation éughﬁ to provide a realistic basis
for estimating the seriousness of the confounding effects
of a thermal element. Although individual excursions of
the wind speed &5 produce departures from the mean of more
than one-fourth of the mean speed, the average effect of
confounding errors on the fluctuation statistics seemed
fairly well represented by the 0.25 value of the coefflw
cient of variation employed for the computations.,

Since the case most conducive to large confounding

action is that of noon, the July noon radiation total of
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0,126 milliwatts (Figure 6) was used to determine the upper
limit of error. Also, to err on the side of overestimation,
the amplitudeﬁ of the confounding fluctuations were computed
for lullsv{f&ther than gusts) of 0.25 times the current
means. Mean wind speeds of from 0.2 to 10 meters per second
were used to compute the confounding error amplitudes shown
in Figure 1l as the lower curve marked "0,25 U", fThe curve
reveals that the confounding error, under the assumptions
employed te determine it here, varies between 0.04L C° and
about 0,075 €° in the wind speed range represented. For
comparison, and as an indication of extreme values that
might be expected on very gusty days, the confounding errors
for lulls of 0.5U have also been determined and are shown

as the upper curve of Figure ll. These latter values are
almost, but not @xactly,‘twie@ those of the lower curve,

the non-linearity of the dissipation function preventing

an exact twofold relation.

To show the extent to which the background of confounde
ing fluctuations might vary with height above the ground at
different times of day, Figure 12 was prepared. Here the
diurnal variations are those due to the joint action of
varying radiation absorption (Jul& curve, Figure 6} and
of varying mean wind speeds at the three levels represented
{dashed curves, Figuﬁa 10). These two factors were used

to obtain from Figure 11 the values of confounding errors



Figure 11l. Confounding error amplitudes of a bead
thermistor at noon on a clear July day.
The lower curve has been computed for the
case of wind speed lulls of 0,257 where U is
the mean wind speed represented on the abscissa.
The upper curve has been computed for lulls of

0450,
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plotted in Figure 12. As is to be expected, the largest
amplitudes of confounding effect {for the assumed 0,257
lulls) appear at the level closest to the ground where the
ventilational fluctuations have the largest mean radiation
error upon which bé act, ylelding an amplitude exceeding
0,07 C° at midday, Thermistors located at greater heights
will, however, enjoy only a ﬁlightiy greater advantage,
for even at 10 meters above the ground the midday amplitude
of the confounding fluctuations is only 0.03 C° smaller than
that at 5 centimeters above the ground. Since the July
irradiation rates are, with the exception of the anomalous
January snow-cover case and the slight midday excess of the
April rates, extremal for the year as a whole, it was con-
cluded that the fluctuation statistice derived from the
records of thermistors mounted at a series of levels from
about 10 centimeters above the surface (lowest planned)
to about 6 meters above the surface (highest planned) would
not suffer serious differential distortion tending to ob=-
scure real height variations of the fluctuations within
the turbulent flow, |

Having found that the height-variations of the con=
founding error are negligible, there remained the problem
of finding a ecriterion by which to decide whether the
actual error itself at any given level was tolerably low.

Since the problem under consideration here is essentially



Figure 12. Dependence of confounding errors of a bead
thermistor upon height and hour angle on a
clear July day.

The height above the ground to which each

curve applies has been entered above each curve.
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a "gignal-to-noise ratio" problem, with the true air tem-
perature fluctuatlons constituting the signal and the con=
founding arréra constituting the noise, the critical ques-
tion hinged upon the magnitude of the true fluctuations
themselves, No extensive series of mcasurements of tempera-
ture fluctuations has ever been ﬁaﬁa (this, in fact, being
Just the reason for the initiation of the present stuﬁy},
but some of the work cited in Part II asbove may be recalled
as an aid in answering the present question. &Hbehndarf's
reports of average fluctuations of 3.9 €C° at a height of

1 meter suggest that the signal~tow-noise ratio may be of
the order of A,Q/@;QS or about 80, if by ®"fluctuations"®
Hoehndorf meant %amplitudes™ and not peak~to-trough changes,
In unpublished studies previously made by members of the
Department of Physiecs of the JIowa State College, fluctua=
tion amplitudes of about 2 €O were often observed, though
the average fluctuation amplitude was more nearly 1 C°,
suggesting that Hoehndorf's values may have been peaketo=
trough changes. If, conservatively, & signal amplitude

of 1 ¢° and a noise amplitude of 0.07 C° be taken, the
predicted signal-to-noise ratio for the thermistor becomes
about lh, as a minimum estimate,., Rounding this off still
more conservatively to 10, one may conclude that the
recorded response of a radiatively heated bead thermistor
will contain spurious fluctuations whose amplitudes will

never average more than about 10% of those of the true
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air temperature fluctuations. Hence, despite the fact that
this noise component will exhibit frequency characteristics
peculiar to the turbulently fluctuating wind veloecity and
not to the air temperature, its low predicted amplitude
precludes really serious distortion of the observed fluctua-
tion statistics. In view of these results it was decided
to proceed with the use of the bead thermistor in the present
investigations of turbulent temperature fluctuations,
Several attempts have been made to check the validity
of the thermistor radiation error analysis described above.
Although the prediction of the confounding effect was the
prineipal objective of the entire analysis, that effect
does not in itself provide a basis for a simple experimental
check due to its rather small magnitude and the obvious
difficulty of independently measuring the true fluctuations.
Instead an effort has been made to check just the mean error
values by comparing the mean temperature indication of a
shielded thermistor against that of an unshielded thermis-
tor. Although work is still under way at this time on
this problem, it may be said that such checks as have been
possible indicate that the analyais is in agreement with
experiment. A major difficulty has been that of accurately
measuring the effective air speed at the element. For
near«calm conditions very slight air motions produce appre-

ciable reductions in error. If future checks, made under
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known ventilation conditions, confirm the theoretical pre-
dietions of steady-wind radiation errors, then it will seem
safe to conclude that the analysis of the confounding effect

is also substantially correct.
Be Thermocouple Radiation Errors

Prior to the development of thermistors as thermal

- sensing elements, the thermocouple was almost universally
the instrument of choice in micrometeorological studies,
Its property of providing an electrical signal which is

an accurately determinable function of air temperature,
its comparative ease of manufacture, and its stability of
calibration still recommend its use; so in perhaps half of
the current programs of investigations of micrometeorow
logical thermal problems thermocouples are being employed.
Their greatest weakness is that they deliver a very weak
direet current voltage (in the microvelt range) which is
not, in the case of rapidly varying air temperatures, gaﬁily
and accurately handled by existing electrical or electron-
ic techniques. In contrast to this latter weakness, the
bead thermistor's room-temperature resistance of the order
of 75,000 ohms constitutes a very atiractive property of
this newer thermal element since it insures easily measur-
able voltage drops at current levels which are low enough
that lead losses become negligibles

An examination of the literature, made for the purpose
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of learning whether the electrical disadvantages of thermo=-
couples might be outweighed by possible advantages of lower
radiation error and lower lag-time, revealed an almost come-
plete lack of investigation of either of these two proper-
ties which become of such eritical importance in fluctuation
studies. Previous meteorological applications of the thermo-
couple have almost always involved study of the mean tempera-
tures as distinguished from the instantaneous temperatures;
80 1t had typically been feasible to employ shields to
eliminate the radiation difficulty. {Lag considerations

are never of consequence when mean values of temperature

are being sought.) This surprising lack of existing infor=
mation on radiation and lag errors of the thermocouple plus
a suggestion (from the organization sponsoring the present
studies) that thermocouples might be less subject to radia-
tion difficulties than thermistors seemed to call for an
attempt at analysis of the response characteristics of this
older instrument. Such an analysis was carried out, though
with less final assurance of validity than was attainable

in the thermistor analysis, because of uncertainties in the
determination of the dissipation function.

Whereas no question of orientation entered into the
analysis of the bead thermistor due to its nearly spherical
symmetry, the thermocouple, even when idealized as being
a cireular coylindrical object, will vary in its response

characteristics as it is rotated with respect to the sun
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and with respect to the wind veector. It ia; then, rather
fortunate for the simplicity of the analysis that one particu~
lar orientation, axis vertical, is a preferred orientation
that would almost certainly be used under field conditions

in fluctuation researches. When the axes of the wires com=-
posing the couple are vertical, the ever-present fluctuations
of horizontal direction of the wind do not lead to fluctuations
in the dissipation rate of the element, for symmetry reasons,
Were the couple mounted horizontally, then the very marked
dependence of dissipation rate upon angle of attack of the
relative wind (angle between axis and wind vector) for small
angles of attack would lead to very serious "directional
confounding® éffeetﬁ» To be sure, vertical mounting does not
entirely eliminate this type of error, for the natural wind
has a turbulently fluetuating vertical component; but the
vertical component is seldom greater than the concurrent
horizontal component of the wind vector, so the angle of
attack almost always fluctuates within # 45° of a 90° (hori-
gontal) value, As shown by Simmons and Bailey (1926) and also
by King (1914), the variation of the dissipation rate of a
heated cylinder for varying angle of attack is not appreciable
until the angle of attack falls below about 50°, so in prac-
tice vertical mounting of a thermocouple serves to suppress
directional confounding to a gquite tolerable level. That

this circumstance is, indeed, fortunate for the simplicity
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of the analysis is obvious upon considering the geometry of
any of the radiation calculations.

1. gGaleulations of the total radiative exchange

An aéaumptian, experimentally attainable with proper
fabrication techniques, was made throughout all of the follow-
ing caleulations. That was that the thermocouple was of the
butt-welded type. A lapewelded couple would not possess the
axial symmetry of response characteristics that has already
been tacitly assumed although the degr@é of azimuthal varia-
tion in absorption cross-section and dissipation function of
a well-honed lap-welded couple probably need not be great.

A second assumption that was made was that the albedo
of the wire in the couple was 0.5, The most common pair of
materials used to form thermocouples for meteorological use
is copper and constantan. Since constantan is an alloy com=~
posed of 60% copper and k0% nickel, and since the (inﬁegrated)
radiative characteristics of copper and nickel are very simi-
lar (Moon, 1936, p« 289; Barrows, 1912, p. 9), it seemed
permissible to regard the cauple 88 & copper wire. Barrows
(ibid,) gives 0465 for the albedo of highly polished copper
and 0440 to 0450 for burnished copper. Although it is
common practice to buff the wires of thermocouples prior to
use, tarnishing under field aanditians must lower the sure
face reflectivity rather rapidly, so it was decided to use
an albedo of 0.50 in all calculations as a reasonably good

approximation to the albedoes likely to prevail. With as
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much uncertainty as exists in such an assumption it would

have been unwarranted to have carried out any such analysis

of effective absorption cross-section here as was done for

the bead thermistor. Hence the final radiation error estimates
were based on the assumption that the couple absorbed just
one~half of the radiation it intercepts in the short wave-
length interval. The infrared radiative properties will be
considered separately.

In addition to the above two working assumptions it was
necessary to establish the size {or sizes) of wire to be
investigated, Because 0,0025~centimeter (0.00l-inch) diame-
ter thermocouples have been used so frequentiy recently, all
radiation calculations have been made for just this one
diameter. Corresponding radiation absorption rates can be
obtained readily from the figures obtailned here since the
rates {per unit length of wire) vary directly as the wire
diameter. |

as+ Direct solar radiation. Using the direct solar

beam intensities obtained for the caleulations of solar flux
intercepted by the bead thermistor (see Figure 3, leftwhand
scale of ordinates) and a table of solar altitudes (Hand,
1946) for the determination of the geometric weight factors,
the direct solar radiation incident upon the vertical ther-
mocouple was calculated as a function of time of day for the
four monthe January, April, July, and October, multiplied

by the assumed wire albedo of 0.5, and converted into milli-



Figure 1l4. Ground-reflected radiation absorbed per
centimeter of a vertical 0.0025~centimeter
diameter copper wire (albedo 0.5).
S0lid curves are for grass~cover albedo
of 0.15; dashed curve is for snow-cover albedo
of 0.85.

Figure 13. Direct solar radiation absorbed per centie
meter of a vertical 0.0025-centimeter
diameter copper wire (albedo 0.5).
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watts per centimeter of wire length. The results are shown
in Figure 13.

Unlike the corresponding curves for the sphere, which
fell off monotonically from a noon maximum throughout the
year, the curves of Figure 13 are neither monotonic nor
maximal at noon, EBach curve exhibits the counteracting ine
fluence of (1) the increase of absorbing cross-section (pro-
Jjected area as seen from the sun) with decrease of angle
of incidence {(angle between the normal to the wire axis and
solar rays), and {2) decrease of beam intensity with decrease
of angle of incidence due to greater depletion in the oblique
path through the atmosphere for low solar altitudes. In
January when the sun never does attain a high altitude (aver-
aging 279 at noon in eenﬁrai Iowa) the optimum condition is
attained for a very small hour angle bacéuse then the sun
may move only a little distance from the celestial meridian
before the rapid increase of path length and exponential
depletion laws take hold. For July, however, the optimum
cembinatienvaf angle of incidence and path length occurs about
four hours from noon, for the noon sun in summer is so high
in the sky {70° for mean July noon in central Iowa) that
more can be gained from increaaed absorbing cross-section
than lost by path length inereases when the hour angle in-
creases from zero. Il was noted that, for every one of the

four months, maximum interception occurs when the solar



altitude is within a few degrees of 30°, The irradiation
rate attains its maximum for the year as a whole near noon
in January, for then the low atmospheric water vapor content
permits high transmission even for the low angles of incie
dence (on a vertical ecylinder) which favor large irradiation
rates,
be

be examined here, as alsc before in the case of the thermis-

r radiation. ‘ihe first point that was to

tor, was that of the degree of dependence of sky irradiation
on solar zenith angle. Because a vertigal cylinder does not
'praaant the same projected area to all parts of the sky, an
extra geometric factor, the cosine of @ , the altitude of
the scattering volume element dV, appeared in the integrand
formulated as (1) above. This geometric factor is a funce
tion of the volume element's altitude and not also of its
azimuth because of the axial symmetry of the vertical thermoe-
couple. Again putting the scattering angle ¥ in terms of
the solar zenith angle and of the altitude ( 3 ) and azimuth
of the volume element dV, expressing dV in terms of spherical
¢oordinates gentered on the thermocouple, and integrating as
before over a very large hemisphere of radius R, one finds
the total diffuse sky radiation incident upon a vertical
eylinder of projected area A as seen from the horizon to be
Lo = 4 7'kn8€“”é5“" $ _7r _cos®z 4 ; ?f sin®z), (12)

where z is the solar zenith angle. Thus the vertical cylinder,
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in contrast to the sphere, intercepts sky radiation in amounts
that do vary with solar zenith angle, even in the first
approximation. On simplifying (12), one obtains

L = AWi (11 - cos?z), (13)

which reveals that Lo is largest for a rising or setting sun
and smallest for a zenith sun, but then only about 9% smaller.
It was felt that the present purposes would be served well
enough by evaluating the diffuse radiation rate for a middle
value of solar zenith angle such that the meximum absolute
value of the deviations of the irradiation rate on either
side of that rate wmulﬁ’ha only about 5% of the rate itself.
Accordingly the slight zenith angle dependence was ignored
and the numerical evaluation of diffuse irradiation carried
out for a zenith angle of 50°,

With the intermediate computational data available from
the calculations of the sky irradiation of the sphere it was
possible to perform the analogous integration for the verti-
cal cylinder very quickly, Each zonal sum (the summation
being over azimuth with each given 10%°-zone bounded by two
almucantars) had only to be weighted by the cosine of its
mean angle of altitude to take account of the cylinder's
projection geometry and the resulting weighted sums then sume
med over all altitudes. Using the proporticnality factor
already evaluated in the inéiraa% manner elaborated earlier

here, the final sums could be immediately converted into



the equivalent total flux of sky radiation on the cylinder.
For unit length of the thermocouple uﬁder'ennsideratiau
here, and for the assumed albedo of 0.5, the {approximately
constant) sky radiation flux absorbed by the couple was
thereby found to be 0.030 milliwatts.

Hence to each value of direct solar flux represented
in the curves of Figure 13 there was to be added 0.030 milliw
watts of diffuse sky radiation. In addition to these two
short wavelength components there was the variable ground=-
reflected flux, the analysis of which will be discussed next.

¢. Ground~-reflected radiation. For the case of the

vertical cylinder the element of integration for the flux
reflected from the annular strip of ground of radius rsing

and radial width rdo@sec® is no longer simply (6) but rather

dE¢ = BoS028 sin@ 2 7 rsin® rddseceA, (14)
2
r

where the new factor sin® is the projection factor appropriate
to the eylinder and A is the projected area per unit length
of the cylinder as seen from the horizon, Integration of

{14) over th@ whole terrestrial hemisphere gave as the total

ground-reflected radiation incident upon the cylinder

2
Ee = Bod = Tra Fyh {15)
2 2

in view of (5). Since the thermocouple is assumed to have

an albedo of 0.5, only half of the incident radiation is
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effective in héating the element so the above value of E,
is to be halved for absorption calculation purposes. The
values of Fj, the total flux of short wavelength radiation
reaching unit area of the ground surface, were the same
values as those determined for the thermistor calculations,
since F; is no function of the element in question., The
absorbed reflection flux was computed for the four months
of January, April, July, and October for the case of a
ground albedo of 0,15 and also for January alone for the
snow-cover case of an albedo of 0.85, The results are plot-
ted in Figure 14 as power absorption per unit length of
thermocouple. These results need no particular comment

at this point in view of their general similarity to those
for the thermistor.

d. Infrared radiation. The calculations of the net

infrared exchange for the vertical thermocouple were carried
out on the same plan as were those for the sphere. For the
exchange with the celestial hemisphere use was again made

of the work of Linke (1931). Linke's integral for the case
of a vertical cylinder, upon introduction of the numerical
value of the proportionality constant N, (see discussion of
thermistor), gave for a blackbody eylinder of the dimensions
of the thermocouple under consideration a net (negative)

rate of gain from celestial exchanges amounting to

Ge = ~h.hx10=12 T (milliwatts per centimeter),
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This exchange rate is not, however, that of a copper c¢ylinder,
since the infrared emissivity of copper is very much lower
than unity. Mc Adams (1942, p. 393) gives values of the
total emissivity of copper (integrated over both wavelength
and hemisphere of emission) for a number of different sure
face conditions., Carefully paliahaﬂ electrolytic copper
is quoted by Mc Adams as having a total emissivity of 0.018,
polished copper is reported as 0,023, while commercial copper,
scraped but not mirrorlike is listed as 0,072, (The first
value is for a surfaaé temperature of 176°F, the last two
for room temperatures.) Under field conditions where a high
initial polish must be expected to deteriorate rather quickly,
the last valued c¢ited would probably be most appropriste; so
an emissivity of 0,07 was employed. Aftter multiplication of
the celestial blackbody infrared gain G,, found above, by 0,07
the final estimate of gain per unit length by infrared ex~
changes betwsen thermocouple and celestial hemisphere be-
came

Ge o =3.1x10°13 7h, (16)

Next the net rate of gain of radiant energy by the

eylinder from infrared exchanges with the terrestrial hemisphere
' was considered. Taking’acaaunt of the symmetry conditions
and using the Stefan-Boltzmann law and the second law of
thermodynamics the net rate of gain per unit length was
found to be



u?ém
G, =3 00727 r0 (T;‘ - )
= 1.6x10-12(7 b « 1#), (17)

where r is the wire radius, 0 is the Stefan-Boltzmann
constant, Ty i8 the soil temperature, T is the bead tempera~
ture, and the initial factor of 3 is to allow for the fact
that only the exchanges with one hemisphere of exterior
space are here involved. Combining the power gains from

terrestrial and celestial hemispheres then gave
G = Gy + Gy = 1.6x10712(1h o 1,274), (18)

For the dawn or sunset case where Tg 2 T = 300K,
say, (18) reveals that the net gain is negative and amounts
to only G.Oazvmilliwatna per éentim&ter, a negligible rate
of cooling compared with the other fluxes involved, e.g.,
the diffuse irradiation of 0,03 milliwatts. The smallness
of this cooling rate is directly attributable to the very
lbw infrared emissivity of copper.

The critical soil temperature for which the net coole
ing just vanishes due to compensating heating fram s0il

exchanges was found from (18) by putting G = 0. The result
| was, for T = 300°K, a soil temperature of about 315°K (108°F),
Hence it is improbable that the thermocouple is appreciably
heated even under summer midday conditions, since soil sure
face temperatures seldom exceed this value by very much as
long as the soil moisture content is not extremely low,
Furthermore, the coefficient in (18) is quite small, supe
pressing the magnitudes of any heating effects that may



develop when the soil surface temperature exceeds the
eritical value. Thus, even if T, rose to 330°K with a T

of 3009K, G would become only 0.001 milliwatt, By way af‘
comparison, the other heating effects total about 0,100
milliwatts at noon on clear summer days. It seemed quite
Justifiable to negleet the infrared radiative exchanges com-
pletely in discussing the thermocouple errbrs-

The total radiative heating rates for the thermocouple
could now be computed by sumning, for each time of day and
year investigated, the contributions of direct solar radia=
tlon, diffuse sky radiation, and groundereflected radiation,
The results are plotted in Figure 15. The dashed curve for
January is based on a énew«cever albedo of 0.85; all the
other curves are based on a grass-cover albedo of 0.15, With
the exception of winter snow-cover days and of October with
its flat midday maximum, all of the seasons are characterized
by absorption maxima at times other than noon, a consequence
- of the irradiation geometry of a vertically oriented cylinder,
Quite different forms would, of course, be assumed by the
corresponding curves for a north-south horizontal thermo=-
couple, and atill other forms for an east-west orientation.

The particular numerical values of the radiative heating
rates displayad‘in Figura 15 carry no meaning in terms of
radiation errors until ﬁhe dissipation function is determined.

This problem will be examined next.



Figure 15. Total short wavelength radiation absorbed
by a vertical 0.0025-centimeter diameler
copper wire (albedo 0.5).
Solid curves are for grass~cover albedo
of 0.15; dashed curve is for snow~cover

albedo of 0.85.
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2. Determination of dissipation function.

The rate of loss of heat from small wires under condi-
tions of natural and of forced convection has been studied
by a large enough number of investigators that it seemed
possible, in the abseneevaf more specific experimental data;
to deduce the dissipation function of a thermocouple of
given dimensions from the results of these previous studies.
A critical comparison of the past studies, however, revealed
some serious discrepancies in their collective results, so
the conclusions of this thermocouple error analysis must
be regarded as tentative. Additional careful study of the
heat dissipation characteristics of small wires operated
at temperatures only a few degrees higher than ambient teme
perature appears indispensable to any further progress in
thermocouple error analysis.

A question that arose immediately upon reviewing the
literature was that concerning the effect of wire tempera-
ture upon the dissipation rate. MNost of the existing ine
formation on heat loss from wires pertains to very hot
wires, since the two prinei@al applications of such infore
mation have been to incandescent filaments and hot-wire
anemometers. The heat transfer processes occurring in
the boundary layer surrounding a very hot filament were
described theoretically by Langmuir (1912). He suggested
that a gas-sheath whose viscosity was so high as to pre=

clude appreciable convective transport would be present
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Jjust next to a glowing wire, Nevertheless, he concluded,
the suppression of convective exchange would not leave the
overall dissipation rate with a low value because the
coefficient of thermal conduetivity would also be very large
at the temperatures prevailing in the gas-sheath, augmented
molecular conduction thus compensating for decreased convec-
tion., Since the temperature dependence of molecular con-
ductivity is almost the same as that of the viscosity (both
varying nearly as ?%), Langmuir predicted and experimentally
verified that there does exist some temperature dependence
in thé dissipation function of wires, but he found it to be
quite small. The slight temperature dependence predicted
by King (1914) from a somewhat different theoretical approach
is in good agreement with Langmuir's results. 1In éisconu
certing contrast, Ayrton and Kilgour (1892), in what appears
to have been a meticulously careful investigation, found
dissipation rates whose temperature dependence for wire
temperatures in excess of about 100°C was nearly identical
with that deduced later by King and Langmuir, but their
measured dissipation rates fell to very low values at room
temperatures. (It may be well to note here that these are
dissipation rates per degree excess of wire tenmperature over
air temperature and not simply the absolute magnitudes of
the power losses.) Langmuir appears not to have been aware
of Ayrton and Kilgour's work. King made passing reference

to their work, but did not discuss their low temperature
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raﬁulte,‘perhaps because King's experimental values did not
apply to wire temperatures below about 150°C, Nothing in
the methods employed by Ayrton and Kilgour suggests an
eXplanation for the low dissipation rates shown by their
plotted curves at low wire temperatures, but a closer exam-
ination of their tabulated data revealed that they had not
plotted in their figures all of their experimental points

in the low temperature range. In several cases, had they
plotted all of their points, their curves could not have
been drawn with the pronounced knee near 4O - 50°C which
differs so from the other investigators' predictions. When
it was noted further that a linear extrapolation of the
higher~temperature portions of their curves down to low
Lemperatures passed vary close to values feund from still
another source (Albrecht, 192?} it was deelded to ignore the
anomalous behavior of the Ayrton and Kilgour data in favor
af‘tha,oﬁhar available information. This being somewhat
arbitrary, it should be repeated that the results described
below must be treated as tentative until better experimental
data are obtained on wire dissipation rates.

King (loe. cit.), using some theoretical developments
of Boussinesq, showed that the rate of heat loss H per unit
length of cylinder of diameter d maintained at a temperature
excess of t degrees above the ambient fluid which flows across

it normally with speed V is given by



Hz Kb 4 (27ks e d)t v& ¢, (19)
where K is the thermal conductivity of the fluid, s its
specific heat at constant volume, and © its density. King
showed this relationship should apply down to a velocity of
about 20 centimeters per second when the fluid is air. Below
that velocity a second relation which he obtained was exw
pected to hold. Evaluating all of the physical constants
in (19) for an air temperature of 300°K and computing the
heat loss rates for each of & series of wind speeds over
the range of interest, a working form of the dissipation
function was obtained, For the still-air value, King's
second relation was employed, using his suggestion that
natural convection currents produce an effect equivalent
to a velocity of about 10 centimeters per second. The re-
sulting diasipgtian function, plotted in Figure 16 is similar
in general form to that of the bead thermistor (Figures 7
and 8), It is the uncertainty in the subsequent use of this
curve that needs to be removed by future experimental work.

3+ Evaluation of radiation errors and confounding effects

The radiative heating rate for an hour angle of four
on a clear July day (Figure 15) was taken as a measure of
the worst conditions for summer (though not quite for the
year) and the steady-wind errors computed with the aid of
Figure 16 for speeds of from O to 10 meters per second,

The estimated errors shown in Figure 17 are, except for



Figure 16, Dissipation function of a 0.0025-centi-
meter diameter wire computed from King's

equation.

Figure 17. Steady-wind radiation errors of a verti-
cal 0,0025«centimeter diameter copper
thermocouple at hour angle 4 on a clear

July days
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stillwair conditions, very much lower than those of the
bead thermistor under adverse summer conditions, as may

be seen by comparing Figure 17 with Pigure 9. For all
wind speeds above 1 meter per second, the 0.0025~centi~
meter diameter thermocouple appears to suffer an error

of less than 0.05 C°, Even for the very slight air motion
of 0,2 meters per second the error becomes only a little
more than 0.1 C%, and the stilleair error itself is only
0,23 ¢,

With such low steady-wind errors, the confounding
errors must be expected to be wholly negligible. These
were computed for the same assumption of a 0,257 lull that
was used in the case of the thermistor, but are not presente
ed in graphic form here because they are so small as to
make their variations with mean wind speed or time of day
of little practical concern. At a mean speed of 1 meter
per second the confounding error was computed to be 0,007 ¢°,
and at 10 meters per second it had fallen to 0.002 ¢°,
These are to be contrasted with the roughly 0.05 C° con-
founding error amplitudes predicted for the thermistor.
The thermistor confounding amplitudes were estimated to be
about 10% as large as the true temperature fluctuation
amplitudes, so the thermocouple confounding amplitudes
computed here must be only about 1% as great as the true

fluctuation amplitudes, Unless (as is unfortunately possi-
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ble} the thermocouple dissipation rates employed here are
appreeiably too large, a 0.0025-centimeter thermocouple
would seem to be distinetly superior to the bead thermis~
tor as regards radiation errors. But since the thermistor
errors, though tenfold greater by the present estimates,
are not intolerably large by existing standards of accuracy
in micrometeorology, the electrical advantages of the ther-
mistor may be permitted to decide the issue in the favor

of the latter senaing element. It is interesting to note
here that if the theoretical reduction of effective ther-
mistor absorption cross-section by silvering could be
realized in full, the thermistor radiation errors would

be suppressed to almost exactly the level predicted here for
a 0.,0025 centimeter thermocouple.

Estimates of the radiation errors for thermocouples for
diameters other than 0,0025 ecentimeter are readily made
with the aid of the King equation (19) and the irradiation
rates of Figure 15 corrected for ﬁiffer@nnes in absorption
cross-section. A No. 30 copper wire (size often used when
rapid response is not essential) with a diameter of 0.025
centimeter (0.0l inch) was computed to have a stilleair
error of slightly greater than 0.4 (9, decreasing to about
0,1 €% at a wind speed of 1 meter per second, and 0,06 (©
at 5 meters per second,

To decument the need for caution in accepting the above
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error estimates, two recently reported values of radiation
errors of wire elements might be noted. Geiss (1949) come
pared the mean indicated temperatures of shaded and un~
shaded 0.002-gentimeter diameter platinum wire resistance
thermometers mounted with wires horizontal at a height of
1.75 meters above th@'grsund on a clear July day with aver-
age winds of about 1 meter per second, and found the mean
difference to be as large as 0.5 €O, Since platinum has an
albedo of about 0,65 (in contrast to 0.5 for burnished
copper) and since these wires were very nearly equal in
diameter to that assumed in the main part of the thermo-
couple calculations above, Geiss' value is e¢learly contra-
dictory to the value predicted here, even after allowance
is made for differences in irradiation rates of horizontal
and vertical wires., Because there seems little chance that
the radiation caleulations made in the first portion of this
analysis can‘be off by one full order of magnitude (order
of discrepanecy with Geiss' observations) Geiss' study casts
suspicion on the dissipation function hére employed.

Using No. 30 copper-constantan thermocouples, Thorne
thwaite (1949) observed radiation errors as large as 2 C°
in March under unspecified wind gonditions and thermocouple
orientatlion. This error is about five times larger than
the still~air value predicted above for couples of this

s8ize, and would be still larger relative to the values pre=
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dicted for even slight air motions. Thornthwaite's couples
were of the lap-welded type and may have been in thermal
communigation, via the leads themselves, with components

of the mounting which developed still larger radiative heate
ing effects and warmed the thermojunction by conduction; so
his result is no clear-cut check here. HNevertheless, the |
discrepancy which it implies is in the same sense as that
implied in Geiss' figures,

Only one other paper was found in the literature to
include any information on radiation errors of wire ele-
ments. Albrecht (1927} %ava‘é formula for the radiatian
error of a platinum wire resistance thermometer, His equa=~
tion yields error values in fairly good agreement with those
obtained from the King equation when proper allowance is made
for the higher albedo of platinum. It is not possible to
¢oncluda, from Albrecht's paper, whether his formula was
empirical or theoretical., His only pertinent reference was
to a paper dealing with heat losses from very hot wires; so
if dissipation rates of very hot wires should in fact be
incomparable with those of wires only slightly hotter than
air temperatures, Albrecht may have given no really independ-
ent information from the point of view of the present ques=~
tion of the applicability of King's work.

As & last comment on the generally confused state in
which this subject exists, it might be pointed out that

Albrecht (loc. cit.) gave a table of values of errors of
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indication of his resistance thermometer due to Joule heat-
ing under excessive current loads. Since this set of values
constituted exactly the sort of data expressly obtained for
the evaluation of the thermistor dissipation function, it
was used to compute the still-air dissipation rate for
Albrecht's platinum wire (diameter 0.0025 centimeter), The
values so obtained were only about one-third as large as
that implied in the equation given by Albrecht himself in
the saﬁe paper,

In conclusion, it can only bé said once more that
experimental work specifically devoted to the study of the
dissipation function of wires of various sizes operated at
small excess temperatures must be undertaken before the
serious disagreements revealed here can be resolved. If
the very tentative results obtained here are confirmed, a
0.0025-centimeter thermocouple offers the advantage of
appreciably lower confounding errors than the bead ther-
mistor. If, on the other hand, the Ayrton and Kilgour work
should be substantially correct, and the error reports of
Geiss and of Thornthwaite well-founded, then even this small
thermocouple is only about as good as the bead thermistor
with respect to radiation errors. Because the thermistor
enjoys indisputable electrical advantage over the thermo-
couple, and because its confounding errors seemed acceptably
low, the current study of turbulent temperature fluctuations

has been planned about the bead thermistor as the prinecipal



sensing element.,
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IV. 1LAG EFFECTS IN FLUCTUATION MEASUREMENTS

When a thermal sensing element is immersed in a fluid
whose temperature varies with time, the temperature indicated
by the sensing element will not, in general, be the true
temperature of the medium because the finite rate of response
of the element to changes in ambient temperature prevents
it from following those changes in an ideally instantaneous
fashion. Under these conditions the element is said to nlagh,
or to exhibit "lag". A knowledge of the extent to which
& given sensing element lags behind the variations of the
true temperature is essential to an understanding of the
meaning of measurements made with that element.

Among the measurement problems in which lag considera-
tions arise, none is more critically concerned with the
effects of lag than is the problem of measuring turbulent
temperature fluctuations,. The thermal inertia of most sense
ing elements (e.g., the mercury-ine-glass thermometer) causes
them to smooth out all of the shorter-period turbulent teme
perature fluctuations, yielding an apparently constant
témperature indication, or at least one exhibiting only
very slow undulations. Consequently, a first consideration
in evaluating an instrument intended for use in fluetuation
studies is that of determining the degree to which its lag
will distort the fluectuation statisties that are to be

derived frowm the record of its response.,
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It has been mentioned earlier that there have, in the
past, been no thorough studies made »f turbulent temperature.
fluctuations., Because of this neglect of the fluctuation
problem in general, there have been almost no analyses of
the effects of lag on fluctuation measurements, The only
past contribution is a paper by Bilham.(1935), in which he
examined the response of a lagging thermal element to
sinusoidal variations of temperature, Bilham used his
results to show that Best (1931) had seriously erred in inw
terpreting some mieremataer@lagiegl temperature measurements
made with a resistance thermometer whose lag was quite large.

As part of the present attempt to explore the fluctua-
tion problem, analyses of a number of general lag effects
have been carried out and several specific effects arising
~ from the use of the bead thermistor in particular have been
determined., The results of this work will be summarized
after a brief discussion of the differential equation of
response of a lagging element and some comments on methods

of measuring the lag-times of sensing elements.
A. The Equation of Response of a Thermal Sensing Element

1. Pormulation of the lag eguation

Let T(t) represent the instantaneous temperature of a
sensing element exposed to an ambient air tempearature of
Ta(t) which is not, in general, equal to T{t)s Due to the
(generally existing) difference between T and Tys heat
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transfer will be occurring between element and air, with
the result that T will be changing with time, (Concurrent
changes in T, are aﬁgligihl& under field conditions.) If
dQ units of heat are transferred from the air to the element
in a time dt, then o

9T g dTdq ¢ 1p

dt dq dt c
where Gyis the heat capacity of the sensing element and P
is the power gain.l According to Newton's law of ¢ooling, P
is proportional to the difference between T4 and T; so ine
troduc¢ing a proportionality constant D (units of millie
watts/C%), thﬁ;?ﬁﬁpﬁﬁéﬁ equation bé@@m&@

4 = M- = ki1, -  (20)
if the definition

\é & - (21)
b ‘ |

is inzrmdungd,ﬁ1ﬁqn&tien (20) is g¢alled the lag equation,.
and A (characterized by'dimanaimna~af time) is known as the
lag~time of the sensing element, | |

Whereas C, the heat capacity of the element, is a
physical property of the element itself, D is dependent not
only upon the geometrical and physical nature of the element,
but also upon the speed and nature of the ambient fluid. In

1he symbol 2 will be used here to mean "is defined to

h@”&
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meteorological measurements the fluld is always understood
to be air, so D becomes a function only of the nature of the
element and of the amblent air speed and is, in fact, just
the dissipation funection that has entered repeatedly into
the discussions of radiation errors above.

Since the lag equation is essentially Newton's law of
cooling, (20) is accurate only for small values of [T, =T] »
but this restriction is never violated in meteorological
measurements where ’Ta -T| 1is, at most, of the order of
d&gﬁe@& Centigrade. Experimental verification of the valid-
ity of (20) for several types of thermal elements has been
discussed by Harper (1913}, who also examined the dependence
of D on the fluid speed for a number of fluids and sensing
elements. |

2, 1Ihe inverted lag equation

'Eespite the simplicity éf the lag differential equation
(20) only a few of its properties have been discussed in the
literature, In view of this, it may be permissible to note
a very simple modification of (20) which proved quite useful
in some of the work to be deseribed later.

The conventional treatment of (20) involves solution
of the differential equation for a specified To(t), as for
example, for a step-function change in Ty, linear change
of Ty with time, ete. (Middleton, 1947, pp. 62-6L4)s 1In
practice exactly the inverse problem arises: one knows

T{t) from the record of a lagging instrument and knowse the
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lagwti&a of the instrument, but seeks to determine what
foreing function Ty(t) must have led to the observed response.
With this practical problem in mind, (20) may be rewritten
with the sought-for T, expressed in terms of the observation~
ally known properties of T, yielding

To= T4 AT  (22)
where the dot abova a symbol has been ﬁa@d to indicate time
ﬂifferﬁﬁhiatian¢ {22) may‘ha referred to as the inverted
lag equation, Although the difference b&ﬁu@én_(ze) and (22)
is mathematigally trivial, the latter form suggests certain
useful properties of the éifféren&ial relation in a much
more obvious way than does the former. Some illustrations
will serve to demonstrate this minor point.,

For any Tg(t}), (22) states that the true ambient tem~
perature at any'inatant is algabraiaally gréater than the
simﬁltageana&y indicated temperature T(t) by the amount
J)_%» Thus, knowing the lag-time A of the sensing element
used to obtain the recorded T(t), and estimating or measur=
ing the indicated time rate of change %,‘anaxaan determine
what the true air temperature T, must have been at any de~
sired time. Dryden and Kuethe (1929) éesﬁribed essentially
the same method for aatimating @rﬁera due to lag, but because
of having deduced it from the properties of the solution
Yo the lag equation for a linearly varying forecing funection,
they incorrectly concluded that it is only valid for sege



ments of the record which are very nearly linear. The in-
verted lag equation shows clearly, however, that such a
relation is true at every instant regardless of the $inuose
ity of the record.

The relation just cited provides a handy means of
quickly estimating from a record how much greater than the
observed fluctuations the true air temperature fluatuatiena
must have beens For example, an examination of a record of
thermal fluctuations made under conditions of well-developed
turbulence frequently reveals numerous small spurs of very
short duration rather densely superimposed upon the longer=
-period undulations of much greater apparent amplitude. That
this fine "embroidery" must be evidence of true air tempera-
ture excuvrsions whéﬁe amplitudes often approach those of the
longer~period components is apparent when one applies the

A.% correction; for though these spurs on the indicated
record never grow very large, they have slopes which are
often many times greater than those of the slower oscilla=-
tions. The same conclusion is, of course, reached by regard-
ing the actual excursions of air temperature as being made
up of a large number of Fourier components which suffer
attenuation that tends to filter out the higher frequencies
(as will be explained below), with the result that the re-
sponse function contains only the little spurs as relics

of the large pulses in the foreing function. The inverted
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lag equation tells the same story here in a less elegant
but more direct manner.

As corollaries to the preceding rule for estimating
the instantanaaus error of indication of a 1agging element,
it is to be noted first that the element is yielding an
exact indication of air temperature at each instant for
which T{(t) attains an extremum through which T(t) is con=
tinuous; and second that, at any point in the record where
T{t) appears (to within the limits imposed by the time=
scale of the record) to exhibit a discontinuity, there must
have 6c¢urr@d a éiae@mtinuiﬁy in the true air temperature
itself (to within the same time-scale approximation). If
the discontinuity in é{t) involves & change in sign of %,
(22) implies that the sign of the error, T-T,, must also
change. The few published T{t) records in the literature
as well as the unpublished records obtained in earlier turbu-
lence studies made by members of the Department of Physics,
when examined with this last rule in mind, suggest that the
temperature changes occurring at a fixed point may be cone
siderably more abrupt than has been suspected in the past.
A check on this point, using the above-mentioned method for
determining the true fluctuations, should be made when field
cbservations are obtained,

The error term, A~%, in (22) also suggested the basis
of a possible method of compensating the output of a lagging
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element in such a way as to correct for lag effects prior
to recording., The method, which becomes feasible only for
elements yielding an electrical signal, consists of splitting
the signal, differentiating one part with respect to time,
multiplying this by K s and then adding the product to the
other part into which the signal was originally split, all
operations being performed electrically. (22) shows that
when these operations are correctly performed, the final
output of the compensation circuit is the true air lempera~
ture, Ty{t), free from lag distortion. To take account of
vafiétians of A accompanying varying wind speeds, one
might use the output of an ansmometer to control the value
of the A~factor used in the multiplication stage; or this
stage could be adjusted manually to correspond to the mean
wind speed prevailing during a gilven rﬁa¢ Such an approach
Lo the lag compensation problem was considered for the prew
sent study, but a quite different method suggested by Hall
{1949) was fouﬁd to be simplar‘aué is being investigated

gurrently by others,
Bi: Determination of the Lag-time of a Thermal Sensing Element

1. Past methods

Tha standard method of determining the lag-time of
fairly inert sensing elements is based upon the solution to
the lag equation (20) for the case of a step~-function change

in Tge For this case the lag-time is found to be the time
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required for the response to undergo el of its full change
{height of the step}s (See, for example, Middleton (loc.
c¢it})s) 1In practice, the step-function change in the ambient
temperature is brought about by raplidly transferring the
elenent from a medium at ené temperature to one at another
temperature, Such a method fails when the lag-time is small
ef the order of the attainable transfer times;. In particu=
lar, the bead thermistor, with a stilleair lag-time of the
arder of 0.5 second, could not be so studied.

Anderson and Heibeck (1951) devised a method of deter-
mining the 1&g~ﬁimes of rapidly responding elements that
yield an electrical signals, Iwposing an almost square wave-
form of T,(t) on the sensing element by mechanically shift-
ing it back and forth between two air jets of different tem-
peratures and then comparing the observed ratié of amplitude
of response to amplitude of square wave with the corresponde
'ing theoretical ratio deduced from the lag equation; Anderson
and Heibeck showed how one can determine lag-times down to
about 0,05 seconds.

S5till another method that has been used {e«g., Swinbank,
1951) is that of computing the lag~time, When the heat
capacity of the element is known accurately and the dissipa-
tion rate is determined for a range of ambient wind speeds,
the lag-time can be camput@d for each wind speed with the

aid of {21). Since, however, it is often very difficult
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to distinguish the portions of the instrument which are
thermally active in the measurement process from those which
play no part in the process, this last method is not very
satisfactory. Thus, in the case of the bead thermistor,

the copper wire lead system can be shown to camprise a
thermally active component of the sensing element, so in
attempts to compute the thermistort's lag-time one would
have to allow for lead contributions to C since lead effects
are inescapably admitted into the‘picture in the actual meas-
urements of Ds It is definitely safer, when possible, to
determine the lag characteristics by some experimental
approach.

2+ leasurement of thermistor lag-times

As part of the preliminary evaluation of bead thermis-
tors for the study of which the ﬁreﬂent analyses are a part,
a quite different method of determining the speed of re-
sponse of the beads under varying ventilation rates (modi-
fied from that used by Becker, Green, and Pearson, 1946)
was employed by Kassander (1951). The method consisted in
applying a step~function change of voltage across a ther-
mistor and a fixed resistor connected in series, and then
presenting on the face of an oscilloscope a trace of the
transient response of ﬁhe thermistor as its temperature
changed due to the accompanying step-function of Joule heate
ings The persistence-time of the fluorescent coating of the

cathode~ray tube permitted determination of the lag-time by
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actual measurement {on the curve traced out on the tube face)
of the time for the response to undergo e*l of its full change.
The voltage step-function was as readily applied with the bead
in ealm air as in the wind tunnel or on the rotating arm, se

- the method proved quite flexible.

The results of the measurements of the lag-time of the
same specimen thermistor whose dissipation function was pre-
sented in Figure 7 are plotted in Figure 18. From a still-
air value of about 0.7 seconds, this element's lag~time fell
rapidly with increasing wind speed, becoming almost constant
at a value of about 0,1 second for winds in excess of about
10 meters per second, (This general behavior could, of
course, have been predicted from (21) and the previously dis-
cussed form of the thermistor dissipation fﬁmatiam.)

Certain questions as to the ecomparability of the ther-
mal lag-time and the actually measured electrical lagetime
plotted in Figure 18 arise here, but since experimental work
is currently being carried out on this and related lag ques-
tions by another member of the group investigating tempera-
ture fluctuations, these questions will not be considered
hér@. It may be pointed out, however, that a calculation
of the still-air lag-time with the aild of the relation (R1)
ylelds a value of about 0.4 seconds when only the bead itw
sell is considered as contributing to C, whereby, as pointed
out above, one must expect to underestimate the lag-time

because of lead effects,



Figure 18. Lag function of the Western Electric D=176980

bead thermistor.

- Figure 19, Phase~lag and amplitude-suppression ratio in
| the response of a sensing element to sinusoidal
veriations of air temperature.
The scale of ordinates for the phase-lag

is given‘in degrees at the left. The scale of
ordinates for the amplitude~suppression ratio
A'/A is at the right. On each of the two curves,
num»riaal values of bh§ ordinate are entered for
four values (0.1, 1, 10, and 100) of the dimension-
less ratio P/)\ .
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Middleton (1947, p. 62) suggests that most sensing
elements exhibit a u™® dependence of lag~time upon wind
speed u, so this hypothesis was checked by means of a
semilogarithmie plot of the experimental data and the rela=-
tion

(A in seconds, u in meters
per a@candi {23)

was found to represent the experimental data with en error

X(u) =

of less than 0,05 second (14%) for all speeds in excess of
0.5 meters per second, the poorest agreement occurring at
the lower limit of wind speeds. Clearly (23) must fail to
describe the curve of Figure 18 at very low wind speeds,
Just as the determination of the dissipation funetion
of the bead thermistor made possible the analysis of a num=
ber of questions concerning the role played by radiation
error in distorting fluctuation statistics, so also does the
determination of the lag funetion, A{u), make possible the
analysis of & number of questions concerning the effects
of lag..
3e

Calculation of thermocouple lag-times

Using the tentative thermocouple dissipation rates
plotted in Figure .16, computing the heat capacity (per unit
length) of a Qiaezﬁauantimster diameter copper wire, and
using {(21), a series of thermocouple lag~times were com-.
puted for comparison with those of the bead thermistor. The

computed values were only about one-tenth as large as those



measured for the bead thermistor. For still air the computed
value was 0.06 second, From this wvalue it fell rapidly,
becoming 0.0l second for an ambient air speed of 0.5 meter
per second, 0,005 second for a speed of 2 meters per second,
and 0.002 second for an air speed of 10 meters per second.
The previcusly expressed lack of assurance in the
applicability of the King equation (19) to the problem of
computing the dissipation rate of only slightly heated wires
carries over directly to the calculations of thermocouple
lag-times. Hence the computed thermogouple lag-times given
Jjust above may be only about one-tenth as large as the true
v&luaﬁg in view of the roughly tenfold uncertainty in the
dissipation rates employed in thai# ecalculation, However,
even if the true values were ten times greater, the lag
of nﬁe thermocouple would be everywhere lower than the
values of the bead thermistor plotted in Figure 18,
L. Precision

requirements in the determination of lag-times

Since the most satisfactory way in which to solve the
analysis and interpretation problems c¢reated by lag effects
is to use an element having zero 1agwmime, there will always
be a tendency to try to devise elements with lower thermal
inertia. As the lag-time is forced down, however, the ex-
perimental difficulties of carrying out an accurate deter-
mination of that lag-time go up rapidly, It is pertinent
to ask how sensitive the lag bias effects are to variations

in lag~time so that one may know how closely he must deter-
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mine A in order to carry out adequate corrections of observed
data for lag effects.

A quantity which was found to give a very useful measure
of lag bias in fluctuation studlies was the amplitude~sup-
pression ratio, A'/A, for the solution to the lag equation
(20) for sinusoidally varying Tg{t). (See equations (24)
and (R5) below for definitions of A'/A.) Logarithmie
differentiation of A'/A with respect to A yielded

(24)

as the relation between the relative error of the determina-
tion of lag«time and the assoclated éalanive error of esti-
mate of A'/A« (D is here the period of T,(t).)

In the limit of very small P/)\ (24) indicates that
there will be the same relative error in A'/A as in A
itself; but that in the limit of very large P/\ the rela-
tive error in A'/A associated with a given relative error
in the value ascribed to A goes to zero (wide tolerance on
A -determinations at this limit). As three indicative
magnitudes, it may be noted that (24) yields d(1lnA'/A)
/d{ln A ) equal to ~0.99 for a P/A of 0.1, ~0.97 for a
P/A of 1, and ~0.28 for a P/)\ of 10. Here, as elsewhere,
the most serious difficulty attends the study of the high-

est-frequency components in Ta(t); for one can apparently
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not assess the importance of these components with much
more accuracy than he can measure X in the laboratory.
It is most unfortunate that the reverse relationship does

not obtain,
C. Lag Distortion of Fluctuation Statistics

‘Tba\immediata objective of the present atudy of turbu-
lent temperature fluctuations is that of statistieal analysis
of the fluctuations. It was therefore important to determine
the extent to which lag effects may distort the apparent‘
statistical characteristics of the recorded fluctuations., In
the following diseussions, a number of such effects are ex-
amined., | ' |

1l: Some relations between true and

apparent fluctuation
statistics for constant lap-t M

As long as the ambient wind‘sp@e& is steady, A is a
constant and the lag equation falls within the particularly
simple ¢lass of linear'diffaéenﬁial equations with constant
coefficients, In this section some of the properties of
the solutions of the lag equation for this special case are
considered,

a. Response functions for periodic Tp{(t).

{1) Sinusoidal
solution to (20) far~a‘sinu$@idally varying ambient tempera-

case, For later reference, the

ture will be needed. Bilham (1935) pointed out that if
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Telt) = Ta 4 4 sinf§~§¥§ " (25)

in which the bar over a symbol denotes a time average of
that quantiby and A 1s the &@piituda of the &mbient temperas-
ture fluctuations (assumad hé é&cur,purelyfsinusaidally with
period P}, then the r&ayéﬁae,wf'an element of lag~tiue A

(aaaumﬂd constant here) is found from (20) to be

CT(e) = LN $ T 4 A*ﬁiﬂ{gmg;ﬁn - €}y (26)
whera’th@‘first'term on thﬁ;right iﬁ the transient term with
integration constant ¢, A' is the response amplitude given
by |

AY £ N - (27)

P

and € is the phase~lag angle given by

¢ g tan=l m}?&w ‘ (28)

(26) shows that after disappearance of the transient term,
the response will represent suppressed and phase-shifted
sinusoidal variations about the same mean temperature that is
associated with the true fluctuations of (25)

The definitions {(27) and (R28) of Bilham's solution were
used to plot the curves shown in Figure 19. It is important
to note that the amplitude-suppression ratio A'/A and the
phasa«;ag angle € are both relatively flat functions of the
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dimensionless ratio P/\  for either very large or very small
values of P/\ , but that in the P/\ range from about 1
to 10 they are quite sensitive to the ratio of period to
lag~time. Since the lag~time of the {uncompensated) b@ad
thermistor appears to lie between 0.1 and 0.7 seconds in the
range of wind speeds likely to be encountered near the ground
(Figure 18), and since the periods axyaeted\tm appear in the
fluctuations have been shown to fall in a range of from about
0.1 to about 100 seconds, the principal region of operation
will be very néarly coingident with the central segment of
rapid variation on the characteristic curves plotted in
Figure 19: This has the unfortunate implieatian that there
will be appreciable spectral bias tending to suppress the
periods at the 0,1 second end of the range while admitting
the long periods almost without attenuation |

Thus, for sinusoidal fluctuations of 0,1 second period
recorded with the bead thermistor at wind speeds where lage-
time approaches 0.1 second {(true for speeds in excess of 10
meters per second, roughly) nhe‘reeardad amplitude of the
fluctuations is seen, from Figure 19, to be only 16% of the
true value; while even 10 second fluctuations are recorded
with better than 99% of their true amplitudes for this same
lower limiting value of the lag-time. Such strong spectral
bias would not occur for a sensing element of ten times
greater lag-time, nor would it occur for one of ten times

smaller lag-time. In the former case, however, the elimina-
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tion of spectral blas would be achieved at the expense of
obtaining uniformly bad r&pvbduebi@n of all of the periods
of interest, so it is no practical solution to turn to more
inert elements., Rathar,kthe desirable way to eliminate the
sort of spectral bias to which the thermistor seems subject
would be to resort to a still faster sensor.

The tentative values of lag-time assigned above to the
thermocouple were all under one~tenth of the corresponding
values fér the bead thermistor, so the 0.0025~centimeter
thermocouple would appear superior, with re&pect to lag
effects too, to the bead thermistor if the dissipation rates
aseribed to it are substantially correct. However,,wérk is
currently under way to devise electrical compensation techw
ﬁiquea that may reduce the thermistor's effective lag-times
to much lower values than those given in Figure 18, so a
final comparison is not possible because of incomplete data
on both instruments! optimum performance. ‘Th@ need for an
accurate series of measurements of dissipation rates of ther-
mmaéupla% can be seen to be as pressing for use here in lag
estimates as it was in the radiation error analyses above.

(2) Other cases of periodic Ta(t). Since the

lag equation (20) is linear, and since any meteorologically

plausible Ty{t), defined on a closed time interval, is ex-
pressible as a Fourier series, the corresponding response

function is also expressible as a Fourier series. The
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Fourier coefficients in the series representing the solu-
tion will depend not only upon the amplitudes of the corres«
ponding components in the Fourier representation of T.(t)
but also on the degree of atn@nuatiankimpaseé upon that
component by the lag of the elements BSuch a method of ex~
pressing the response functions would be particularly conw=
venient for periodie functions. There are, however, two
simple types of periedic T (t) which are of special interest
for which the corresponding T{t) funetion may be found by
more direct means. |

The first of these is the square wave, which enters
into the experimental technique of Anderson snd Helbeck
{1951) for lag determinations. Regarding the square wave
- as a series of alternating step-functions and using the
exponential solution to (20) for this case along with the
requirement of periodieity of the response function, gave
as the ratio of the response amplitude B! to the square wave
amplitude B,

< ~P/2N
r, L= g_?/ ,

B2 ot (29)
1 4 e"F/2X

o= {os)

where P is the period of ﬁhe square wave.

- The second &p&eial'eaaa of interest is the periodic
aaw»twoth wave, Actual records of turbulent temperature
fluetuations frequently suggest a waveform of this type,

although a condition of nice periodicity is almost never
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fouﬁd. The temperature is observed to rise slowly and

rather steadily only to fall very sharply to a low value from
which it again elimbs to the next peak, Idealizing this
behavior by considering T,(t) to be composed of linear seg-
ments of period P rising from -C to $C within each period

and falling abruptly from 4C to -0 at the end of each period,
~one finds, by direct solution 9£\(2&) and imposition of re-
quirements of periodicity of T(t}; that the ratio of response
amplitude €' to the true amplitnda‘ﬂ is

C 1. e P/A F

Using (29) and (30) the amplitude~-suppression ratios were
computed for several diffaren§ values of P/A and compared
with the corresponding suppression ratios for the case of the
sine wave as plotted in Figure 19, The resulting valuesg are
shown in Table 1,

Table 1

Amplitude~Suppression Ratios for
Three Periodie T,(t) Waveforms

Waveform ___ P/A = Q0 P/ =1 P/rel0 P/) =100

Sine wave 0.02 0«16 0.85 0.99
Square wave ‘ 0.03 0425 - 0499 0.99

Sawtooth wave 0405 : 0.18 04,80 0.98
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Table 1 shows that differences in suppression effects
do exist for the three waveforms; but they are not so great
that ong would be seriocusly in error to use the velues for
‘the sine wave to describe the~gaﬁeral response characteris-
tics as a funetion of period of the ériving'funetien‘Thtt}
for either of the others. It seems, as a rule of thumb, that
one must employ a Ssensing element whose lag-time is not
greater than one~tenth of the smallest period regarded as
present in the ambient temperature £&uetua@iaﬁa,‘if one hopes
-to record that period with any degree of fidelity at all.

Or, conversely, for any'givﬁn sensing element, one must not
- expect to be able to find in the record obtained with that

- element appreciable evidence for the presence of component
periods lower than about 10 A , If it is indeed true that
the thermal turbulence near the ground has an appreciable
content uf eddies with Eulerian periods near 0.1 second (to
aseertain this is one of the objectives éf the present study),
then it would be desirable to employ a sensing element whose
Jlag~time was of the order of 0.0l second: Electrical come
pensation offers the only hope in an attempt to use bead

- thermistors at this lower end of the probable range of fluce

tuation periods.

be Apparent mean for an arbitrary T,(t)s For the
special case of a purely sinusoidal waveform of Ty(t), come
parison of the solution {26) and (25) reveals that the
apparent maan'ﬁeaparatur&'is identical with the true mean
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after the transient effects have died out. It is important
to know whether this equality exists for an arbitrary T,(t),
since actually observed anQforms‘are never pure sine waves,
Averaging the inverted lag equation (22) over the period of
time from tg, to t; yields

1 bl)
Tg =T34 EEJ%"E;-/;g%dE g T *Ezli“ﬁ”jx aT. (31)

OT(tg )
But
A ij%}z_-. P i S (32)
‘1 = Soyy,) t) = %

where T, and T; are the upper and lower limits on T(t) in
the interval t,4< t &« ty. Since T(t) is, for physical rea~
sons, bounded in any interval of time, the right member of
(32) may always be made arbitrarily small byktaking the
averaging interval t3 - t,, sufficiently large. Hence in
this limit of sufficiently large averaging interval the
last term of the last member of (31) goes to zero and
TasT, | (33)
to within an error which for ény given ecase is equal to or
less than the value of the right side of (32)., Xven on
8 day with well developed thermal turbulence, T, - T, may
safely be assumed to remain below 10 C° over periods siort com-
pared to the full diurnal period, and the expected length
of any one run during field observations is planned to
be at least five minutes. Hence if a lag-time of 0.5



~113«

seconds is assigned to the bead thermistor the discrepancy
between the apparent five-minute mean derived from the

record of the thermistor and the corresponding true mean will,
'aaaeréimg to (32), be equal to or less than 0.5(10/300) ¢°

or 1/60 €%, a negligibly small error in the mean.

Thus, it may be concluded that for the case of the time
average, the apparent statistic approaches equality with the
true statistic in the large-sample limit, and the requirement
of "largeness" here is quite readily fulfilled in practice.

This result is seen to be qualitatively implieit in
{20) itself, since it is the very nature of the r@sponsef
law that the element will continuousgly hunt for the condi-
tion of zero error,; thereby causing the apparent cumulative
mean to regress towards the true cumulative mean after egach
successive thermal disturbance passes by (insofar as the
- true cumulative mean neither increases nor decreases mono-
tonically with time). The proof given above, however, not
only establishes this point, but also yields an estimate

of the upper limit on the error of the apparent mean,

| ~obvious choice of a statistic expressing the degree of vari-
ability of 2&(%} is the su&ndérdvd@viataan, Oys OF its
square, <ra3; the varianeac It is thus indispensable, in
fluctuation studies, to have some measure of how biased an
esmm of o,% is given by o?s the apparent variance
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derived from the record of a lagging sensor exposed to the
To«fluctuations. From the definition of the variance and
from the inverted lag equation (22) it follows that

Noo? e Z[iny 4 a1 -1, (34)
where, for convenience here, the recorded T(t) will be re~
garded as represented by a set of N instantaneous values T3
read off at equal small time increments on the iaterval t =
t &%, under consideration. The summation indicated in
(34) and elsewhere below is thus to be understood to be taken
over these N values. On expanding the right side of (34),
noting that | |

No? o Sm? - TR,

and making use of (33) to replace T, by T, one finds that

Rt .. NN 2

02 = o® 3 AR 42 /\‘I*T ; (35)
But.
(1)
w*“ﬁkmm J/g TaT
t T(t,)
T 2 -~ T 2
cAu 1., | (36)

2ty -t

where 1, and Ty are the upper and lower limits of T(t) on the
interval t, & t = t;. By taking the interval large enough
to make the last member of (36) negligibly small, one makes
the last term on the right in (35) go to szero, and (33),
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which has already been used here, will be satisfied a
fortiori; so the desired relation between the true variance
and the apparent variance of the response of a lagging ele-

ment becomes

o2 & 2. NADZ ., (37)

It is seen from (37) that the degree to which the appar~
ent variance approximates the true variance depends on the
magnitude of the lag-~time and on the mean~square slope of
the response waveform. By tabulating the slopes at equal
small intervals of time over a repraﬁamtativa period of a
givaa record, averéging* and inserting the result into (37},
one can estimate the magnitude of the discrepancy between the
computed 0% and the desired 052, Such an aperatian would
be quite tedious if performed manually, but can be carried
out quite rapidly by use of the electromechanical tabulator
described by Kassander and st&bbins (1951}, an anlarga& and
improved model of which is baiﬁg built for the present study.

For waveforms of T,(t) that are geometrically simple,
such as a sine wave or a square wave, one can actually cal-
culate directly the correction term on the right in (37).
For the case where Ty(t) is the sinusoidal fluctuation defined
“earlier in (25), the ratio o/ o,? is found to be simply
(A'/A)z, the square of amplitud@*ﬁuppr&%aién ratio plotted
in Figure 19. For the case where Ty{t) is a square wave

with equally long plateaus and4vallays the same ratio is
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found to have somewhat smaller values for the intermediate
range of P/X than was the case for the sinusoidal case.
Thus for P/A equal to 1 the ratié is found from ?igure 19
to be 0,026 for the sinusoiéal &asé, but is only 0,021 for
the square wave, |

If, as is really prafarabi@; the comparisen of true and
apparent variability is made with the standard deviation
raﬁhar than the variance, it may be é@n@l&&ad {as before)
théa to estimate the true value EQFWiﬁhin'an ervor of less
thau about 10% requires that the sensing element amplc&ed have
a lag-time whiéh is not more than one-tenth as large as the
shortest p@ri@dakta be measured. And it must be noted that
the possibility af‘a sort of circular deception askta the
degree of raliability of a given estimate éf lIigﬂﬁkisté
here, If one forms hi$ notion as to what are the shortest
imp@rtant periods solely from visual inspection of the record
of a lagging instrument, the attenuation aflthe #hartar»
period fluctuations that suppresses the &yparenﬁ role of
these components will mislead one into thinking that the
variance estimate is better than it really is. The cycle
of deception might then Ee eamplet@ﬁ by using this faulty
estimate of reliability of the computed & 2 yalue to con-
gratuiata oneself on the apparent faithfulness with which
the response reproduces the forcing function.

d. Effects on the correlation coefficient. Growing

interest in the spectrum of atmospheric turbulence has led
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recently to attempts to gain information concerning the
frequency spectrum by means of observations of the varia=-
tion of the coefficient of correlation between simultaneous
temperature values observed with two senging elements, The
two elements are located at points whose separation is
varied (in successive runs) from some very small distance,
where the correlation ceoeffiecient is nearly 1.0, to very
iarge distances, where the correlation coefficient approaches
zero. The basis for the deduction of the frequency spectral
characteristics from a correlation funetion so obtained was
given by Taylor (1938), who showed that the spectral inten=-
sity function is, under certain conditions, the Fourier
transform of the correlation function (and vice versa).
(The required conditions for the existence of this relation
are satisfied much less exactly in the natural wind than
in wind tunnel airflows.) In addition to such an application,
correlation studies may also be used to determine quite
directly the average dimensions of thermal eddies; so it was
felt desirable to examine the effects that lag may have on
the correlation coefficient.,

| If the two sensing elements used for correlation observa-
tions have appreciably different lag-times, the associated
differences in amplitude~suppression and phase~lag imposed
by each may lead to bias in the correlation coefficlents

computed from their recorded outputs. An examination of the
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sensitivity of the correlation coefficient to such attenuation
and phase-shift effects was cafried out and will be summarized
below, The results may be interpreted as a measure of the
sensitivity of the correlation coefficient to lag differences
occurring due to manufacturing variations among a group of
falﬁmanta, due to errors in laboratory determinations of the

- lag»times, or due to differences in lag-time imposed by
systematie variations of wind speed with height above the
ground.

For the purpose of the analysis, perfect correlation was
assumed to exist between the two waveforms of T (t) occurring
at the two points of observation, and the extent to which the
apparent correlation could drop due just to differences in the
lage~times of the two sensors was determined, In the simplest
case of purely aiﬁﬁaaidal Té(t)‘fluaﬁu&tiana (single period
present) it can be seen that amplitudew-suppression effects
- ¢annot by themselves gréduea any reduction in the apparent
- gorrelation since the correlation coefficient for a pair of
variables is unchanged if one of them is multiplied by a con=
stant k, and the other is multiplied by a constant q (k, 9>0 ).
Only unequal phase«shifts produced by the assumed unequal lage
times of the two sensors is capable of decreasing the appar-
ent correlation between the temperature fluctuations recorded
at the two points when these fluctuations are simple sine
waves, Analysis of the effects of phase-shift for this simple

case revealed that even for very improbable differences in
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the two lag-times the reduction in the apparent correlation
was quite negligible. Thus, even for a ten-fold ratio in
the lag-times of the two sensors (P/\ = 1 versus P/} =z 10),
the apparent correlation was found to be 0.990 for an assumed
perfect value of 1,000,

- For the more general case in which the T (%) waveform is
composed of a number of harmonic components, amplitude~suppres=
sion as well as phase-shift affects the reduction (and possibly
also the increase) of the apgareﬁt correlation. If the two
Ta(t} waveforms contain widely different frequency components
and if the two sensors' lagetimes are appreciably different
it becomes possible that the unequal attenuation and phase-
shift of the various frequency components by the two sensors
will yield response waveforms which have quite a different
éegra@ of correlation from that existing between the two drive
ing funetions.l

The nature and magnitude of this sort of lag biss in the
apparent correlation can be examined analytically for driving
funetions containing any finite number of distinet frequency’
components, but the arithmetic complexity af‘nﬁmerieal evalua«-
tion inereases rapidly with the number of components, so only
the simple case of the two sinusoidal components was eﬁaminad

using the general result derived heres The approach again

 he author is indebted to Dr, J. M. Keller for having
pointed out this possibility which, for meteorclogical reasons,
is a case that undoubtedly occurs frequently, o
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involved the assumption that the two Tya({t) waveforms were
identigal at the two sensors, so the problem consisted in
deternining how much reduction could occur in the apparent
correlation coefficient due to lag effects.

The two perfectly correlated waveforms were regarded as
actually identical and defined by the relatiom

T, (t) = Zi‘aiam&%i, - {38)

- where the summation is taken over all of the harmonic compo-
nents of amplitude A3 and period Pj» S0 long as one limits
the discussion to cases in which there exist no simple integral
relations between the several P; and so long as all averages
are taken over periods of time long compared to even the great-
est of the Py, little generality is lost in omitting parametric
~ phase angles in (38) since phase effects will be randomized
~ out under the»rastrieti&ns mentioned. If a sensing element
of lagetime )\j is exposed to the fluctuations defined by (38)
its steady-state response waveform will, in view of the linear-
ity of the lag equation, be given by a sum of phase~shifted
harmonic components of the same periods as those contained in
Ta{t) but with amplitudes suppressed. From (26) the response

funetion is seen to be

Ty(t) = ZE A;jainﬁﬁggﬁ - €413) (39)

where ﬁij and eij are given by (27) and (28} respectively,-
with A takeh here as Aj and P taken here as Pi‘
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The correlation coefficient ry, between Tlﬁt) and Tz(t)
is given formally by
S n () me) as
rps St S (39a)

31
/ dt o 67
4 1 2

where the sawpling time t; is large compared to the greatest
P; and where 03 is the standard deviation of Tj(t). The
evaluation of the numerator integral and the determination of
the oL is straightforward but tedious, so only the results
will be given here. Under the restriection cited earlier that
no simple integral relations shall exist among any pairs of
the Pj, all cross-product terms that arise go to zerc in the
large-sample limit and one finds that

ryp = 21 {AilAizieaa €41008 €,, 4 sin €,.sin €i2)}

'2 ‘Agz)_ S, A'%) |
(25 830024 Ay (39b)

where the indicated gumma@iaﬁ is to be taken over all frequency

components present in Ty(t), their number being assumed finite.
By way of illustration of the lag bias effects implicit

in (39b), a few different cases may be considered for which

Ta{t) contains just two harmonic components of appreciably dif=

ferent periods, First, suppose Ay = A2, about as large a

discrepancy between the lag~times of the two sensors as is

likely for the case of thermistors, at least., Also, let

Py/ )\ 1 = 10 while P,/ X = 1, and P/ X, = 20 while Po/) , = 2.
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Furthermore, take Ay = Aﬂ,i.e.,let the high~and low-frequency
components be of equal importance in controlling T,(t). Under
these conditions, both sensors reproduce the first harmonic
component with fair fidelity, as c¢an be seen from Figure 19,
but neither sensor reproduces the higher-frequency second com=
ponent very well. Evaluation of (39b) for this case shows,
however, that only very slight reduction occurs in‘the apparent
correlation coefficient, a value of 0,98 appearing in place of
the true value of 1.00. In view of the fairly strong attentua-
tion of the second component by each sensor, this result was
somewhat surprising. The explanation was found on inspection
of the four <5i5 va1uas pertaining to this aituatianz‘ 611‘“
1329, €, = 200, €, = 81%, and €y, = 70° It will be seen
‘that the first component is shifted 1@ phase by 320 by the first
sensor and 20° by the second sensor, a difference af‘anly 12°
in the shifts. Two simple sine waves which differ in phase by
only 12° would exhibit very high correlation, though less than
perfects At the same time, the second component of shorter
period is shifted in phase by 81° by the first sensor and by

- 70° by the second sensor, a difference of only 110 =~ again a
small enough difference in shift that these two components must
correlate well between the two records. Since the difference
in phase shift ofﬂ¢arr$spanding components in each of the two
response waveforms is small, but aﬁava<all, because these two
differences are nearly the same (120 veraus‘1¥33, the two ree-

sponse waveforms must tend to be similar in their general form,



though each is quite unlike the driving function, Tgz{(t). This
picture, to be sure, is complicated somewhat by the unequal
amplitude-suppression imposed by the two sensors on correspond-
ing components, but this ﬁffeat,is unable, in the case under

~ consideration, to aupprésﬁ the apparent correlation coefficient
very much,

As a next case, all conditions were taken the same as in
the first case, but the high«frequency component was assumed
to be of predominant importance in ?a(t}, Bpecifically, take
Ay = 10Ay+ This case is one for which the component of major
importance is the one which suffers the most serious attenua-
‘tion and phase shift. From {39), however, one finds that the
apparent correlation coefficient falls only to 0,96, still a
negligible drop by meteorelogical standards. One may conclude
that for cases in which the lag-times of the two sensors em=
ployed in correlation studies differ by no ﬁﬁre than a factor
of two, lag bias ia the correlation coefficient will not be
very serious. This conclusion is strengthened by the fact that
the numerical evaluations were carried out for P/)\ values for
which Figufa 19 reveals thar@:axistxmarkadydapendence on P/\
“but it is weakened by the fact that only two, instead of a
large number of componente was considered, so their periods
could not be spread over all of the important middle section
of the P/)\ range portrayed by Figure 19,

To see how the lag bias would behave for very extreme

differences in lag-time, the case A&.”‘lﬁ ?\2 was examined
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for Ay = Az, P3/% 1 = 10, and Py/) 1 = 1. From (39b) the
apparent correlation coefficient was found, for these condi=-
tions, to be reduced to 0,70, an eppreciable drop, but still
not one that wholly obscures the existing relationship. On the
basis of this and the previous results, lag bias seems not too

gserious in correlation studies.

2. Fluctuation distortions due to variable lagetime

The preceding discussions of the effects of lag on fluce-
tuation statisties have assumed that the lag-time remains cone
stant, There remain for examination the effects produced by
variations in the ambient wind speeds These effects may be
due to spatial variations of wind speed; as in the case of
the increase of the mean wind speed with height above the ground
surface, or to temporal variations resulting from gustiness or
longer-period changes in the mean wind speed.

a, Vertical variation of lag bias in apparent fluctuae

tions. The systematic inerease of wind speed with
height, being most pronounced very near the ground, leads to
increases in the mean dissipation rate and hence decreases in
the mean lag~time of identical sensing elements located at a
series of levels close to the ground. These lag variations
introduce systematic blas into the apparent fluctuation statise
tics derived from these elements' records. To obtain a notion
of the seriousness of chié effect a yowar law wind profile

u(z) w« upzP | (14)

was assumed and two different reference velocities uj employed:
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uy; = 1 meters per second and uy = 5 meters per second,
where uj is the mean wind speed at a height of 1 meter. To
gain some additional information as to possible diurnal

variations, two different exponents p were considered: »p

H

Os1, representative of daytime conditions, and p = 0.3,
representative of nighttime conditions. Finally, to assess
the relative attenuation of different periods in Tga(t),
three different periods of a sinusoidal waveform were examined:
P = 0.1 second, P = 1 second, and P x 10 seconds. This
yielded twelve cases, and for each the profile of the sinu-
soidal amplitude suppression ratio A'/A of (27) was computed
for the layer Gf air extending from the surface up to a
height of 10 meters‘k The results are presented in Figure 20,

Figure 20 shows that for both rather large (10 second)
and rather small (0.1 second) periods a bead thermistor does
not impose very serious vertical variation of distortion;
but in the former case this is because there exists uniformly
faithful reproduction of the true fluctuations, whereas in
the latter it is because there exists ﬁnifbrmly poor repro-
duction of the true fluctuations at all heights.

The most marked vertical variation of A'/A occurs for
the widdle pair of curves in both Figure 20-a and 20-b,
corresponding to P = 1 second. That the strongest varia-
tion of bias with height develops for this one of the three
periods congidered is a reflection of the steepness of the

slope of the curve of A'/A vs. P/\ in the middle range of



Figure 20-a. Vertigal variation of the amplitude=-
» éuppr@aﬁian ratio, A'/A for a bead ther-
mistor in light winds (ul 2 1 meter per
~ second). |
Each curve is labeled Qith the period P
of the assumed temperature fluctuations and
with the &xpaneﬁt p in the power law wind
prafilé used in itﬁ‘@éﬁ@uﬁatian.

Figure 20-b. Vertical variation of the amplitude=
suppression ratio, A'/A for moderate

winds (u; T 5 meters per second)
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the P/N values, as shown in Figure 19. Y(Far the thermis-
tor lag~time of several tenths of a second, the case P = 1
second carraapanda to a ?/A of about two or three.)

0f all twelve curves in Figure 20, the gre@test vertical
variation of distortion is for &l 2z 1 meter per second,
P = 1 second, and p = 0.3, and it ogcurs within the layer
of air from about 0.2 meters to about 2 meters above the
ground, At the top of this layer there is about 50% better
reproduction of the l-second periods in Ty(t) than there is
at the béttam of this layer. Mere visual comparison, or
uncorrected quantitative comparison, of the records of ther-
mistors mounted at the t@grand bottom of this layer would
yield an appreciably distorted impression of the relative
importance, at the two levels, of thermal fluctuations with
periods of the order of 1 second. It is to be noted, however,
that the most intense thermal fluctuations are a daytime
phenomenon, hence represented more closely in Figure 20 by
the curves for p = O.1 and uj s 5 meters per second. The
latter curves do not exhibit extremely marked vertical varia-
tion of amplitude suppression for any of the flue@uatian
periods represented in the figure, a fortunate circumstance.

b Variation of lag distortion with varying scale of

turbulence. As has been pointed out earlier, the
periods" under discussion here are Bulerian periods which
really measure the times of transit of thermal inhomogeneities

past the fixed sensor. This means that, for a thermal in-
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homogeneity of a given size, its period varies inversely
with the speed of the wind in which it is embedded., This
¢ireumstance, coupled with the inverse dependence of lag-
time upon ventilation rate, leads one bo apeaulata opti=-
mistically that perhaps the disadvantageous effect of a wind
speed increase on the period may be canceled by the con-
current advantageous effect of the wind speed increase on
the lag-time of the element. The issue 1s determined entirely
by the fﬂnebiaﬁal form of A (u) for the sensing element
employed.

Figure 21 shows the results of a check on this point.
Six different wavelengths, L, were considered, where L
represents the downwind distance between successive tempera-
ture maxima (or minima)., The sinusoidal amplitude~suppres-
sion ratio, A'/A, was used as the eriterion of distortion,
and is seen to decrease (grow worse) with increasing wind
speed for all of the scales of thermal turbulence represented
in thé figure. (A partiaularlyﬂwellﬁmarkéd variation of the
degree of suppression appears to accompany wind speed in-
creases when the air stream contains eddies of wavelength
near 1l meter.) Hence the initial hypothesis that cancella-
tion of opposing effects might leave lag distortion inde-
pendent of mean wind speed was found to be incorrect. In=-
stead, the extent to whieh the Eulerian fluctuation effects
due to an eddy of given size are represented in the ther-

mistor output fluctuations becomes steadily less with



Figure 21, Variation of thermistor lag distortion with
varying scale of turbulence,
Each curve represents the variation of
amplitude~-suppression ratio, A'/A with varying
mean wind speed U for the wavelength L entered

above the curve.



e
e Ll M)
Al

1.0

MEAN WIND, U (mf)



~126~

increasing transit speed, ventilational advantages notwith-
standing. |

Although the curves of Figure 21 are extended only
down to a mean wind of 0.5 meter per second (because the
ud dependence of lag-time on air speed fails to hold below
there) one can see that all of the curves must converge to
the point A'/A = 0, 3 = O, since this point corresponds to
infinite periods for all scales of turbulence, but is associ-
ated with a finite lag~time (of about 0.7 seconds)., Hence
Figure 21 fails to reveal directly that the strongest varia-
tion of distortion really occurs with the very smallest of
eddies for almost calm conditions.

¢+« Response to simultaneous wind-and temperature-

flugtuations. If a bead thermistor with lag func-
tion of the form given by (R3) is exposed not only to sin=-
usoidal temperature fluctuations of the form (25), but simul-
taneously to wind speed fluctuations of the form

u(t) = U$usin(2¥t . o ) (40)

where U is the mean wind speed, u; the amplitude of the
speed fluctuations, P the same pari@d'aa that characterizing
the thermal fluctuations, and & the phase separation be-
tween epochs of highest temperature and epochs of highest
wind speeds, then the problem of deducing the possible dis-
tortions of the fluctuation statistics becomes the problem

of solving the response equation
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dT + wiT = ub(m 2Tt |
S5 ;‘.1 = %1(?3 4 A aizx.._%'.....) (41)

where u z u{t) is the periodic function given by (40) and
A‘l is the aanstantkintradueed in (23).

Equation (41), unlike (29}; has variable coefficients,
tﬁa presence Qf“whieﬁ make (41) much iaas readil& soluble
than was (20). Since the gmeffiéiant u% is periodic in
time, (41) is an equation of the Flaquet type (Ince, 1926,
pe 381) for which a a@lutiaﬁ eannot be obtained in c¢losed
form, 8ince, as has been elaborated in the discussions of
gonfounding errors, the mean amplitude of fluctuation of
the win&'is only about one~fourth of the mean wind speed
under most meteorological conditions, it was thought possible
to reduce the complexity of (41), without introducing seri-
ous error, by exPanding‘ué in a binomial series and using
only & smallynumbar of the initial %erm@Q For the above-
mentioned case wher$;ua/ﬁ is one-fourth, one c¢an, in fact,
retain only the first two terms of the binomial expansion
of u® at the expense of an error of less than 1% (determi~
nate here since the expansion yields an alternating series),
Upon making this simplification, it was found possible to
reduce (41) to guadrature by the method of variation of
parameters, but the then required integrations could only
be carried out numerically. Hence it seemed more expedient

to integrate (41) by numerical methods from the beginning,
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80 this was done,
Any distortion in the apparent temperature waveform

due to fluctuations in effective lag~time would be expected
to be a function of the phase difference « between the
temperature and the wind-fluetuations. Since the wind speed
yteédﬁ to rise in the surface layer during periods when a
mass of air descends from the faster-moving overlying layers
which are alsé generally cooler tﬁan the surface layers at
midday, values of 4 which correspond to this situation .
8hould be the one on which to base the integration of {L1).
If the wind were highest just when the temperature was drop-
’pihg most rayidly, the lowering of thevlagwtimé due to in-
creased ventilation rate might be expected to cause the
element to follow the ambient temperature more closely than
it would dﬁring the lulls when the ambient tempersture was
rising. This combination of effects would lower the apparent
mean and might also distort the waveform, It was the objec-
tive of the integration of (41) to determine how important
these effects due to simultanecus fiuatua@iana of wind and
temperature might be.

| The integrations were carried out for P/A =z 10 in
order to examine a case for which the lag suppression of
amplitudes is not already so great as to be the limiting
factors. ‘The wind speed employed in the calculations was 1
‘meter per second, a case for which fairly large variations

of lag-time with wind speed occur, tending to give an upper
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estimate of distortion effects due to wind speed fluctua=-
tions. Since the lag~time of the thermistor at 1 meter per
second is about 0.3 second (Figure 18), the period considered
became about 3 seconds iu view of the selection of P/\ = 10.
The integration was performed in O.l-second increments
over the approximately 3.0-second range of integration (one
full period of the fluctuation). In each case, three suces-
sive complete integrations were carried out, using results
of the first to improve the selection of the initial condiw
tions on T(te) in the second, etes., in order to obtain a
finai reap@nﬁeywavaferm which was as nearly periodic as
possibles One set of integrations was carried out for the
case (A= 1863 {wind-and temperature~-fluctuations exactly
out of phase) and one set for oz 90°. The results, in
each case, showed clearly that there is only a very slight
displacement of the apparent mean from the true mean, and
completely negligible distortion of the waveform occurs.
For an « ~value Qf 180°, the final integration (of the set
of three) yielded a mean which was lower than the true mean
by only 2% of the amplitude of the temperature fluctuations.
Even for this third integé#tian, T(ty + P) was still not
quita‘i&antieal with T{té): but further iterations seemed
unjustifiable in view of the fact that any improved approxi-
mation to a truly périadic solution to (41) was only going

to decrease the already negligibly small error in the appar-
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ent mean. For the other case, @ « 90°, the discrepancy

was slightly greater than for « = 180%, the apparent mean
being lower than the true mean by about 5% of the true amplie
tude, the waveform itself being distorted in a negligibla
fashion again.

After plotting the results of each final integration,
another response gurve was plotted on the same axes under
the assumption of emnﬁﬁaﬁﬁ lag-time equal to that associated
with the mean wind speed of 1 meter per aea@ﬁﬁ employed in
the numerical integrations. Comparison of these two response
curves with a third plotted curve representing the true
ambient temperature fluctuations revealed the useful fact
that the discrepancies between the true curve and the curve
resulting from the integration for the case of fluctuating
wina speed were, for all practical purpésaa of the present
study, essentially the same as the discrepancies between
the true curve and the curve computed for the case of the
constant lag~time. This implies that it will be sufficient
to make any corrections for lag distortion solely on the
basis of the mean lag~time that is effective during any given
observation in the field.

Since the amplitude of the true temperature fluctuations
is expected to be of the order of 1 9, a suppression of the
apparent mean by, at most, 5% of the amplitude, implies an
arror of only about 0,05 ¢° in the apparent mean. This is
nearly identical with the confounding error magnitudes as
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predicted in Part III above; but it is distinet in its nature
from the confounding error, whieh represented the superposie-
tion of spuriocus fluctuations of that magnitude and not a

lowering of the agparémt mean, as is the case here,
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V., SUMMARY AND CONCLUSIONS

The radiative haating of a Westarn Electric Bwl?é@&ﬁ
| beaﬁwtypa bharmi$tar was datarmin&d by ealeulatiana of shﬁ
awntributiena of direat a@lar radiatian, diffuse aky radiation,
'gruundureflaazaa raéiatian, and infraraé radiations Tha
effects of raé&atiwe haatimg of the lead wires and heaviar
support wxr&& whiﬂh are in tharmal aammuninatian with th@ baad
wera ax&minaé and tha teatative &waelua&an reached that thaae
may serve to exaggarata the rad&atian errors under field con=
di@i@ua‘ Unfartnnaﬁaly; ne firm conclusions in this imp@rtant
matter c@nld be &raﬁn baeause af lack of reliable axparimantal
data ¢ancerning tha aiaaipatian ratam of small wires aparatad
at tamparatnraﬁ anly aligh@ly highev than &mbiant temperaﬁureﬁﬁ
Some eatimaﬁas of radiation errors and of confounding errors
due t@ wind speed fluabuatiana were maée ﬁnlaly on thm basis
of bead absorption rates and ﬁxparimﬁﬁually determined over-
all dissipation rates and %heaa indiaaﬁad that the errors
| will not be FrﬁhibitiV$iy larg@¢

An anaxyaia af r&&iatﬁan arr&ra af a thermocouple af
0.6025 cm. diam. was garriaﬁ auﬁ in a similar manner, Because
of markad diaagraaman% among pravisaaly puhlisheé studies af
nha dia&iga%ian rates of small wire&, it was amphasizsd that
no f£irm aanalusiana aeu&d be drawa, but on the basis of the

diaa&patian rabaa éaterminnd from an equation given by King
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(1914); tentative error valu@s~ware computed: These suggest
that thermocouples of the size considered may saffer apprecia-
bly lower radiation errors than the bead thermistor; possibly
only ébv&t 10% as large. The aévamtaga~af much greater signal
voltages from the thermistor than from the thermocouple and
the faet thaﬁ even the ﬁhermist@f~arrars are not intolerably
large, make the thermistor the more desirable sensing element
fdr use in fluctuation studies. An examination of the bene-
£it derivable from applying a high-albedo coating to the
tharmistar bead auggestﬁ that thermistor radiation errors
might be reduced by 90% if a silver or aluminum film ecould be
deposited aueceﬁsfully on the beads

The effects of iaﬁtrum@nt lag were analysed on the basis
of the differential equation of‘reﬁponsa of a lagging elsmént.
Several general relationships beﬁwaaﬂ the true and the appare
ent fluctuation statistics (m&an, variance, correlation coef~
ficient) were derived and quantitative determinations of cer-
tain lag errors of the bead thermistor carried out, It was
concluded that the bead thermisteor will reapaﬁd in a biased
manner to the range of turbulent fluetuation periods pre-
dicted to be present in the natural wind (0.1 second to 100
seconds, approximately)s This bias takes the form oflmarked
attenuation of the shorter-period fluctuations in the range
of interest. Electricsal lag éampensaiien of the thermistor

output seems essential if this element is to serve in the
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exploration of the full spectrum of atmospheric turbulence.
The lag times of a thermocouple of 0.0025 centimeter
diameter, as computed from the King equation, were found
to be less than one-tenth as great as those experimentally
determined for the thermistor. The uncertainty of the valid~-
ity of using the King equation to predict the dissipation
rates of thermocouples carries over into the lag-time calcula-
tions, so it is not felt that any final conclusions as to the
relative merits of thermistor and thermocouple should be
drawn. Further experimental study of the dissipation rates
of wires at room temperatures is essential to any further
analyses of thermommﬁgl@ radiation - and lagwerrors. The
anomalous results of Ayrton and Kilgour (1892) raise ques-

tions which particularly need attention.
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